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. Let T be a diagonalizable linear operator on a finite-dimensional vector space V' over

F.,andlet f,g € P(F). Prove that f(T) and ¢(T) are simultaneously diagonalizable.
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20. Let T be a linear operator on a vector space V, and suppose that V is
a T-cyclic subspace of itself. Prove that if U is a linear operator on V,
then UT = TU if and only if U = ¢(T) for some polynomial g(t). Hint:

Suppose that V is generated by v. Choose ¢(t) according to Exercise 13
so that g(T)(v) = U(v).
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21. Let T be a linear operator on a two-dimensional vector space V. Prove
that either V is a T-cyclic subspace of itself or T = ¢l for some scalar c.
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26.

Let T be a linear operator on an n-dimensional vector space V such that
T has n distinct eigenvalues. Prove that V is a T-cyclic subspace of itself.
Hint: Use Exercise 23 to find a vector v such that {v, T(v),..., T" }(v)}
is linearly independent.
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