
Lecture 18:

Recall :

Theorem " Let T be a linear operator on a finite - dim complex

inner product space . V.

Then
, T is normal iff I an

orthonormal basis for V consisting of eigenvectors of T .



Example :

Let H be the set  of continuous complex - valued

functions defined on [ o
,

21T ] equipped W/ the inner product

< f , g 7 :# ÷ J!
"

fctgtdt for f
, g E H .

and the orthonormal subset  i

inf dim

S = { f nlt ) feint = n Ez , } c H

"

Let V = span ( S ) and consider the operators T and U on
V

defined by : Tcf ) = f , if , Ulf ) = f -
if

( I

= eitf e- itf



.

'

.

Tlfn ) -_ fuel and Ucfn ) = fu ,
HUEZ

.

11

eiteint g
I if Mtk 's

{ icntllt o ofherwiu

Then : L Tffm ) , fu > =
C fmti.tn ) =8m"ti,n

= 8mm - I

⇒ U=T* UT
= Cfm

,
fu -17

i i
TT*=TU=I=T£'T

= Sfm
,

Ulfn ) )
. c

'

. Tis normal .



However , T has no eigenvectors .

If f EV is an eigenvector of T
, say ,

Tcf ) - tf ( Xtc )

Then ,
we write f = ⇐ naifi

,
where am to

c

'

' ¥n ai fit ,
= Tcf ) = if  = ¥4,7 ai fi

⇒ fm+,
= atm ( Xanth t Em

,

Hai - ai - il fi )

Contradicting the fact that S is linearly independent .



Def : Let T be a linear operator  on an inner product space

V . We say T is self - adjoint ( Hermitian ) if T*=T
.

An nxn real or complex matrix A is called self - adjoint

( or Hermitian ) if A*=A .

Lemma : Let T be a self - adjoint linear operator on a fin .

- dim

inner product space V .
Then :

(a) Every eigenvalue of T is real .

(b) Suppose V is real inner product space .
Then , the char

.

poly of T splits over IR .



Proof :

Ca ) Suppose Tix ) -

- XI for IFT .

Then : text .
II (

'

c

' T is normal )

i , XI = TCI ) = T
* CI ) -

-

IF

i . ( a - I )I=8 ⇒ 1=5 .
: .

1 is real
.

¥
(b) Let n -

- dimly
, p be an orthonormal basis for V and

let A  Et  

[ TIP
Then : A is self-adjoint . Consider i LA ich -71cm

By Cal
,

the eigenvalues of LA are real .

By Fundamental Tnm of Algebra , f half splits into factors

of the form t - X Where X is an eigenvalue of LA .



'

.

' X is real ,

-

, FLACH splits over IR
.

But fTLtI= that )
.

So
,

the result follows .



Theorem : Let T be a linear operator on a fin - dim real inner

product space V
. Then T is self - adjoint iff I orthonormal

basis for V consisting of eigenvectors of T .

Proof : ⇐ ) Suppose T is self - adjoint . By the Lemma
,

the char poly of T splits over IR
. By Schur 's Theorem ,

I an orthonormal basis p for V set
. A  Eff [ TIP is

upper triangular . But >

A
A

= ( ETtp
*

= [ T
*

Ip = TTIP = A

So
,

A  is both upper triangular and lower triangular .

Hence ,
A is diagonal .

I p consists of eigenvectors of T
.



# Suppose I orthonormal basis p for V sit . A = E TIP
is diagonal

.

Then : I T*3p=(I TIP)* = At = A = E TIP

i . T*=T

in T is self - adjoint .



Def : Let T be a linear operator on finite - dim inner

product space V over F
.

If 11175111=11%11 tix E V ,

then we call T is a unitary linear operator .
( resp .

orthogonal operator) if F  = G ( resp F  = IR )

Lemma : Let U be a self - adjoint linear operator on a fin - dim

inner product space V
.

If LI
,

UCI ) > = o VI EV
,

then U - To = zero transf
.



Pf : Choose an
orthonormal basis p for V consisting of

eigenvectors of U
.

If IEP ,
then ULIK XI for some A

.

O = LI
,

UCI , > = < I
,

XI > = 5<5,57--5115112

⇒ 2=0

.

'

.
ULI ) = o for tx Ep

.

'

.

U = To
,



Thin : For a linear operator T on a fin -
dim inner product

space V
,

the following are equivalent :

Ca ) TT
't

= T
*  

T = I

(b) T preserves
the inner product  on V

,
i. e. ,

< This ,
Tcg , > = 57 VI. 5 EV .

( c ) Tcp,

,
At { This

,
-

. sitcom ) is an orthonormal basis

{ T.in .  . ins

for V for any
orthonormal basis p for ✓

Cdl I an orthonormal basis pforV sit . Tcp ) is an orthonormal

basis for V .

(e) HTLI ) 11=11511 for V-E EV



Pref " (a) ⇒ Cb ) i < Tix ) , Tty ) > = LI
, -19

,

-11517 = < I
, I >

(b) ⇒ I c ) : Let p = { Ti
,

Tz
, . . ,

Tn } be I

an orthonormal basis for V

Then . < Titi ) ,
Taiji > = s Ii

, Tj > = gig
.

 Eef {
I if  i

o if  it ,
.

.

'

. Tlp ) is an orthonormal basis for V
.

(c) ⇒ (d) i Obvious

(d) ⇒ C e ) : Let TeV
,

and p
-

- { I
, ,

is
, . .

,

In } = on .

basis for V
.

I = Eh
,

aivi for some a , , . .

,
ane 't

.

⇒ 115112-145,57 = IT lait

( Check )

=But Tcp ) is o . n .

basis .

i
.

HTCIIH
'

= It Es ai Tirith
'

= Eh
,

tail
'

.
: Flix , 11=11511

for VIEW
.



(e) ⇒ La ) : tx EV
,

< I
,

57=115112--11175115--51751 , TCID

u =L I
, T

*  

Tix , >

-

⇒ L I
, ( I - IT ) LI , > = o for all I c- V

.

"

Self - adjoint .

By lemma
, we know I - T

*  

T = To ⇒ TAT = I

Similarly ,
we can show TT

't  = I



DEI A matrix A E Mnxn I IR ) is called orthogonal if :

AT A  = AAT = I The set of orthogonal real

matrices is denoted as Ocn )

A matrix A C- Mnxn I Q ) is called unitary if :

AAA  = AAA = I
The set  of unitary complex
matrices is denoted as Hln )

Remade. . T is unitary ( or orthogonal ) iff I an an
.

basis p

Sit . [ TIP is unitary ( resp .
orthogonal )

.

( C TH
p

-

- ( E TIP)* I
• Let I . , .

.

,
in EF

"

.

Then : A Etl Yi 42 - - - yin ) C- Mnxnlf )

is unitary ( or orthogonal ) iff p = { Ti
,  

-
- sin } is an

on .

basis for E
"

( resp IR
"

)



Thin : Let A E Mnxn ( El
.

Then -

. La is normal iff A is

unitarily equivalent to a diagonal matrix
.

( That  is
, I P Ellen ) set . P

't
A P is diagonal )

PI ⇐ ) Suppose LA is normal . Then i I an o . n
.

basis f,

of eigenvectors . fur I
"

.

sit . (Ldp = P
- '

A p
E % -

- ion 's

"

Clasp
is diagonal

,where P = ( ¥ .  - ) "

stand o . area base

'
.

' P is unitary ,
Ptp =pp*= I ⇒ p

- '
=p

't

.

⇐ I Obvious .
Exercise .



THI . Let A E Mnxn UR )
. Then =

A is symmetric iff A is

orthogonally equivalent to a diagonal matrix .

That is
,

I P E On ) sit . PTA P is diagonal




