



































































































































egbo

iÉa
2 SCIR with ñ I of

ñ

same as the usual
anti clockwise direction C

of a closedplanecurve

3 2 boundarycomponents

ifof
c

4 2 boundarycomponents SCIR D

4

Exs



Important remark If S is a region in IR then a boundary

component of C a da forinstance has z concepts of

oriented anti clockwisely with respect to S region and IR

Even and IR havethe sameorientation ie ñ k

we still have the following situations C dz as infigureabove

S region 1R

Ci anticlockwise t anti clockwise t

a anti clockwise 4 clockwise

5 d whatistheorientedof di
sit theiroriented

Ex 7
c anticlockwisewithrespect to

a ñ Ex

similarly

optional



eg61 Verifying Stokes Thin
on

a 2 92 72 9 220 Miya

with upwardnormal ñ ie I component 0 It increases

boundary C x y 9 2 0

And F yi xp

Parametrize by Fft 3est Saint O O t 2T

3costI 3 sint

has the correctdirection ie orientedanti clockwiselywrt ñ

ScÉ dF saint 3Gt 32Mt I 3osti dt

18 T check

For the surface integral

i i
xÉ 2k check

y 0

Since S is a hemisphere upper centered at originofradius

ñ i y zE
1 2

42 22
9T ZE fff



Thesurface S can beregarded as a level surface givenby

g x y z x y z 9

Jg 124 29,27

Since 7 0 excepttheboundary onS 27 0

Hence do 1 dxdy
444 4

dxdy dxdy

Therefore SfÑ É ñ do

S 2k xi yj zk dxdy
1489

2 day 18T1 check

b same C sameF butnew surface 14ᵗʰ
Se 44929 2 0

C x4yEg

SS xÉ ñ do f 2k I dxdy
1 4949

2 Area 4 45 9 18T



c Same É y xj S
x y

33 31052
0 23

53has no boundary and
in fact encloses a solid region

Suppose ñ outward normal of the solid

SJÑxÉ ñdo ÑxÉ ñdo f XE
n'do

53 I 2

sameaseglas oppositeto egbl

ÑxÉ ñdo 5 XE E do
I

18T 1817 0

f di É di 0

eg62 let É yi XI same É as in961 new surface new boundarycure

4

4945 9

111 or

2 9 7 0



54 xy 7 ER X y É 9 4 2 0

boundarycurveof C4 4 x y z ER 5 947 9 9 7 0

Find fcf.dk withdirectionof dg given as in thefigure

Sohn Apply Stokes Thm

So di f XE A
ñ is thenormal to
is givenbythe coefficients

ofthe equation ofthe4

9 a It IT
2K I do is upward

do Area Sa

T132 18T
13



Proofof Stokes Thm
Special case S is a graph givenby

z fixy over a region Rwithupwardnormal

upward in
f

5 2 fix y

C

L R T

c

Assume C is the boundary of and C is the boundary of
R anti clockwisely oriented wrt thenormalof and

the plane respectively

Parametrize the graph as

Fex y it y fix y k ix g ER

Then as before I I fxk

Fy fyk

Fxxii fyi fyi we upward

Hence ñ Fixt
115 8,11

is the upwardunit normal of S

and do I Fg ldxdy f f 11dafarff
element



Let F MitNj Lk the C vectorfield
Then S XÉ ñ do F CFN.gl IEEfyllFxxFylldA

ffILy Nz i Mz Lx jt Nx My k fxi fy E dA

fx ly Nz fy Mz Lx Nx My IdA

Forthe line integral

fcf.dk Mdx Ndy Ldz

Sc Mdx Ndy Ldf z fix.gl

Jc Mdx Ndy L fxdx fydy

d M AL dx N full dy

Precisely If is parametrized by Fft XA ya for a t b

Then C is parametrizedby

Ht Xlt git fixley yal asteb

F dr MCA A
NCFADY't

LIFAI dffcxiti.HN
dt



S Mx'tNy't L fxx'tfyy Idt

SabfMtfxL IN fyh y dt

Sc Mt tx L dx Nt fyL dy

Thenby Green'sThm

Set di Sc Mt fxL dx Ntfs L dy

Sf NHL Mt L dA

f
NX 951191 fix9 4 14 faint

JdA
R
L
3gMAY fix9 fxlx.gl Lex9 fu

Nx Nzfx fyxL fy Lxthzfx

My Mzfy fxyl fx Lythzfy

Fx Ly Nz fyMz Lx Nx My IdA

S IxÉ n'do

Thisprovesthe case of graph



Generalcase Divides S into finitely many pieces which are
graphs in certain projection

This includes with many boundary components as in theGreen'sThm

addsomecave likesthis
to make it in 1bdycomponent

Proofof general case omitted

Note Stokes Thmapplies to surfaces likethefollowing


