MATH 2020B Advanced Calculus I1
2023-24 Term 2
Suggested Solution of Homework 10

Refer to Textbook: Thomas’ Calculus, Early Transcendentals, 13th Edition

Exercises 16.8

D.

10.

Use the Divergence Theorem to find the outward flux of F across the boundary of the
region D.

Cube F=(y—2)i+(z—y)j+(y—2)k
D: The cube bounded by the planes x = +1, y = £+1, and z = +1.

Solution. V- F = —2. By Divergence Theorem,

1,1 p1
FluX:///V'FdV:/ / / —2dxdydz = —2(2%) = —16.
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<

. Use the Divergence Theorem to find the outward flux of F across the boundary of the

region D.
Sphere F = 22%i +z2j+ 32k
D: The solid sphere z? 4 y? + 22 < 4.

Solution. V- F = 2x + 3. By Divergence Theorem,

27 i 2
FluX:// V-FdV:/ //(2psin¢>cos¢9+3)(p28in¢)dpdgbd9
D 0 0 0
= 32m.

Cylindrical can F = (622 + 22y)i + (2y + 2%2)j + 422k
D: The region cut from the first octant by the cylinder 22 4+ y? = 4 and the plane z = 3.

Solution. V - F = 12z 4 2y 4+ 2. By Divergence Theorem,

3 /2 p2
Fluxz// V-Fde/ / /(12rCOSt9+2Tsin6’+2)rdrd«9dz
D 0 JO 0
=112 + 6.



15.

19.

20.

23.

Thick sphere F = (523 + 122y?)i + (y® + €Y sin 2)]
D: The solid region between the spheres 2 + y? + 22 = 1 and 22 + ¢% + 22 = 2.

Solution. V - F = 1522 + 15y + 152% = 15p%. By Divergence Theorem,

Flux-//DV-FdV—/0277/Oﬂ/lﬁ(15p2)(pgsin¢)dpdqﬁd0
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Let F = (ycos 2x)i+(y? sin 27)j+ (22y+2)k. Is there a vector field A such that F = VxA?
Explain your answer.

Solution. Suppose A is a field such that V x A = F. Then

V- (VxA)=0
but
V-F = (—2ysin2z)+ (2ysin2z) + 1 =1#0.
Contradiction. So no such field A exists. <

Outward flux of a gradient field Let S be the surface of the portion of the solid
sphere 2 + 32 + 22 < a? that lies in the first octant and let f(z,y,z) = In\/22 + y2 + 22.

Calculate
/ V[ -ndo.
S

(Vf -nis the derivative of f in the direction of outward normal n.)

Solution. From the Divergence Theorem,

//Vf nda_// V- (Vf)dV = ///(gié 82f+gz>dv.

Now,
of T Pf  —at 4yt 2P
or 2+ y?+ 2% ox? (22 4y +22)¥
and so,
af P i R e
Ox? ay 022 - (QE2 +y2 + 22)2 - 72 +y2 + 52"
Therefore,

//SVf.nda:/// $2+y — /m/m/ 0 sm¢d dqﬁde_i‘,

Calculate the net outward flux of the vector field
F = 2yi+ (sinzz + y)j + (€ + 2)k

over the surface S surrounding the region D bounded by the planesy =0, 2 =0,z =2—y
and the parabolic cylinder z = 1 — z2.



Solution. V-F =y +2y+ 1= 3y + 1. By Divergence Theorem,

o= ([ vpav - /1 / /02‘2<3y+1>dydzdx
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25. Let F be a differentiable vector field and let g(x,y, z) be a differentiable scalar function.
Verify the following identities.

(a) V-(gF)=gV-F+Vg-F
(b) VX (¢gF) =gV xF+VgxF

Solution. Let F = Mi+ Nj+ Pk.
(a)
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([ OM oP dg
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(b)
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26. Let F; and F4 be differentiable vector fields and let a and b be arbitrary real constants.
Verify the following identities.
(a) V-(aF1+bF2):aV-F1—I—bV-F2
(b) VX(aF1+bF2):(IVXF1+bVXF2
(C)V'(FlXFQ):FQ'VXFl—Fl'VXFQ



Solution. Only (c) is provided since (a) and (b) are straightforward.
Let F1 = Mll + Nlj + Plk and F2 = M21 + NQJ + ng Then

Fi x Fo = (N1P, — PiN3)i — (M Py — P Ms)j+ (M1 Ny — N1 Mo)k,

and so
V~(leFz)=<Pza§V1 Nlaap2 NQ%H—Plaa]%)—(PQaéZl Mlaa]; Mgaa]; Plaaj‘f
(5 52) - (55 - (5 5)

:FQ'VXFl—Fl‘VXFQ.
<

29. Green'’s first formula Suppose that f and g are scalar functions with continuous first-
and second-order partial derivatives through- out a region D that is bounded by a closed
piecewise smooth surface S. Show that

//Sng-nda://D(fv2g+Vf-Vg)dV. (10)

Equation (10) is Green’s first formula. (Hint: Apply the Divergence Theorem to the
field F = fVg.)

Solution. By the Divergence Theorem,

//Sng'ndW// V- (Vg)dV
] (s o )

=///D<fv29+w-v9>dv



