
Lecture 8:

Recall : Let V and W be finite -
dimensional Vector spaces

with ordered basis p and 8 respectively .

Let T : V → W be linear .

Then : for any
I EV

,
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Example : T : Mzxz I IR ) → Muz C IR) defined by :
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Invertibility and Isomorphism

Definition : Let V and W be vector spaces and let T :V→W

be linear . We can say T is invertible if it is bijective

( 1 - I and onto ) so that IT
-1

: W → V Such that ?

T
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• If V and W are of equal finite - dimensions
,

then T : v ?wis invertible iff rank C T) = dimcv )
.

• The inverse T
- l

: W → ✓ of an
invertible linear transformation

T :V→w is linear .

• Suppose T : V -7W is invertible . Then :

dim LV ) C to iff dim ( W ) 's to

And in this case
,

dimly = dim l W )



Proposition i Let V and W be finite - dimensional vector spaces

with ordered basis p and 8 respectively .

Let T :V→W be linear transformation .

Then : T is invertible iff [ T ] ! is invertible .

Furthermore
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Proof :

Suppose Tis invertible . Then : dim ( V ) = dim Cw)
.
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Conversely
, suppose A : = [ T ] ! is invertible . ( ⇒ dimly --dimCwY
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. We only need to show Tis one - to - one
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Corollary : Let V be a finite - dimensional vector space with ordered

basis p . Let T : V → V be a linear transformation .

Then : T is invertible iff [ TIP is invertible

Furthermore ,
ET

"

Jp = ( [ TIP)
"

.
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Corollary : Let A E Mmm CF )
.

Then : A is invertible

iff LA is invertible
. ( La )
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= LA - I
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Definition : Let V and W be two vector spaces .

We say V is isomorphic to W if I an invertible

linear transformation T : V→W .

In this case
,

T is called an isomorphism from V onto W .

( complicated)
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Thin : Let V and W be finite - dimensional vector spaces .

Then : V is isomorphic to W iff dim ( V ) = dim Lw )
.

Proof : ( ⇒ ) This direction follows from previous Lemma .

(E) : Suppose dimcv ) = dimlw ) Eth and let

p= { I'
, ,

Tiz
,

.
. .

,

Tin } be basisfor V ;

Ve I Ti , ,
Ja

, . . .

,
Jin 's be basis for W .

Then I linear T : V→w such that Teti I = i

for i = 1,2 , .  .

,
n .

By construction ,
T is onto and dim LV ) = dim cu ) .

So ,
T is one - to - one . I T is invertible

,



Corollary : Let V be a vector space over F .

Then : V is isomorphic to Fn iff dim ( V ) = n


