
 

Proofof DivergenceThm

Same as GreensThm we'llproveonly the case of specialdomain

D which is of type I I II
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eg special domains

Andalso as in the proofof Green'sThm for
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we'll prove 3 equalities in the following which

combine to give the DivergenceThm



Mi ñ do If dv bytype I

NJ ñ do dv bytype

Lk ñ do 3 dv bytype I

Theproofs are similar we'llproveonly the last one

Lk.ñ do 34 dv

ByFubini'sThm

RHS dV 2 dÉdxdy because type I
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Forthe LHS we notethat
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the boundary surface 5 D
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where graphof f x y fix91 z filx.gl

graphof f x y fix91 z ffx.gl

vertical surface which couldbe empty
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Hence LHS LE ñ do if.ñdr II ñdr

LE.ñ do

Since ñ of a verticalsurface is horizontal hence I ñ o

Now on theuppersurface 92 42 falx.gl

the outward normal ñ is upward ie ñ k 0

Notethat the parametrization
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and Fy I 3 5 E Exfy isupward
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is the upwardunit normal
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Therefore LED do x y fzlx.gl ftp.y twill d dyR
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Similarly note that the outward normal on lowersurface

is downward ie ñ K 0 we have
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Hence Lk ñ do Lex y fix 91 dxdy

Lk.ñdo Lex y fix 91 dxdy
Lex 9 fix 91 dxdy
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This completes theproof of the divergence them

Note Similar to Green'sThm theDivergence Thm also

holds for solidregionwith finitely manyholes insides

D solidregion inside

butoutsideofd and
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for ñ outward normal with respect to D



eg idea of proofof this kindof surface
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Note Physicalmeaning of dirt F F in 1R

flux density by thedivergencethan



Unified treatment of Greens Stokes and DivergenceTheorems

Stokes Thm in notations of differential fams in 1R

Waking definition ofdifferential forms
4 A differential 1 form or simply 1 fam

is a linear combination of the symbols dx dy dz

W w dx Wady w dz

with coefficients we we Ws functions on 1R

eg Total different of a function f on 1R

df dx dy dz is a 1 form

2 Wedge product let s be an operation such that

dxndx dyndy dendz 0

Andy dyndx

dyadz dandy

dzrdx dxndz

and satisfies other usual rules in arithmetic

ie If w widx wady wasdz

2 7 dx 42dg 73 dz



then we have

way wide wady wsdz h y dxtyady 93dz

a dx nhidx weds n hide Wsdz nnidx

wide nady weds Andy Wsdz Andy

a dx nhdz weds and Wsdz AMdz

win dxndx way dyadx way dendx

wine
dxndytwanzdyndytwshzdzndyfwmzldxndztwansdyndztwsh.dz

ndt

i Why 0273 0372 dyndz
0371 W 73 dzndx

w 72 Way dindy

Linear combinations of dyndt dendx dads

are called differential 2 farms m R

5 dyndz 5 dendx 5 dindy

Similarly if w is a 1 form and

3 is a 2 fam

then wecan define was



eg If w dx 3 dyndz

then was dxndyndz

Note that we insist on the anti commutativity ofwedgeproduct

wehave

dxndyndz dy ndx ndt

dy ndzndx
dzndyndx
dzndxndy
dx n dz ndy

And dxndxndy 0 whenever oneof the dx dy.dz
is repeated

Hence as dinR 3 all linearcombinations of fans
are just fdxndyndz
which is called a differential 3 fam also called

a volume fam if 70

Note It is convenient to call smooth functions f
the differential 0 form



Summary on
3

0 fam f

1 fam widx Wady Ws dz

2 form 3 dyndt 5 dzndx 33dandy

3 form gdxrdynd7

where f 9 we are smooth functions

Note One can certainly define k form forany k 0 But in

1R k forms are zero for k 3

dx a dxr dyadz 0 where dx dx dg adz


