
Lecture 19:
Spectral Decomposition :

Prog: Let V be an inner product space and W C V a fin - dim

subspace with an o . n .

basis { Ti
,  

- - ,
Tik }

.
Then =

the orthogonal projection T : V → V defined by i

Tty ) = ¥75, oil Ti

is a linear operator sit .

( 11 NLT ) = Wt and RCT ) = W jib
'

¥(2) T
2

= T

(3) T is self - adjoint .

W

( Orthogonal projection ⇒ RCT ) = NCT )t

and RCT) 'T NCT ) )



PPI T is linear became so
,

. > is tinea - in the first argument

NIT ) = { TeV = ¥7 s 5,5 ; > Ti  =3 }

= { I E V : try ,
Ti > =o for it ,

2
,

.  . ok } = Wt

By definition , RCT ) CW

For tu EW
, we

have : it = Itu, Ti = Ttu ) E RCT)

,

'

. W -

- RCT ) and Tfw = Iw

.

'

. T
'

= To T= Thru
,

. T = Iwo -1 = T
I I

W



For any
I

, I EV
,

write I = I
, t Is XTEW

,
Iz E W'T= I , tyz I , EW , 52 C- Wt

Then : L I
, Tcg , > = C Ii txz

, Tyg. ) -117521 > = L II. ID
in in

'

to

¢ W ht I ,
o

a
W

< Tix , , I > = LTC ,Iit -11521
,

I , -5yd = a Ii
,

8D
" in a

" I , 8 w wt
Tx , -1*1517 a

W

i .

T*=T ⇒ T is self - adjoint .



Thin : Let T be a linear operator on a fin - din inner product space V

over F with distinct eigenvalues Xi
,

Xz
,

.
.

,
1k I spectrum of T )

Assume T is normal ( resp .

self - adjoint ) if F  = G ( resp F- IR)
For in ,

2
, .

.
.

 ik
, let Ei  = Ex i

= { I EV ' 
- TCI ) -

- Xix }
.

and let Ti be the orthogonal projection onto Ei
.

Then :

Cal V = Ei ④Ez ⑦. .
 ④ Eh

(b) Eit = ④ Ej for it
,

2
. -

.

.
h

jti
(c) Ti Tj  = Sij Tj free isje k

(d) I = T , t Tat . . .
 + Ten ← Resolution of the identity transformation

,

( e ) T = HT , t XzTzt . .  t Appa A Spectral decomposition .



Remark : V = E , ⑦ Ez  to - - ⑦ Eh means
-

① V = E ,
t Eat . .

t Eh If { Ii

txztitxerixj
E Ej

② Ein ( ¥,
Ej ) = { 53 for fi

for Juni . . ,h3

Consequences : ① dim I V ) = dim C E , )t . .  .

t dim ( Eh )

② For any
To V

,

I can be written uniquely as

I = I , t . .
.

 + If
a a

E , Eh



PI (a) This follow from the fact that T is diagonal izabu

I on .

basis of eigenvectors p= { .  Ti.IQ }
tf

(b) i

.

'

Ej C Eit fr Jti .

'

- j Ej C Eit

Nor , diml Eit ) = dim l V ) - dim C Ei )

= ,¥idimlEj ) = dim ( ¥0
,

EJ )
.

'

. E it = ,¥,

Ej

(c) Ti Tj  
= Ti freq

,
Tj = 8ij IIE

;
Tj  = Sij It

" Itejotj if i : j
Eje E it

=

{ O if iejif jti



(d) t ce ) :
'  

.

' V = E , ⑦ Ez ④ . .
 ④ Ek

.

'

.
for any

IEV
,

I can
be written uniquely as

=

I = I
,

that - .  then ,
Ii e Ei fr Hit ,

2
,  

- -

-
h

.

Then : Ti LI ) = Til I , t . . .
 + In ) -

- Ii

⇒ HitTz t
.

. .
t The ) ( I ) = I

,
txzt . .

 + Fee =F tx

a
! T ,

f- Tat . .

t Th =L

Also , Tix ) = Text ) t tcxzlt . . t tcxk )
= a Ii t 7252 t . .

. -1 ARIK
Tina thx ,

" thx )-471T, t Az Tat . .
.

 t 7hTMI )

.

'

. T - X , It Xztzt . .

t Xktk
.

-



Er : If F  = E
,

then T is normal iff T
*

=

ggLT ) for

Some polynomial g .

PI ⇐ I Suppose T is normal .
Let F- A ,

It . . tXkTk be

Spectral decomposition of T .

Then : T*= I ,
T ,

"
t Iz

 

Tz
't

t . .
 + Teeth

= IT , t Iz
 

Tz t . .
.

 t 7Th Tk

By Lagrange interpolation ,
I a polynomial g sit . g i ) -

- Ii

Then : GIT ) = g ( X ,
T , -175kt .

.
 + Akter )

ht " ' "  - k

g
-

- X 't ×
= gcx.IT ,

t g 4 Tat . . -18 ht Tk ( Check )

(A ,
Titta ) 't thin )

× it ,

'

+ Eti
" H = IT ,

t I
 

Tz ta .

t In Ten =-1*4
,

talk 47112-6979



€-7 If T *
= get )

, then = TXT = GLTIT = T g C T )
= TT

't

c

'

. T is normal .


