MATH 2020B Advanced Calculus I1
2023-24 Term 2
Suggested Solution of Homework 4

Refer to Textbook: Thomas’ Calculus, Early Transcendentals, 13th Edition

Exercise 15.7

35. Consider the solid enclosed by the cardioid of revolution p =1 — cos ¢.

(a) Find the spherical coordinate limits for the integral that calculates the volume of the
given solid.

(b) Evaluate the integral.
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37. Consider the solid bounded below by the sphere p = 2cos ¢ and above by the cone z =

image

(a) Find the spherical coordinate limits for the integral that calculates the volume of the
given solid.

(b) Evaluate the integral.

2r /2 p2cos¢ 2m
Solution. Volume = / / / p*sin ¢ dpde df = / / 3 cos® ¢sin ¢ dp df
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Exercise 15.8

2. (a) Solve the system
u=x+ 2y, V=T —Yy
for  and y in terms of w and v. Then find the value of the Jacobian d(z,y)/0(u,v).

(b) Find the image under the transformation v = x + 2y, v = & — y of the triangular
region in the xy-plane bounded by the line y = 0, y = x, and x + 2y = 2. Sketch the
transformed region in the uv-plane.

Solution. (a) z = 3(u+2v) and y = %(u — v).

Nz,y) % 2

o(u,v) | 3

(b) The triangular region in the zy-plane has vertices (0,0), (2,0) and (3, 2).
Yy=0 = u=v; y=z = v=0 z4+2yY=2 = u=2.




4. (a) Solve the system
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u = 2r — 3y, vV=—z+Yy
for x and y in terms of w and v. Then find the value of the Jacobian d(z,y)/0d(u,v).

(b) Find the image under the transformation u = 2z —3y, v = —x+y of the parallelogram
R the zy-plane with boundaries = —3, x = 0, y = z, and y = = + 1. Sketch the

transformed region in the uv-plane.

Solution.

(a) r=—-u—3vand y = —u — 2v. m:

(b) x = -3 = u+3v = 3;
y=xz+1 = v=1.
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8. Use the transformation and parallelogram R in Exercise 4 to evaluate the integral

//Rz(m _ ) da dy.

Solution.

| 2e=wazay = [[ -2 ’

‘ du dv (the region G is sketched in Exercise 4)

= // —2v du dv
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9. Let R be the region in the first quadrant of the xy-plane bounded by the hyperbolas

11.

19.

xy =1, zy = 9 and the lines y = z, y = 4x. Use the transformation x = u/v, y = uv with

u > 0 and v > 0 to rewrite
1) e

i —u - Yo 2 _ 2.
Solution. z = { and y = wv = 2 =v* and zy = u;

owy) | vt —uv?
olu,v) | v u
y=z — v=1 y=4dr = v=2; zzy=1 = u=1 zy=9 = u=3.

Thus
—‘dvdu—/ / <2u+> dv du

= vty 4oy =2

()= [l

:/ [2uv + 2u? lnv] du—/ (2u + 2u1In 2) du
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= [u2+ u21n2] =8+ “In2.
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Polar moment of inertia of an elliptical plate A thin plate of constant density covers
the region bounded by the ellipse 2%/a? + y?/b?> = 1, a > 0, b > 0, in the zy-plane. Find
the first moment of the plate about the origin. (Hint: Use the transformation x = ar cos 6,
y = brsind.)

Solution. Let x = arcos@ and y = arsinf. Then

acosf —arsind
bsinf  brcos6

‘ = abr cos® 6 + abrsin® 0 = abr.

Hence, the first moment of the plate about the origin is
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Evaluate
// |zyz| dx dy dz
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(Hint: Let © = au, y = bv, and z = cw. Then integrate over an appropriate region in
uvw-plane.)

over the solid ellipsoid
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Solution. The transformation x = au, y = bv, z = cw satisfies

a 0 O
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and takes the ellipsoid region R : 2—; + g—; + i—j < 1 in zyz-space into the spherical region
G :u? +v? +w? <1 in wvw-space. Hence,
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Find the Jacobian d(z,y, z)/0(u, v, w) of the transformation
(a)  =wcosv, y=usinv, z=w.
(b) z=2u—-1, y=3v—-4, z=(1/2)(w—4).
O(z,y, 2) cosv —usinv 0
Solution. (a) PEYE) | sine ucosv 0 | = (1)(ucos? v + usin®v) = u.
O(u, v, w)
0 0 1
20 0
0
(b) 8(5”’9’””) =103 0 =3
(u,v,w) 00 1/2
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Evaluate the appropriate determinant to show that the Jacobian of the transformation
from Cartesian pgf-space to Cartesian zyz-space is p? sin ¢.

Solution.

O(z,y,2) SI‘D(Z)C‘OSH pcos¢6959 —pfs.ln(bsmﬁ

o8 singsind pcos¢gsingd  psin ¢ cosd

(r.,0) cos ¢ —psin ¢ 0

_ pcospcosf —psin@sinf . singcos) —psingsind
= (cos¢) pcos¢sing  psin¢gcosf + (psing) singsind  psin¢cosf
= (p? cos ) (sin ¢ cos ¢ cos® O + sin ¢ cos ¢ sin? 0) + (p? sin ¢) (sin? ¢ cos® 6 + sin” ¢ sin’ )
= p?sin ¢ cos? ¢ + p?sind ¢
= p*sin ¢.



