MATH 2020B Advanced Calculus I1
2023-24 Term 2
Suggested Solution of Homework 5

Refer to Textbook: Thomas’ Calculus, Early Transcendentals, 13th Edition

Exercise 16.1

12. Evaluate / V22 + 32 ds along the curve r(t) = (4cost)i+ (4sint)j+3tk, —2r <t < 27.
C

Solution. C : r(t) = (4dcost)i+ (4sint)j + 3tk, —27 <t <27 = % = (—4sint)i +
(4cost)j+3k = ‘% = \/16sin2t + 16 cos2t + 9 = 5; /22 + 42 = V/16sin? t + 16 cos? t =
4. Hence,

21

/ Va2 +y?ds = / (4)(5) dt = [20t]*%,. = 807.
C

—27
|

16. Integrate f(z,y,z) = x + /y — 2> over the path from (0,0,0) to (1,1,1) (see the accom-
panying figure) given by
Crir(t)=tk, 0<t<l1
Co:r(t)=tj+k, 0<t<1
Cs:r(t)=ti+j+k, 0<t<I.
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The paths of integration for Exercises 15 and 16.

Solution. Cy :r(t) =tk 0<t<1 = %L =k = ‘%‘ =1; and f(r(t)) = —t%. So

1
f(x,y,z)ds:/o (—t2)(1)dt:—%.

Cy
Co:ir(t)=tj+k 0<t<1l = T =j = ‘%‘zl;andf(r(t)):\/i—l. So

F@,y,2) ds:/o (VE—1)(1)dt = _%.

Co
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24.

32.

Cs:r(t)=r(t)=ti+j+k 0<t<1 = % =i = |%|=1;and f(r(t)) =t So

1 1
/03 F,y,2)ds = /0 (W) di = .

Therefore, / f(z,y,2)ds = f(z,y,z)ds + fz,y,z)ds + flz,y,2)ds = —
1C C1
G
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Integrate f(z,y,2) = (z+y+2)/(z?+y?+22) over the path r(t) = ti+tj+tk, 0 < a <t < b.

Solution. r(t) = ti+tj+tk, 0 <a<t<b = L =it+j+k = |%| =3

fx(t) = tzﬁéﬁftz = % Hence,

b 1 b
/Cf(a:,y,z)ds:/a(t)\/gdt:\/gln(a).

<
Find the line integral of f(x,y) = /y/x along the curve r(t) = Bi4t4y,1/2<t<1.
Solution. r(t) = 3+ 1), 1/2 <t <1 = € =32+ 43 = || =+2V/9 + 162
fr(t)) = t—f = 1. Hence,
1
/ f(z,y,2)ds —/ 29 + 16t2 dt = / V9 + 16t2 dt
c 1/2
1 125 — 13v/13
= [ 9+ 16t2)3/2] — ST OV
48 1/2 48
<

Find the area of one side of the “wall” standing orthogonally on the curve 2x + 3y = 6,
0 < x <6, and beneath the curve on the surface f(x,y) = 4 + 3z + 2y.

Solution. 2z +3y =6, 0 <z <6 = I‘(t):ti—i-(Z—%t)j,OgtgG — %:
i—fj:>|dt —L Hence,

\3ﬁ _\/;/0 (8+3t)dt—26f

6
Area = fxyds—/(4+3t+2(2—3t))
0

Exercise 16.2

10.

Find the line integral of F = zyi + yzj + xzk from (0,0,0) to (1,1,1) over each of the
following paths in the accompanying figure.

(a) The straight-line path Cq :r(t) =ti+tj+tk, 0<t<1.

(b) The curved path Cy : r(t) =t +t3j + 'k, 0<t<1.



(c) The path C3 U C4 consisting of the line segment from (0,0,0) to (1,1,0) followed by
the segment from (1,1,0) to (1,1,1).

1,1,0)
Solution. (a) Cy:r(t) =ti+tj+tk, 0<t<1 = % =i+ j+ k. Hence,

1 d 1
/ F-dr:/ F(r(t))-d:;dt:/(t2i+t2j+t2k)-(i+j+k)dt
Cq 0 0

! 1
:/ 32 dt = [t°], = 1.
0

() Cy:r(t) =ti+t]j+t'k, 0<t<1 = %:i+2tj+4t3k. Hence,

1 1
d
/ F- dr:/ F(r(t))-dl;dt:/ (t%1 + 155 + °k) - (i + 2tj + 4t°k) dt
Co 0 0

A R
o 18

1
= [ B+2u"+4dt=|—+—+ —
A(-% e [4+4+9
(c) Cy:rs(t) =ti+tj, 0<t<1 — L8 —it+j — F(rs(t)
Coirg(t)=i+j+tk, 0<t<1 = %=k = F(ryt
Hence,

L, ! 1 1 5
/ F~dr:/ F-dr+/ F-dr:/tdt+/tdt:+:.
C3UCy Cs Cu 0 0 3 2 6

= (1) (+) = %
d

) 3
)) - (it + tk) -k =t

22. Find the work done by F over the curve in the direction of increasing t.

F = 6zi 4+ y%j + 122k
r(t) = (sint)i+ (cost)j+ (t/6)k, 0 <t <2m.

Solution. C : r(t) = (sint)i+ (cost)j+(t/6)k, 0 <t <27 = % = (cost)i+(—sint)j+
1k; F(r(t)) = ti + (cos? t)j + (12sint)k; and so F(r(t)) - % = tcost — sintcos® ¢ + 2sint.
Hence,

Work done by F = /

2T
F. dr—/ (tcost —sintcos®t + 2sint) dt
C 0

2w

1
= [cost—l—tsint+gcosgt—2cost =0.
0



24. Evaluate / (x —y) dz+ (x+y) dy counterclockwise around the triangle with vertices (0, 0),
C
(1,0), and (0,1).

Solution. Let F = (z — y)i+ (z + v)j.

Along (0,0) to (1,0): r(t) =t, 0< ¢t <1, and F(r(t)) - & = (ti+tj)-i=¢;

Along (1,0) to (0,1): v(t) = (1—t)i+tj, 0 < ¢ < 1, and F(r(t))- & = ((1—20)i+j)-(—i+j) =
2t;

Along (0,1) to (0,0): r(t) = (1-1)j, 0 <t < 1, and F(r(t))- & = ((t—1)i+(1-1)j)-(—j) =
t—1.

Hence,

/C(xy)d:z:+(x+y)dy:/Oltdt+/012tdt+/01(tl)dt
:/01(4t—1)dt:1.

<

35. Flow integrals Find the flow of the velocity field F = (z + 3)i — (22 + y?)j along each of
the following paths from (1,0) to (—1,0) in the zy-plane.

(a) The upper half of the circle 2% + y? = 1.

(b) The line segment from (1,0) to (—1,0).

(c) The line segment from (1,0) to (0,—1) followed by the line segment from (0, —1) to
(_17 O)'

Solution. (a) C; : r(t) = (cost)i+ (sint)j, 0 <t <71 = % = (—sint)i+ (cost)j;
F(r(t)) - % = ((cost +sint)i—j) - ((—sint)i + (cost)j) = —sint cost — sin?t — cost.
Hence,

Flow = / F-Tds= / (—sintcost —sin®t — cost) dt = T
Cq 0 2
(b) Co:r(t)=(1-2t)i, 0<t<1 = % = _2j
F(r(t)) % = ((1-2t)i — (1 —2t)%) - (—2i) = 4t — 2.
Hence,

1
Flow:/ F-Tds:/(4t—2)dt:0.
Co 0

(©) Coir(t) = (1—1)i—tj, 0t <1 — & — i j;

F(r(t) % = ((1-2t)i— (1 -2t +2t2)j) - (—i—j) = 2¢%.
Coir(t)=—t+(t—-1)j§ 0<t<1l = &= _j1j
F(r(t)) % = (-i— (1 —2t+2t2)j) - (-i+j) =2t — 2%

Hence,
Flow:/ F-Tds+/ F-Tds
03 C4

1 1
:/ 2t2dt+/ (2t — 2t%) dt =
0 0

W N



36. Flux across a triangle Find the flux of the field F in Exercise 35 outward across the
triangle with vertices (1,0), (0,1), (—1,0).

Solution. From (1,0) to (0,1): Cy :r1(t) = (1 —t)i+tj, 0 <t <1, ri(t) = —i+j; the
outward unit normal ny satisfies n;|r}(¢)| = (—i+j) x k =i+ j. Hence,

1
Fluxlz/ClF-nl ds:/o F(ri(t)) - mu|r, (1)) dt
:/l(i—(1—2t+2t2)j)-(i+j)dt
0
:/1(2t—2t2)dt:
0

From (0,1) to (—1,0): Cy:ra(t) = —ti+ (1 —t)j, 0 <t <1, ry(t) = —i — j; the outward
unit normal ny satisfies n2|r2( )] = (—=i—]j) x k=—i+j. Hence,

1
FluXQZ/C F'n2d8:/0 F(rg(t))-n2|r'2(t)|dt
:/1((1—2t)i—(1—2t+2t2)j)-(—i+j)dt
O1 )
—/ (—2+4t—2t2)dt:—§.
0

From (—1,0) to (1,0): C3 : r3(t) = (-1 4 2t)i, 0 < ¢t < 1, r4(t) = 2i; the outward unit
normal nj satisfies ng|r;(¢)| = (2i) x k = —2j. Hence,

Fluxs =

S—

1
F - n3ds = / F(r3(t)) - n3|rs(t)| dt
Csy 0

- /1((_1 +26)i — (1 — 4t + 4t2)j) - (—2j) dt
0

1
:2/ (1 — 4t +4t%)dt = =.
0

Therefore, Flux = Flux; + Fluxs + Fluxs = % — % + % =



