MATH 2020B Advanced Calculus I1
2023-24 Term 2
Suggested Solution of Homework 9

Refer to Textbook: Thomas’ Calculus, Early Transcendentals, 13th Edition

Exercises 16.6

37. Find the flux of the field F(x,y, z) = 2%i + 2j — 32k outward through the surface cut from

42.

the parabolic cylinder z = 4 — y? by the planes z = 0, z = 1, and z = 0.
Solution. The surface has a parametrization

r(z,y) =zi+yi+ (@ -y )k, (z,9) €Q:={(z,y):0<z <1, —2<y< 2}

Then
i j k
rpxry=10 0 |=2yj+k (outward normal)
0 1 —2y
and

F(r(z,y)) - (rz xry) = (4 — 9>+ 2j — 3(4 — y*)k) - (2yj + k) = 22y — 3(4 — 7).

Hence, the flux through the surface is

rxxr
//F nda—// y!rmxry\dwdy
Tz X 1y
—// 22y — 3(4 — y*)] dydx
0 J-2
1
:/ —32dx = —32.
0

Find the outward flux of the field F = zzi + yzj + k across the surface of the upper cap
cut from the solid sphere x? + 32 + 22 < 25 by the plane z = 3.

<

Solution. Across the cap Si: The surface is given by the level surface
gloy2) =2 42+ 2 =25, (a,y) € Q= {(a,y):a? +” < 16},

Then an outward unit normal is

Vg  2zi+2yj+ 2zk zi+yj+ zk
Vgl ~ 10 5

n=

and

ri+yj+zk 22z + 1’z + 2

F-n=(zzi+yzj+k)- 3 = 5



Since z > 0 on the surface, % =2z # 0, and so

|Vg| \/43:2 + 4y? + 422

22|

do = dx dy dx dy = §dxdy.
z

52

Hence, the outward flux through the surface S is

5
//F-nda_//xzw”z 2 dx dy—//(x2+y2+1)dxdy
S Q
27
/ / r? + 1) rdrdf = 144x.

Across the bottom Ss: The surface is given by the level surface
h(z,y,z) =2z=3, (z,y) € Q= {(z,y) : 2> +y* < 16}.
Then an outward unit normal is —k and
F-n=(zzi+yzj+k) (-k)=-1

Since % =1+#0, do = dx dy. Hence, the outward flux through the surface Sy is

//SF = //Q ~ldwdy = —m(4)* = 167

Therefore, the total outward flux is 1447 — 167 = 128m. <

Exercises 16.7

3. Use the surface integral in Stokes’ Theorem to calculate the circulation of the field F
around the curve C in the indicated direction.

F = yi+ zzj + 2%k
C: The boundary of the triangle cut from the plane x + y + 2z = 1 by the first octant,
counterclockwise when viewed from above.

Solution. Note that

i j k
VXxF = (% 8% % =—zi—2zj+ (2 — Dk.
y wz z?

and the plane g(x,y,2) =z + y + z = 1 has unit normal n = 7( +j+k). Then

1
VxF-n=—(-3z+z-1),

V3

and do = |Vg | dz dy = \/3dx dy. By Stokes’ Theorem, the circulation of the field F around

\a\

jiF dr_//VXF ndo—_/ /1 m [F3e+ (1 -2z —y)—1]dyde
:/0 /01 z(_4x_y)dydm:_6.

the curve



6. Use the surface integral in Stokes’” Theorem to calculate the circulation of the field F

12.

around the curve C in the indicated direction.

F =222 +j+ 2k

C: The intersection of the cylinder z? + y? = 4 and the hemisphere 22 + y? + 22 = 16,
z > 0, counterclockwise when viewed from above.

Solution. Note that

i j k
VxF=| & & & |=0i-0j-32%k = -3k,
22y 1 oz

and C is the boundary of the disk S = {(z,y,2v3) : 22 + y?> < 4} with upward unit
normal n = k.

By Stokes” Theorem, the circulation of the field F around the curve C' is

fF-dr://Vmeldcr:// —32%y? dx dy
C S {z2+y2<4}

2T p2 3 27 2
= —3/ / (1 cos 0)%(rsin0)? rdr df = —4/ sin” 260 d@/ 7 dr
o Jo 0

0
3,28

<

. Let S be the cylinder 2% + y? = a2, 0 < z < h, together with its top, 22 + y*> < a?, z = h.

Let F = —yi + zj + 2°k. Use Stoke’s Theorem to find the flux of V x F outward through
S.

Solution. The surface S has a boundary C : 22 +7? = a?®
tion

,2 = 0 which has a parametriza-
r(t) = (acost)i+ (asint)j, 0<t<2m.
Then r'(t) = (—asint)i+ (acost)j and
F-r'(t) = (—asint)(—asint) + (acost)(acost) = a’.

By Stokes” Theorem, the flux of V x F outward through S is

2
//VxF-nda:walr:/ a® = 2ra’.
S C 0

Suppose F =V x A, where
A = (y+ V2)i+ e™?j + cos(zz)k.

Determine the flux of F outward through the whole unit sphere z2 + 52 + 22 = 1.

Solution. If A is C', then Stokes’ Theorem implies that the outward flux is 0 since the
whole unit sphere has no boundary. However, A (and hence F') is not defined when z < 0,
so there is probably a problem in the question. |



14. Use the surface integral in Stokes’ Theorem to calculate the flux of the curl of the field F

17.

across the surface S in the direction of the outward unit normal n.
F=@y—2i+(z—-2)j+(x+2k
S: r(r,0) = (rcosf)i+ (rsind)j+(9—-r)k, 0<r<3, 0<0<2m.

Solution. Note that

i j k
o) 0 0 . .
VxF= oz By 9z :—1—2J—2k,
Yy—z2 zZ2— T+2
and
i j k
r,Xrg=| cosf  sinf —2r |=(2r?cosh)i+ (2rsinf)j+ rk.
—rsinf rcosf 0
Hence,

TheﬂuxofoFacrossS://VxF‘nda://(VxF)~(rrxrg)drde
s *
:/ /(—2r2c059—4r251n«9—2r)drd9
:—0187T.O
<

Use the surface integral in Stokes’ Theorem to calculate the flux of the curl of the field F
across the surface S in the direction of the outward unit normal n.

F=3yi+ (5—21)j+ (22 - 2)k
S: r(¢,0) = (v/3singcos )i+ (V3singsinf)j+(vV3cosp)k, 0< ¢ <7/2, 0<6< 2.

Solution. Note that

‘Q’) o

j k

o) 0

3y 92 = —5k,
(5—27) (2% -2)

VxF=

8

LW Q)
<

i j k
ry X ro= \/§COS¢COSH ﬁcosqbsinﬁ —\/gsinqb
—V/3sin¢sinf /3sin ¢ cos b 0

= (3sin? pcos )i + (3sin? ¢sin 6)j + (3sin ¢ cos ¢)k.

Hence, the flux of V x F across S is

//SVXF'ndU_//R(VXF)'(T¢Xr9)d¢d6

2 /2
= / / (—15cos ¢sin @) do do
0 0

= —15m.



22. Zero circulation Let f(x,y,2) = (22+y>+22)~/2. Show that the clockwise circulation
of the field F = Vf around the circle 22 4+ y? = a? in the zy-plane is zero.

(a) by taking r = (acost)i+ (asint)j, 0 <t < 2w, and integrating F - dr over the circle.
(b) by applying Stokes’ Theorem.

Solution. (a) Note that

i+ yj+ zk
F=Vf=— ’
f (22 + y2 + 22)3/2
and i ( )i + (asint)j
r acost)l+ (asint)] ) ‘ .
F at (@)3/? - ((—asint)bi + (acost)j) = 0.
Hence,

Circulation = /

c

21
F-dr:/ F~@dt:O.
0 dt

(b) Note that V x F =V x Vf = 0. Hence, by Stokes” Theorem,

Circulation://VxF-ndJ://OdU:O.
S S

<

25. Find a vector field with twice-differentiable components whose curl is zi+ yj + zk or prove
that no such field exists.

Solution. Suppose F is a field such that V x F = zi + yj + zk. Then
V- (VxF)=0

but
Ve(ri+yj+zk)=1+1+1=3.

Contradiction. So no such field F exists. <



