
 

In thesenotation the Green's thm can bewritten as

Vectorformof Green'sThm

namalfam Finds divf'dA

a f Finds of'dA

tangentialform
fcf.tds ffcmlf.todA

R

IF ds S Ix F IdA

AndThm10 can bewritten as

Thm10 I simply connected connected F'EC
check

Then É conservative curl F TxF O

Note i cudF T'xF defined only in 1R IR

ii but divf T É can be defined on IR foranyn

In particular in IRS

Def12 The divergence of F MÉ NJt LI is defined tobe
dive i F 3 73 82 MITNEYLI If



Then one caneasily checkthe followingfacts Ex

i Tx Tf 0 ie and if 0

i F conservative andF JxF O

iii j F 0 ie dir calf 0

Remark T T f 0 ingeneral and it is called the

Laplacian of f and is denotedby

if T f dir if

3 8

In graduate level it willbe denoted by Δ 7 a Δ 7

The operator 5 is calledthe Laplaceoperator and the

equation if 0 is calledthe Laplaceequation Solutions

to the Laplaceequation are called harmonicfunctions



Pf ofThm10 n 2

Weonlyneed to show that if r is simply connected connected

and FxF 0 ie If
then F is conservative

Case1 Ci Cz have no intersection

except at the same endpoints

Then R is simple connected

theregion R enclosed by C dz lies completely insider

Then Green's Thm

0 1 9g dA I MdxtNdy

Sc Mdx Ndy So Mdx Ndy

Case2 C1 Ca intersect

Pick another curve Cs
with the same startingpoint

and end point and does not intersect C a dz

Then Case I SoMdxtndy fgMdxtndy

fc.Mdxtndyi.SCF di is indep of path hence F is conservative



In orderto apply Green'sThm to moregeneralsituations

we need

Thm Green'sThm generalform

Suppose that wehave a simpleclosed comeC in R

Supposethat C1 Ca Ca be pairwisedisjoint piecewisesmooth

simple closed curves such that dg Cn areenclosed by d

All C G Ca are anti clockwiseoriented

Let R betheregion between C and G Ca

Suppose that I ME NJ is definedonsomeopenset containing

R and is C Then

I dA f MdxtNdy fMdxtNdy

this isthe tangentialfam Thenamal fam issimilar

SketchofProof
For simplicity only oned inside h

We connect C d by an are L



andconside the simple closed curve

startingfrom the point p C L C L

Then the region R enclosed between C dz is the region
enclosed by d except the are L

Hence I dA I dA

MdxtNdy byGreen's

fats f emdxtiodyl

fcmdxtndy fc.mxtody

eg49 F ftp.it yzJ on 15410,01 or

we've calculated F di 2T for C x ty 1
anti clockwise

How about
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i.dfcf.dr


