
Lecture 10:

Change of coordinates

Prop : Let p and p
' be two  ordered bases for a finite - dim

.

vector space V
,

and let Q = [ Iv ]p?
* V ¥ ✓

p
' P

Then : La ) Q is invertible

(b) For all TeV
,

[ I ]p= QtvIpl

Proposition : Let T be a linear operator on finite - dim V

Let p and p
' be ordered bases of V . Suppose Q = [ Iv ]pi

.

Then : [ T ]p ,
= Q' CTIPQ

Rench : A linear T : V → V is called linear operator .



Example : Let T : IRS 1122 be the reflection about the line y=zx .

want to compute I TIP ,
where p

-

- { ( b) I l % }
.

a y=z×

Consider p
'

= I ( L) , ( I ) } for IR
'

echo
-

- fei;D,

" '
' " "

,
"

 '

Y
( 2

,
- I )

tudou.int .

. f : ;) it ,

. Q -

- E Iink.
= f L ? ) ⇒ a

"
= If ! T)



i
.

I TIP ' = E' ET )
p

Q

⇐ [ TIP = Q C TIP . Q
"

= I (
-

I Y )
,

Il

( .ooh

Def : Given two matrices A
,

B E Mnxnlf )
.

We say B is similar
to A if I Q E Nlnxn set .

B = Q'
' AQ .



Dual Space Let V be a vector space over F
.

Definition : A linear functional on V is a linear  map f -

. V→F
.

Remark : A linear functional belongs to LCV
,

F )
.

Definition : The dual space ,
denoted by V

't

,

is the space of

all linear functional on
V

.

That  is
, V*= LCV ,

't )
.

Proposition : Suppose V is finite - dimensional .
Let { I , .ir

,
. . . in ) be

a basis of V
.

For each i .

 - 1,2
,  

-
- . in ,

define a linear functional

fi by netting : filvj ) = { ! ifIf
.

Then : { fi
,

fz
,

. . . ,fn } is a basis of V*
,

called the dual

basis of { Ii
,
've

, . . .

,
In } .

.

'

i dimly = dim ( V
't

)



Proof : .{ f.
,

f
, . .

.

,
fu ) is Linearly independent .

Suppose  : a ,
f ,

t azfz t . . .
 t an fu = Oh Zero functional

For each Ii
,

( a , f , t
. . .

 t anfn ) L Ti ) = o ⇒ aif
,

iv. It . .  .

taufucui ) -
- o

⇒ ai  
= o

.

,

'

.
{ fi

,

fz
,

. . . ,
fu } is linearly independent .

• Span ( I f.
,

fr
,

. .

,
fu } ) = V

"

.

Let f e V
'

. Suppose ftvi ) -

- bi
.

Claim : bf ,
+ be fat . .

.  t bnfn = f
,

Check : For each Ji
,

( b
, f ,

t
. . .

 tbnfnlcvis-bifif.fi/--fcv ; ) ⇒
befit

. . .tbnfu=f
.



Example : Let p={ltx
,

, - x. x
'

3 be the ordered basis for 131112 )

Let p !be the dual basis of p .

{ f
, .fr

, -13

Then : I = f ,
Clt x ) = f

,
11 ) t fi CX )

O = f , ( I - X ) = f , (1) -
fi l x )

o = f , C x
' )

Solving :
we get f ,

(1) = I ,
f. c x , = I ,

fix
' ) " °

Thus
. f. I at bxtcx

' ) = af .ci ) -1 bf ,
Lxi t c film

= Ia + I b

fz and fz can be computed similarly



Remark :  . dim ( V ) = dim ( V 't )
.

'

.
V is isomorphic to V*

I
fin - din

• V** = µ
* )

*
= dual of the dual space

Proposition : Suppose V is fin . dim .

The map l : V → V**

defined by Liv ) ( fan) Ektfcv ) is an isomorphism .

v *

Pinot: l is linear ( Exercise )

To prove that l is an isomorphism ,
we can just show

that I '
is I - I ( since dim LV ) = dim LV 't * ) )



Suppose ICE ) = o in V 't *

.

⇒ Ltv ) ( f ) = o for all f E v
*

Then : fcf ) = o for all f E V 't

The only possibility is I -

- 8
.

(
if Tito

, then construct  a basis [ I
,

've
.  - -

,

In )
.

7

Define f 7 f C O ) =Land ftuj1=0 for j - 2
, . .

.
n )

.

'

.
Null ( l ) = 38 }

.
Thus

,
l is 1 - 1 and onto

.

( isomorphism )



Definition : Let T : V → W be linear
.

The dual map ( or transpose .)

of T is the map T
*  

.

 
- W

't
→ V 't defined by -

.

T
*

C g ) = g L T ) for all g e- W
't

.

A

Proposition i Suppose V is fin - dimensional
.

Let { Ji
,

Tz
,

. .

,
Tn }

be a basis of V
.

Let p¥f, , .
. .

,

fn } be the dual basis of p .

Let T : V → W
and

18 be the basis of W
.

Denote the dual

basis of 8 by 8 't

.
Then : Cl ) T* is linear T

v → w

CH E Tmf! = ( CTI ! )
'

is r

- * T*
✓ ← w

't

Transpose  of -

p* y*
T Matrix transpose



Prod: For any g EW 't

,

1-
*

( g ) = IoT is linear .

.

'

. T
*

I g ) is a linear functionalonline linear

.

-

.
T # g) C- V

"
.

Thus : T* maps W
't to V

't
.

T
*

is linear : T
* ( Lg ,

t ga ) = Kg,-1940T
= Lg ,

OT t Gro T =L -14g , )tTMgy

Now , write
p= { I

, .ir , . . . ,Tn )

✓ = { Ji
,

Iz
, . .

.

,
Tony

p*= { f
,

fz
,

- . .

,

Fn }

8* = { g , .gr ,
. . .

, gn }



Let A  = IT ) ! = ( aij )

To find the jth col of [ T
* ]f¥ ,

we write :

T
*

( gj ) as a bin
.

combination of f ,
.fr ,

. .
. , fu

.

Now , T*Lgj ) = g jot = I
,

jot ) l

Tilfii =

,

-

. the ith - row
, jthcol entry of [ T

* ]f** is given by -

-

gjotlvil = gj ( ¥7
,Akiwik)=  

¥7 Aki gjlwik) = Aji

.

'

. [ THEE = At = IT ] } .


