
Lecture 9:

Space of linear transformation

Pep : Let V and W be vector spaces over f .

Then : the set of all linear transformations

from V to W is a vector space over F under

the following operations : for linear T
,

U : V → W
,

we define : C Ttu ) : V → W by I Ttu ) l = Text ) TULI ) .

and for
any a EF

,
we define AT :VFW by
( AT )

tiny
= a Text )



Thin .

. Let V and W be finite - dimensional vector spaces over f
.

with dimension n and m respectively . Let p and 8 be the

ordered bases for V and W respectively ,

Then : the map Tz :L ( V
,

W ) → Mm×nLF ) defined

by ECT ) = [ Ttp is an isomorphism .

Are :

dim ( LCV ,
WI ) = dim C V ) dimcw ) = nm

.



Proof : I is linear i I ( Tt U ) = [ Tt Utp = ETT pot Euler
= ECT ) t ECU )

IC AT ) -

- [ AT ] ! =
a [ Tip

= a ECT ) .

I is bijective .

For any
A I Aij ) E Mmxn L F )

,

wanttoshowthat-I-IT.chw such thatICT)=C-Jp#A#•

tcvj ) =

,

Aijwi fr J " " "

( Hye;D , )
p = { VT

,
Ta

, . .
.in 3

,
8 = { iii.

 
. . .

,

In }
I

i ' For any Ign;n,①¥:V→wsuch thatECT) Cont )

Ctl )
.

'

. I is bijective ,



Def Let p
be the ordered basis for an n - dimensional vector space .

V over F
. The map Pp : V → F

h

,
Its EXIP is

called standard representation of V with respect to
p ,

Prop :

Xp is an isomorphism ,



Given vector spaces V and W of dimension n and m
, with ordered

bases p and 8 respectively .
Then

,

for any T : V → w ( linear )
,

we have :

T -

ri

EV
- W a Teri ) : -_ w

off too

[ Ttp e Fn Fm C wTr -

- fluids

⇒ GOT = LA04pct )

where A  = CT ] ! ⇐ [ Tirith = C Ttp [ TIP



Change of coordinates

Prop : Let p and p
' be two  ordered bases for a finite - dim

.

vector space V
,

and let Q = [ Iv ]p?
* V ¥ ✓

. p
' P

Then : La ) Q is invertible

(b) For all TeV
,

[ I ]p= QtvJpl
'

roof i Ca ) Since Iv is invertible
,

Q is invertible .

D Let TEV .
Then : [ IT

p
= C Iv LEI ]p=LTTTIP .

Il

fi . The matrix Q = C Iip , is called the Q

change of coordinate matrix from
p

'

to p .



Remark : To compute Q = C Iv ]pi ,

it f- EXT .kz , . .
. ,In } and p '=E Ii

,
Ii . .

.

,

In ' }
,

then : Q -

-

( [ Iv
'

Hp -
- - )

= false .
.  . exile . . . )



Proposition : Let T be a linear operator on finite - dim V

Let p and p
' be ordered bases of V . Suppose Q = [ Iv ]pi

.

Then : [ T ]p ,
= Oi

'

CTIPQ P TJ → eTIP
Proof : [ TIP , = [ Iip ? [ Tff,

'

-_ [ Ivo TIP? V →

= C To Iip j
'

I, nsctdp

v VIV -

- ETH EID.pt
p

'

P P
= ET ]pQ

Rench : A linear T : V → V is called linear operator .



Corollary ' Let A E MnxnLF ) and let 8 -

- { Ii
,

Iz
,

.
. .

,
In } be

an ordered basis for Fh ,

Then : [ Lazy = a
- '

A Q
,

Q=C¥x÷ - -
- If )

⇐ ( La ]y = Q'
'

CLAIR
,

Q

standard
orderly

basis .


