



































































































































eg48 Verifybothformsof Green'sThm fa
Fixy XY Xj on R 1R is C

C unit circle Fct ustitsintj.AE0,253
Then R region enclosed by C 1 45 1 theunitdisc

wealso write C OR boundary of R
Sohn M X y N x

31 1 My 1 24 1 31 0

On C X cost y sint TETO 2T

Normal form L.H.S Mdy Ndx

lost sint daint costdust

S cost dt IT check

R.tt 5 3 94 dxdy sfcltodxdy ffdxdy.IT

Tangentialform I H.S Mdx Ndy 27 check

RA5 Sf dxdy C is dxdy 2T

Note Thisexampleshows that even the 2 forms are

equivalent the values involved may differ


























PfofGreen'sThin tangential form
Recall A region R is ofspecialtype

type4 If R Y a x b gix y gas

forsome continuous functions9,1 1 9am

type c If R XY hily Exhaly c y d

forsome continuous functions hix halx

Now If R is both type 1 and type 2 itsaid

to be simple

eg4f i d
rectangle is simple

c

a b

9 921 1i

type FF
y g.nl

E simple

type a I hey

x hiy



E
2 intersentions

atmost simple

2 intersections atmost

aER ORA a 2

Yarn y ay
simple
providedOR is

piecewise smooth

Proof Omitted

Pfof Green'sThmforSimpleRegion
9 94 1

By definition R is oftype II and car
a dz

canbewritten as

R x y a x b gix y gas

let denote the components ofthe boundary

of R by di da Cs and da as 19 94 1

in the figure Note da and a 4
couldjust be a point

Then OR G G Ca as oriented curve

using insteadof U to denotethe orientation



Now C 49 9,1 13 can be parametrized by
x y Fct t gifts a t b withcorrectorientation

ScMdx Mct gilthdt

Similarly Cs can be parametrized by
rit t get a t b withcorrectorientation

ScMdx SIMA galts dt

For Ca X b ginky 9.1611 it can be parametrizedby

rit b t 9,161ft 92lb withcorrectorientation

i Sc Mdx 0 since o

Similarly ScMdx IcMdx 0

Hence find fc.MX
OR

SIMCA9,47 MctGalt Idt

SIMEX9,1 7 M x 921 1 Idx



On the otherhand Fubinis Thm

ydA a dx

Mix 9,1 1 MCX9 la Idx

Mdx

halyt

d 94

Similar R is also type R am ds

R NY h g x haly eyed a so

Ndy INChile tidt 0 NChalts t dt to

Scd NChalt t N hilt t dt

Jill.is dx dy

Sf dA

All together

f MdxtNdy Hy dA
OR



ProofofGreen'sThm for
R finite union ofsimple regions with intersections

only along some boundary line segments and

those line segments touch only at the
end points at most

R1 R2 are simple

but R R URz simple

Nfp c are Cithic 9h12
OR2 Cz Liz

with anti clockwise orientation
and OR C Cz

By assumption R URi finite union sit

Ri are simple and

Rink line segment of a commonboundary

portion denotedby

Lij i j

Then 1 35 dA Sf
2 34 dA

Mdx Ndy
byGreen'sThm

forsimpleregion



Denote Ci thepartof 2Ri with no intersection with

anyother Rj except at the endpoints

Then ORi Cit Ʃ Lij
i it

where Liz is oriented according to the anti clockwise

orientation of 2Ri

Hence

1 My dA I 5 Mdx Ndy

5
I Mdx Ndy II

Mdx Ndy

Notethat as Ci is not a common boundary ofanyotherRj

I C OR

I Mdx Ndy MdxtNdy

Finally we have Lji Li

as Ri Rj are located on the
two different sides of the



commonboundary

9 Mdx Ndy

Mdx Ndy Mdx Ndy

is ji

MdxtNdy MdxtNdy

Mdx Ndy S MdxtNdy
Lig

0

This 2ⁿᵈ case basically include almost all situations in
the level of Advanced Calculus

The proof of general case needs analysis andwill be
omitted here



Defl2 The divergence of F MitNJ is defined to be

divF If 44

1
Note divF Gio AreaDexy II Fy dA

Doxy

I

0 Area Delay
Ends

2Delxy
called

flux density

Notation For fixy If I 5 gradient

13 58 5
It is convenient to denote

5 13 58

Then F F i 3 58 MANY

21 94 dive

Hence we alsowrite
diof J F



Ref13 Define rotF to be

rotÉ 0 faÉ MÉtN

Note roti ffgarelaco.ws yf5x 7y dA

I
50 AreaDelays

Tds

call
circulation density

Using 7 13 53 we canwrite

not F TxF I
numberzero

Since F MitNj 0 I in R M MY NNCXy

5 12 53 22 inRS 81 81 0

x ̅
I F jñ E III

M N O
check

not F R ie D componentof T F

Aname for xF is carlÉ curl ᵈEjxF


