
MATH2050A Mathematical Analysis I

Suggested solution to HW 3

(1) Establish the convergence or divergence of the sequence {xn}∞n=1 where

xn =
n∑

k=1

1

n+ k
.

Solution. The sequence {xn}∞n=1 is increasing since

xn+1 − xn =
n+1∑
k=1

1

n+ 1 + k
−

n∑
k=1

1

n+ k
=

n+2∑
k=2

1

n+ k
−

n∑
k=1

1

n+ k

=
1

2n+ 2
+

1

2n+ 1
− 1

n+ 1
=

1

(2n+ 1)(2n+ 2)
≥ 0.

It is also bounced above since

xn ≤
n∑

k=1

1

n
= 1.

By the monotone convergence theorem, {xn}∞n=1 is convergent.

(2) Prove that the sequence {xn}∞n=1 where

xn =
n∑

k=1

1

k2

is convergent using the monotone convergence theorem.

Solution. The sequence {xn}∞n=1 is clearly increasing. It is also bounded above since

xn = 1 +
n∑

k=2

1

k2
≤ 1 +

n∑
k=2

1

k(k − 1)
= 1 +

n∑
k=2

(
1

k − 1
− 1

k

)
= 1 + 1− 1

n
≤ 2.

By the monotone convergence theorem, {xn}∞n=1 is convergent.

(3) Suppose xn ≥ 0 for all n ∈ N and lim
n→∞

(−1)nxn exists. Show that {xn}∞n=1 is conver-

gent.

Solution. By Theorem 3.2.9, the existence of x := lim
n→∞

(−1)nxn implies that lim
n→∞

|(−1)nxn| =
|x|. Since xn ≥ 0 for all n ∈ N, we have |(−1)nxn| = xn. Therefore {xn}∞n=1 is con-
vergent.

(4) Show that if {xn}∞n=1 is unbounded, then there exists a sub-sequence {xnj
}∞j=1 which

is non-zero so that 1
xnj
→ 0 as j → +∞.
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Solution. As {xn}∞n=1 is unbounded, we have for any M > 0, there is n ∈ N such
that |xn| > M .

Pick n1 ∈ N such that |xn1| > 1.
Then pick n2 ∈ N such that |xn2| > max{2, |x1|, |x2|, . . . , |xn1|}. So |1/xn2| < 1/2 and
n2 > n1.

Suppose n1 < n2 < · · · < nk are chosen so that |1/xnj
| < 1/j for 1 ≤ j ≤ k.

Pick nk+1 ∈ N such that |xnk+1
| > max{k + 1, |x1|, |x2|, . . . , |xnk

|}. So |1/xnk+1
| <

1/(k + 1) and nk+1 > nk.
Continue in this way, we obtain a non-zero sub-sequence {xnk

}∞k=1 of {xn}∞n=1 such
that

|1/xnk
| < 1/k for all k ∈ N.

Now lim
k→∞

(1/xnk
) = 0 follows immediately from the Squeeze Theorem.

(5) Suppose for every sub-sequence of {xn}∞n=1, there exists a sub-sequence that converges
to 0, show that {xn}∞n=1 is convergent with limit 0.

Solution. Suppose on the contrary that {xn}∞n=1 does not converge to 0. Then, by
Theorem 3.4.4, there exist ε0 > 0 and a sub-sequence {xnk

}∞k=1 of {xn}∞n=1 such that

|xnk
− 0| ≥ ε0 for all k ∈ N.

By the assumption, {xnk
}∞k=1 has a further sub-sequence {xnkj

}∞j=1 that converges to

0. This contradicts the fact that |xnkj
− 0| ≥ ε0 for all j ∈ N.

Therefore {xn}∞n=1 is convergent with limit 0.


