MATH 2020B Advanced Calculus I1
2023-24 Term 2
Suggested Solution of Homework 8

Refer to Textbook: Thomas’ Calculus, Early Transcendentals, 13th Edition

Exercises 16.5

D.

18.

Find a parametrization of the surface.

Spherical cap The cap cut from the sphere 2 + 4%+ 22 = 9 by the cone z = /22 + y2.

Solution. In cylindrical coordinates, let x = r cosf), y = rsin@, then z = /9 — r2, 2 > 0.
For the domain of r: z = v/22 + 32 and 22 + y% + 22 = 9 imply

3 3
=9 = r=-"— —= 0<r<—
V2 T2
Hence, a parametrization is

r(r,0) = (rcosf)i+ (rsinf)j + \/mlﬁ 0

3
r<—, 0<60<2m.
_ _ﬁ

. Find a parametrization of the surface.

Parabolic cylinder between planes The surface cut from the parabolic cylinder z =
4 — y? by the planes =0, z = 2, and z = 0.
Solution. When 2 =0,0 =2z =4 —y?> = y = £2. Hence, aparametrization is
r(z,y) =zi+yj+(@—y )k, 0<2<2 —2<y<2
|
Use a parametrization to express the area of the surface as a double integral. Then evaluate

the integral.

Plane insider cylinder The portion of the plane z = —z inside the cylinder 2% +1y? = 4.

Solution. A parametrization is

r(r,0) = (rcos@)i+ (rsinf)j+ (—rcosf)k, 0<r<2 0<0<2nm.

Then r, = (cos)i+ (sinf)j — (cosO)k and rg = (—rsinh)i+ (rcosh)j + (rsinf)k, and
thus
i J k
I, X Iy = cos 0 sinf —cosf | =ri+rk,
—rsinf rcosf rsinf

Ir, X rg| = /12 + 72 =1rV2.

Hence,

27 2
Surface area = / / rv2dr df. = 47V/2.
0 0



34. Hyperbolic of one sheet

35.

48.

(a) Find a parametrization for the hyperboloid of one sheet 22 + 4% — 22 = 1 in terms of
the angle # associated with the circle 22 + y? = r2 and the hyperbolic parameter u
associated with the hyperbolic function 72 — 22 = 1. (Hint: cosh®u — sinh®u = 1.)

(b) Generalize the result in part (a) to the hyperboloid (z%/a?) + (y2/b?) — (2%/c?) = 1.
Solution. (a) A parametrization is
r(0,u) = (coshucosf)i+ (coshusinf)j + (sinhu)k, weR, € 0,2n].
(b) A parametrization is

r(0,u) = (acoshucos@)i+ (bcoshusinf)j + (csinhu)k, ueR, 0 € [0,2n].
<«

(Continuation of Ezxercise 34.) Find a Cartesian equation for the plane tangent to the
hyperboloid z2 + y% — 22 = 25 at the point (zg,yo,0), where 23 + y3 = 25.
Solution. Consider the parametrization

r(0,u) = (5coshucos )i+ (5coshusin®)j+ (5sinhu)k.

Then rg = (—5coshusin@)i+ (5 coshucosd)j and r,, = (5sinhucosf)i+ (5sinhusinf)j +
(5 coshu)k, and thus

i j k
rg Xxr, =| —bcoshusinf 5coshwucosf 0
5sinhuwcos@® 5sinhusinf 5coshu

= (25 cosh? u cos 0)i + (25 cosh? usin #)j — 25(cos u sinh u)k.

At the point (zg, o, 0), where 2 —|—y% = 25, we have u = 0 and zg = 25cos#, yg = 25sin 6.
So a normal for the tangent plane is (25x0)i 4+ (25y0)j. Therefore the required tangent
plane is

(xoi+yoj) - [(x —z0)i+ (y —woj+ (2 —0)k] =0
— xox+yoy:x%+y§ = 25.

<

Find the area of the surface 2z3/2 + 2y3/2 — 3z = 0 above the square R : 0 < z < 1,
0 <y <1, in the zy-plane.

Solution. The surface is given by the graph

2 . 2
= f(xay) = §$5/2 + §y3/27 ('T7y) € R.

Then Vf = /zi+ \/yj and 1+ |Vf|? =1+ +y. Hence,
1,1
Surface area:// \/1+|Vf|2dA:/ \/1—|—:U—|—ydacdy:/ / V1+z+ydrdy
R R 0 JO
) 1 2 9 1
_ ‘1 320 qu=2.%1( 5/2 _ (1 5/2
/0 [3( +z+y) ]0 =3 5[( +) (1+y) }0

:%(9\/5—8\/5“).



Exercises 16.6

4. Integrate the given function over the given surface.

2

Hemisphere G(z,y,2) = 22, over the hemisphere 22 + y? 4 22 = a2, z > 0.

Solution. A parametrization is

r(¢,0) = (asingcos )i+ (asinpsinb)j + (acos )k, 0<¢p<m/2, 0<6<2m.

Thenry = (acos ¢ cos0)i+(acos ¢sinf)j+(—asin @)k, rg = (—asin ¢sin0)i+(asin ¢ cos b)j,

and thus
i j k
ry Xxrg=| acosgpcost acosgsinf —asing
—asingsinf asin¢cosb 0

= (a®sin® ¢ cos 0)i + (a?sin® ¢sin 0)j + (a? cos ¢ sin ¢)k
= |ry x rg| = a*sing.

Hence,
2r /2 3 /2 2
// G(z,y,2)do = / / (a? cos? 8) (a2 sin ¢) dg df — 2ma’ |- S| Z 2opn
s o Jo 3 1o 3
<
16. Integrate G(z,y, z) = x over the surface given by
z:a:2+y for 0<z<1, -1<y<l1.
Solution. The surface is given by the graph
2= flr,y)=a+y, (1) €Q={(z,9):0<z <1, ~1<y<1}.
Then Vf =2xi+ j and
V1I+|Vf]2=Vdz? +2.
Hence,
[ cdr= [ Gy @) Vi+ VTR ddy
S Q
1,1
:/ / -\ 4x? + 2dydx
0 J-1
1 2 1
=92.2.2 (422 23/2}
s 3 [T
_3V6-v2
= 3 i
<

24. Use a parametrization to find the flux f f ¢F - ndo across the surface in the specified
direction.

Cylinder F = zi+ yj+ zk outward through the portion of the cylinder z? 4+ y? = 1 cut
by the planes z =0 and z = a.



28.

Solution. A parametrization is
r(0,z) = (cos )i+ (sinh)j + zk, (x,y) € Q={(z,y): 0<0<27m, 0< z<a}.

Then rg = (—sinf)i+ (cosf)j and r, = k, and thus

i ik
rg Xry=| —sinf cosf 0 | = (cosf)i+ (sinf)j (outward normal),
0 0 1

F(r(0,2)) - (rg x r;) = ((cos0)i+ (sinf)j + zk) - ((cos )i+ (sinh)j) = 1.

//F ndo—// Yo X Tz lrg X r,|dzdf
\I‘9><1"z|
2T
:/ /1dzd9:27ra.
o Jo

Use a parametrization to find the flux [[(F - ndo across the surface in the specified
direction.

Hence,

<

Paraboloid F = 4zi+ 4yj + 2k outward (normal away from the z-axis) through the
surface cut from the bottom of the paraboloid z = 22 + y? by the plane z = 1.

Solution. A parametrization is

r(r,0) = (rcos0)i+ (rsin6)j + rk, 0<r<1,0<6<2nm.

Then r, = (cosf)i+ (sinf)j + 2rk and rg = (—rsinf)i+ (r cos)j, and thus
i J k
r, Xrg=/| cosf sinf  2r | = (—2r?cosf)i+ (—2r%sin0)j + rk.
—rsinf rcosf 0
An outward normal is —(r, x ry) = (2r2cos0)i + (2r?sin6)j — rk, and
F(r(r,0)) - (-1, x rg) = ((4rcos0)i+ (4rsinf)j + 2k) - ((2r* cos 0)i + (2r?sin6)j — rk)
= 83 — 2r.

Hence,

// F -ndo= // |§I‘rx><r1;T) v, X rg| drdf
2
= / / (87"3 —2r)drdf = 2.
o Jo



