
Lecture 2:
Recap :

Definition: A vector space V is called finite - dimensional if it has

a finite basis
.

The dimension of V
,

denoted as dimly
,

is the number of vectors in a basis for V
.

A vector space
which is not finite -

dimensional is

called infinite - dimensional

Example :

.
Enis n -

dimensional

° FLIR
,

IR ) is infinite - dimensional



Example = Pn ( F ) where F  = Fz ( binary field )

Then : { I
,

x ,
x

'

,
. .

.

,
X

" } is a basis for PNLF )
.

.

'

. PNLF ) is ( htt ) - dimensional
.

# of elements in Pnc 't ) is 2

"
'

( ao  t ai X t . . .
 itany X

"

so? , } To .is son 's

Finite - dimensional vector space with finitely many elements
.



Direct Sum : Let U and W be subspaces of V
.

Then : U -1 W ⇐ {

It-y
:

TEU
and

Jew
} is also  a

Subspace of V ( Check ! )

Definition : V is said to be the direct sum of U and W
,

denoted by V = U ⑦ W if V= Ut W and Un V -
- { 83

.

-

Lemma : V= U ④ W iff for tve V
,

I ! vectorsU EU and

JeW
z T = view

Proof : f ⇒ ) If TeV
,

then T = Ftw for some Tell and

(
'

.

'

V -
- U -① w )

DEW

for uniqueness ,
let T=T

,  -181=82-1 Tz
. Te

,
- Iz ⇒ UT=Trz

Then : I
,

- Is = Tra - I
, C- Un W -

- { 83
.

'

-

 '

in .
- J ,

⇒ Ji -

-
Jr



⇐ ) V = Ut W is obvious .

Now
,

let IE Un W
.

I ! I and To 7 I = I tho
.

Then : I = I + J
.

_ J t I ⇒ a- =J and I =3

a a n in

u w u w ⇒ I -

-
I

.

.

'

. Uaw -

- { IS



Examples : F = IR

• { ( }) : x. y EIR ) ④ { ( ¥ ) : z ER }=IRS is a direct sum .

• I
'

to fog:! is a direct sum .

A 11
"

Wz

Wi { Space of allfunctions }

if 9 E Win Ws
,

then : fct , = -1ft ) = - fit ) ⇒

2fHI=o⇒fH=oa

'

. Win W2={ 0 }
is a direct

• { Constant ) ④ { polynomials pct ) : plot = o }
sun

. { Symmetric=Maat
 vices

:} ⑦ g
Anti - symmet

{ Space of  all polynomials )
matrices :

"
AT = - A

} is a direct sum
.

{ Space  of all matrices }



Projection operators

Definition :

Suppose V= U ④ W
.

Define : P : V → U as follows :

For any TeV
,

Write I = It in where ie EU and DEW
.

Then : define : PCT ) -

-
a-

Remark :

1
.

P is well - defined

2
.

Pop =p



Definition V is said to be a direct sum of subspaces

Ui
,

U2
,

. .  - , Uk
,

denoted as V -

- U ,
⑦ Uz ④ . . .

 ⑦ Uk
,

if for

I TeV
,

I ! vectors Tie Ui ( Isis H F I -

-
I

, tuzt
. . .

 tuk
.

Remark : a U , ⑦ . . .
 ④ Uk = ( . .  - ( C U , ⑦Uz ) ⑦ Us ) ④ .  -

. ④ Uk )

• V = U , ⑦ Uz ④
. . .

 ① Uk iff  i

① V= U , t Uz t
. . .  t Uk

② Ur n E U ;
 = { I } for le re k

.

intr



Dimension of direct sum

Theorem : Let V be a finite - dim vector space . Ui
,

Uz
,

. . ,
Um

are Subspaces of V
.

Then :

dim ( U ,
-① Uz ④ . . . ④ Um ) = II

,

dim I Ui )

PIM : Let pi  
= basis of Ui for it

,
2

, . . ,m .

Let B
-

- p , ipair.
. .i pm ( disjoint union )

I w
-

For VIE U , -① . .
 ④ Um

,
I ! U

,
C- Ui

,
Uzellz ,

.  -

,
Um C- Um 7

I = it
, t .  - .

 them
.

Each Ti can be written as a linear combination of elements impi
.

.

'

. Span ( p ) = U
, ④ .  - ④ Um



p is linear independent .

. . .
 + ( a

.mu?+..tamnmUn7

)
Let I -

-
faire,

'

-1 a' suit . .
 +

ai.ui.lt
a a.

in a a pm
pi pi p ,

pm

Then : each admire
. .  +

aidan
,

=3 for V-j

⇒ aid . aid =  . . .

= and -

- o for tj .

j

c

'

. p is linear independent .

c

'

. p is a basis .

i. dim I U , -① . .  
Um ) = Ipl = II dime Ui )

.



Remark: In general ,

dim ( W ,
t wz ) = dim I Wi ) + dim I wz ) -

dimcwinwz )

( Homework ! )


