
Lecture 14: Recall :

Definition : Let T be a linear operator on a vector space v .

A subspace W c V is called T - invariant if TCW ) E W .

That is
, tcw ) EW for ttw EW .

I



:V→VE÷
Def :T/jW→Wdefined by tlwlw ) = TCJ )

fault ) divides felt )



=V→V
Remark : Let T be a linear operator on a finite - dim vector

Space V
,

and let W c V be a T - invariant subspace .

Then ,
the restriction of T to W

,
denote it by Tlw : W → w

,

is well - defined and linear .

Proposition : fyywlt ) divides ft I t )
.

Proof: Choose an ordered basis D= { VT
,

Tz
, . . ,

Th } for W and

extend it to an ordered basis p -

- { Ti
,

Tz
, . . .

,
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,
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for V
.
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felt = detffrBc ) - t I ]

=detf"
' or" "

:* !
= det ( [ Twtr - TIK ) det ( C - t Into )

= fact ) get ,

¥
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'

' FTW Lt ) divides ft C t )



Theorem : Let  T : V → V be a linear operator on a finite - dim

vector space V and let WCV be T - cyclic subspace of V

generated by Toto EV
.

( W = span { T
,

Thi )
,

TIE )
, -

. . 3)
Let k= dim CW ) .

Then :

Ca ) { Tr
,

TITI
,

Ttv )
,

.
. . ,

Th - '

to ) } is a basis for W

Cbl If aoi ta ,
Tiv ) taz -178 ) t . .  . takythtlv ) -17481=8

,

then the characteristic polynomial of Tfw is -

.

£  Twlt ) =L-Dh ( a. taitt art 't . .  .
t ah - ith 't th )



Proof "

(a) Since Toto
,

then { I } is linearly independent .

Let j be the Largest  tire integer sit .

p = { T
,

TCT ) , .
. .

,

TJ
' '

CT ) } is linearly independent .

Such j exists because V is finite - dim .

Z

Let Z  = span l p )
.

c

'

. Z C W u

Then , p u Thi ) is linearly dependent . c

-

n
TILT ) Espanto )

-
c

'

. Tieu ) EZ
.

[ .
I .

Now ,
let JEZ .

Then I bo
,

bi
,

. . .,bj - i
C- F sit .

I = bottb
,

TCT ) t in .

t bj ,
T Jt CJ )

TCT )=bzT4vTt bi THEE. . .  +bj.zTJ-tv-F-bj.IT 'tFEZ



,

'

.
If JEZ

,
then Tco ) EZ .

c

'

- Z is T - invariant containing I
.

Subspace

.

'

. W CZ .

(
'

,

'

W is smallest T - invariant

Subspace containing I
)

-

I I

I cyclic subspace
containing I

L .
I

.

M

i . W = Z = span C p )

i - p is a basis of W and j -

- k
.



(b) By Ca ) , p = { I
,

TLE )
,

.
-

.

,
Th - '

LT ) } is an ordered

basis for W .

Let ao , .
.

. ,
Ak - ie F s -

t .

a. It a ,
TCT ) t . .  . t ah - i Tk - '

LE ) t Their ) =3

⇒ The ) = - a. I - a. Tcf ) - .
. .  - aka THI )

.

Then : CTI
p

-

-

f tic frigid, . . .

Ith e)
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Theorem : ( Cayley - Hamilton ) Let T be a linear  operator

on a finite - dim . vector space V and let flt ) = felt )

be a char poly of T .
Then : f f T ) = zero transformation

.

( Char poly
" kills " the linear operator T )

Remark - FH ) = a .
I t a , t  t act

'

t . .
t Ant "

- E

FLT ) = Ao I t a , T t azt 't
. .

t ant
"



Proof : We want to show f ( T ) c T ) = 8 for all TEV
.

FCT ) ( 8) = I ( '

a

' FCT ) is linear )

So
, suppose

I to
.

Let W = T - cyclic subspace generated

by T
.

Let k= dimlw )

By Than we
have shown last time :

I ao
,

ai
,

- - - ,
Ah -1

E F such that :

{
• Gotta ,

ITT ) t . .  .

t Ah - ith - '

tu ) t That ) =L

. get ) Eetfyw = C-Ilk ( do t aitt . . .
 + akithttth )



{
• Gott ai Ttv ) t . . .

-1 Ah - ith - '

c J ) t That ) =p

. get ) Eetftlwftllk( do t att . . .
 + akithttth )

I

GCT) Ev ) =3

Now , get ) ffct ) inns
" "

I get ) set . fit ) = qctgct )

i . fl TILT ) = get )ogcTT°=p
SIT ) -ftp..gr )

GCT)ogcT )



Corollary -
. Let A E Mnxnlf ) and fit ) be its char .

Poly - Then i f (A) = O
,

the zero matrix .



Inner product and norm

Assume F -

- IR or Q .

Definition : Let V be a vector space over F
. An innerproduuet

on V is a map s .

,

. >
-

- Vx V → F sit . VI. 5. Ee V

and CEF ,
it satisfies :

Ca ) CITE , I > = C I. I > t s E. 57

(b) SCI
, I > = CCI , I >

-

(c) LI , I > = LJ ,
I >

(d) C Fix > 70 if I to
A

IR
✓



Remark :
a (a)

,
Cb ) say that the inner product is linear

in its argument .

• If F -

- IR
,

a 5,57 = a 5157

F¥ "
. For I = ( ai

,
az ,

. .
.

,
an ) , I = Cbi

, by . .

,
bn ) E Fn
( F- IR ,

We have : standard inner product

< 5,57 :# II
,

aibi

.
If c.

,
o ? is an inner product on

V
,

and r > o
,

then :
< I ,y- y

'
:

-7T ret , I > is another inner product
on V .

✓



° Let V = CC -10,13 ) be Vector space of real - valued continuous

functions on [ o ,
I ]

.

Then : for f , g EV
,

< f
, 97 It Jo

"

fit , get ) dt defines an inner product
on V

.

LF -

- IR ,
Q )

• Let V= Mnxn L F ) .

For A ,
B EV

,
we define ,

I Sum  of diagonal entries
.

< A ,
B > Eet tr ( B

*
A )

Where Bit is the conjugate transpose of B defined by .

.

B* = B-
T



For A ,
B

,
C EV and XEF

,
we check :

Ca ) L At B
,

c > = trl C* ( A -1137 )=tr(C*A 't EB )

=trLC*Alttr( CAB )

=L A ,
C > t CB ,

Cbl LAA ,
B > = tr ( B

't I AA ) ) = tr CA ( BAA ) )

=XtrCB*A )

= A LA ,
137

(c) LABT = tr(B ItrcB.IT#--trCBTA)TrCCI--TrCCT
) tr ( (BTATT)=trCATB ?! )

= tr ( A
't

B) = L Be A >
.



(d) LA ,
A > = trCA*A ) = IZ I A

A A) ii

= II. ( II
,

LA !) in Aki )
-  T

A

-

- En
,

Ea Ahi?
n I Akil

< A
,

A > =

TE
,

I Akif Z 0

and LA ,
A 7=0 Iff Aki  = o I k

,

i C i.e
.

A -

- O )



Definition : A vector space V equipped with an inner

product is called an inner product space .

If F  = E
,

we call V a complex inner product space .

If F -

- IR ,
we call V a real inner product space .

✓



Proposition : Let V be an inner product space . Then
,

VI. Ji EEV

and ICE F ,
we have :

(a) LI
, ITE > = c I

, I > tax ,
E >

Cbl c I
, CJ > = c-c Ii 57

(c) LI
,

J > =
to ,

I > = o

(d) LI , I > =o iff 5=8

(e) If s I
, I > = s I , Ey for tix e V

,

then F=E .

✓



Proof :

ca ) a I
, J 't I 7 = CItz

= <5,I>+LE
= a5 t CE.IT = a I. I > tcx.ES

Yb
) L I

, CI 7 = scj.IT = ccyt-ccy.IT
✓

= I a 5,5 >

(c) c I
,

87 = L I
,

J to > = LI
,

87 tax ,8 >

So
,

c I
,

87=0
. Similarly ,

< I
,

I > = o

(d) If I = J
,

then < I
, I > = O by cc )

If I to
,

then < I
,

I > > o by definition
.



✓ I e ) If c I
, 57=25 ,

E > for all I c- V
.

then a I
, J - E > = o the V

.

In particular ,
we can choose 5=5 - E

.

Then : a I - E
, I - E > =o ⇒ I - E -

-
I C by Cd ))

⇒ I -

- E
.

Remark : I at t Cb ) together say that the inner product

is conjugate linear in the second argument .

✓



Definition .
. Let V be an inner product space .

For I EV
,

we can define the length or norm of I by i

HIM :# JLI.IT
Proposition : Let v be an inner product space over F

.
Then ,

HI , I EV and VCEF ,
we have :

Ca ) 11C Ill = lol . HIM

(b) HILL 70
,

and 4TH = o iff I = T
.

(c) KI , I > I E 1151111511 ( Cauchy - Schwarz Inequality )

C d ) ltxtyll E HIM -111511 ( Triangle inequality)

⇒
.

r



Proof :

ca ) licxll =/ =

Tick"
z

ICI

(b) HIM = FIE Zo I bydefinition,

'd
FTIR

= KI HEH .

11511=0 ⇐ L 5,57=0 iff 5=8

( c ) and (d) are shown  in the tutorial .



Orthogonality
Definition : Let V be an inner product space . We say I

,
J EV

are orthogonal ( or perpendicular) if C I
,

I > = O .

A subset Scv is called orthogonal if any two distinct

vectors in S are orthogonal .

A unit vector in V is a rector I EV with 11511=1
.

A subset SCV is called orthonormal if S is orthogonal

and all vectors in S are unit vectors .

✓



E . 9 . Let H be the space of continuous complex - valued functions

on [ 0,21T ]
.

We have inner product defined by :

< f
, g >

dit at ) !
"

fit ) get )dt for fig EH

For any ne Zx integer , et f ,

t

int def
f ht ) = e : = cos htti sinnt forte -6,2A ]

and consider S = { fn = he 2 } CH

Then
,

S is orthonormal
.


