
Lecture 3

Direct product space

Definition : Let V , and Vz are vector spaces over F
.

Define :

Vix Vz = { I I
,

I ) : I EV , and I C- Vz }
( called the direct product  of Vi and Vz )

Define : oct
, ,5 , ) tix . ,J . ) = ix. tx .

,
I ,

-152 ) for
" Ig:?g?:L

°
a CI

, J ) = tax
, AJ ) for Va EF

,
Itv1

,
I C- Vz

.

Then : V ,
XV

,
formsavector spare over F

.

Exercise : Check .



Theorem : dim ( V ,
x Vz ) = dim I Vi ) t dim C Vz )

Prod : ( Idea ) Let p ,
= { I

, .ir ,
,

.
.

,

In } -

- basis for Vi

Pz = { Ti
,

is
,

.
.

,

Tom } = basis for Va

"

.

Then . { (Ii
,

Ta )
,

.
. .

, ( In
,

Ja )
,

toe
,

in
, ) ,

. . .

,
l Ji

,

Tm ) } forms

a basis for V , x Vz ( where J
,

is the Zero in Vi

82 is the Zero in Vz )

( Check ! Exercise )



Remark :
. For finite - dimensional vector space ,

direct product can

be considered as direct sum .

Consider X = Y
,

X Yz where dim I Y
,

) co

dim L Ya ) so
.

Let X ,
= @ Ii

,

Ja ) : Ji E Y
' }

I subspaces  of X
.

X .
-
- { c 8.

,
I . I : 5. c- Y. )

( where 8
,

= zero vector  in Yi

52 = Zero vector  in Yz )

Then : X = X , ④ Xz

= Y
,

x Yz



Remark : Consider X = 1120=1 ( ai
,

Az
,

as
,

. . . ) : Ai EIR } = IR x IR x IR x . . -

Then : dim I X ) =  a
.

Consider : X ,
= { ( Ai

,
0,0 ,

. . . , ) : a , EIR } ;

Xa ?{ ( o
,

Az
,

o
,  

- - - I : az E IR } ;
:

Xi ?{ ( 0
,

o
,

. . . ,
ai

,
0

. - -
o ) -

- ai EIR }
r

Define : Xi ⑦

'

Xz ⑦ X , ⑦ . . .

= { I -

- Iiit II. t
. .  .

t Tik : Iij.cl/ij ,
heIN }

.

Then :

X , ⑦ X , ⑤ .
.

.

= { ( ai
,  

. . . , ak
,

0
.

o
, . . .

) : Ai EIR
,

KEIN ) § 112×112×112 x - - -

Direct product
 I Direct Sum

• Direct product  
= collection of infinite sequence

. Direct Sam = collection of finite sum / finite sequence .



Quotient Space

Definition : Let V be a vector space over F and let w be a subspace

of V
.

Let TeV
.

Define :

F-+ W = { Ftw : view }

It W is called a goset  of W in V

Remark : I E Tut W .

Definition : The set Yw ( called V mod W )
,

is the set

defined by Vfw = { It W : TeV }

( collection of co sets of W in V )



Proposition : Let I
,

I
'

EV
.

Then .

- Tt W -

- T 't W iff I -
I '

EW
.

Prout ⇐ ) Let Ftw -

-
I 't W

.

'

.

' Te It W = I 't W
.

i .I =
Tv 't in for some DEW

.

'

a
I - I ' =D E W

.

(E) Suppose I - ItE W
. →

Let To = I - I '

.

Then : v -
-

I
 '

t w
,

for some w E W
.

c

'

. Ftw C I 't W . Similarly ,
F' = Ftw

' for Some JEW
.

⇒ T 't w c Ftw
.

Definition : Define :

( It w ) t ( t 't W ) Et ( I + I ' ) t W ( addition )

a. ( It W ) -

.

Eef air t W ( scalar multiplication )



Proposition : Suppose It W = I 't W
.

Then : for any To "tW E Yw
.

• ( Ftw ) -1¥"

tw ) = @ '

tw ) t @ '  '

tw )

• a. ( It W ) = a. ( T 't w ) for any at 't
.

Proof: Homework !

Remark : Addition and scalar multiplication are well - defined
.

Theorem : With addition and Scalar multiplication defined above
,

Yw is a vector space over F
,

called the quotient space .

Proof: Homework !



Examples of quotient space
c isomorphic )

Let W -

- { 8 }
.

Yw is the same as V
.

Let W= V
. Yu is the same as 283

.

Ftw = I 't W iff I -

T '

EW = { J }
iff J - I '=J

iff I -

-
T '

.

• Let V= 1122
.

Let W be the y-axis .

Recall : ( ×
, y ) + W = ( x

'

, y
' ) t W iff c x. y ) - ( x

'

, y
' ) EW

iff × - X
'

= O

or X = X
'

,

-

.
a vector in Vfw is determined by the x - coordinate

.

.



• Let V= Fo ( infinite sequence )

Let Wide{ ( o
,

X.
,

Xz ,
. . .

) -

- Xi EF } .

As above
,

two vectors in Yw are the same iff they have

the same first coordinate .

( Xi ,Xr ,
. . . ) -1W = I X ,

'

,

XI
,

. . . ) + W iff ( X
,

- Xi
,

Xz - Xi
,

. . .
) EW

iff x ,
- x

,
'=o iff x ,

-

- Xi
.

( isomorphic )

i
. Yw is the same as F

Remark : Even V and W are infinite dimensional
,

Vw is one -
dimensional !



Proposition : Suppose V is finite - dimensional
.

Then :

dim ( Yw ) = dim I V ) - dim I W )
.

Proof : Let { in
, ,

. . . ,

In } be a basis of W
.

Extend it to a basis { I
, ,

. . . ,

Jn
,

Ti
,

-
.

,

The } of V
.

Then : dim ( w ) -

- n
,

dim ( V ) -

- nth

We 'll prove that { T.tw
, . . . ,

Treat W } forms a basis of Yw
.

If so
,

we 'll have i

dim ( Yw ) =L = ( ht
,

,k) - n

dimcv )

"

dimcw )

Linear independence :

Suppose : a. ( T.tw ) t
. . .

 a ae( Tht W ) = Ftw

⇒ C air
,

-1
. . .

 -1 auth ) -1W = It W



.

'

.
A ,

I
, t . . .

 t a KIK EW

⇒ Ait
,

t
. . .  -19k Th = b. To

, t
. . .

 tbnwn for Some bi
,  . -

,
brief

.

⇒
a. I

,  t .
. .

 takvh -
btw ,  -  . . .  -

birth = 8

As { Ji
, . .

,
Th

,
Ji

,
. .

,
in } is linearly independent ,

Al =  .
. .

 = 9k =o and b , =  -
. .

 = bn = O
.

i ' { Fit W
,  . . .

,
T.tw } is linear independent .

Span : Let It W E Yw .

Then : T = a.hi ,
-1

. . .
 tanwn t bit it . .

.
 tbh Th for some ai 's and bj 's

.

⇒ V-tw-fb.ruit . .
.

 tbkvhta.hr ,
t

. .  .

tannin )-1W
I

w
= b. ( T.tw/t-..tbkLThtw )


