
 

Conservative VectorField

Re 4 let RCR n za3 beopen A vectorfield É

defined on R is said to beconservative if

SctTds F di along an oriented carved in r

depends only on the starting pointandend pointof d

Note This is usually referred as path independent

ie If C Cz are orientedcurves with the same

starting point A and endpoint B

then

FFds f Ids

so the value onlydepends on the points A B direction

Notation If F is conservative we sometimes write

F Tds to denote the common valueof

S F Tds along anyorientedcurved
from A to B



eg41 É I on 1R

C FCA t I YID a t b

Then ScF Tds Sc F di

Xt y't dt a

1b
Sabxladt b Xia

Icoordinates at F b Fla
respectively

i ScF I ds dependsonlyon thestartingpoint endpoint
forall C

F is conservative

Note F If where fixy x

Thms Fundamental Theorem of Line Integral
Let f be a C function on an open set orCIR n z a 3

and F If be thegradientvectorfieldof f Then
for any piecewise smooth oriented curve C on R with

starting point A and end point B

SFTds f B f A



Pf Part Assume C is a smooth curve parametrized by

its

aetd.fci.aeThen fcÉ I ds F di

SabFIFA Fft dt

f Iffiled Fit dt
Sab def FA dt

f F b f ray
FundamentalThm

ofcalculusintrar

f B f A
B At

Part For a general piecewise smooth curve 4

C d uCau UCk

Citcat Ca inaderto
indicate that they are joining
end by end and the orientation Ci i li.sk are correct
Wrt the orientation of d

where Ci is smooth going from Ai to Ai
then Ao A Ar B

Then part 1 implies

Seti Tds Enc F Tds



Sc E Tds bydef9 s

II IfCAN f A D by part1

f Ar f Ao

f B f A

Is the converse of Thm8 correct Yes under afurthecondition
on the domains

That let RCR n zor3 beopenand connected

F is a continuous vector field on R Then the

following are equivalent

a a C function f R IR such that

F If
b F di 0 along any closedcurve d on r

c F is conservative



Remarks 1 The function f in a ofThm9 is called the

potential function of É It is unique up to

an additive constant

71ft c F cast c

2 É ME NJ LK If MdxtNdytl.dz df
Same for 2 dim

In this case Mdx Ndy Ldz or MdxtNdy in dim 2

is talled an exactdifferentialform

Pf a b

If f is C and É Jf and

F a b R parametrizes the closed curve C

then ñ a Feb
denote

A

Fundamental Thmof Line Integral
É dÉ f Fib f real f A f A 0

b c Suppose C Ca are oriented cares with

starting point A and end point B



Then C Cz ie CUCCa

is an oriented closed cure

6th starting point A endpoint

Then by part b

0 f di F di Fdi

F di F di

Since C dz are arbitrary F is conservative

C a it requies us to solve a system of PDE
Assume n z for simplicity other dimensions are similar

let É ME Nj be conservative
Fix a point Aer

Then foranypoint Ber define

F is conservative

f B F Tds commonvalue of S E Ids for any
C from A to B

SinceÉ is conservative f B is well defined



We've also used the assumption that I is connected

Otherwise there is no path

from A to B if A B belong

to different connected components notapath in r

Claim F If
Pfof claim B Go f B

Ei f B
E

horizontal straight line segment

from B to B Ei with
IE sufficiently smallsuch that
It L CR open

where C is an arbitrary oriented curve from A to B

Then f Hei 1 É di

F di F di ff.dk

f B SLÉ dr

i FCB ED f B IS É di ME Nj di



Since I canbe parametrizedby Ixtt y O t e

if B x y we have

FEB1 Ei f B S Matt y Next 915 dt
E

Sf Matt g dt

I B LE S Matt g dt

Mix y by MVF Miscts
or FundamentalThmofCalculus

Similarly Of B NX

by considering

fi f
verticallinesegment

So If É
Since É is cts M N are cts

i f is C



Corollary toThm9

let F be conservative and d
connectedopen

n 3 If É MI NJ Lk onRI1R

then My

I If connectedopen

n 2 If É MI NJ MRC R

then My

Pf É conservative 9 É If forsome function f

ie II 355 E MI NETLE

ÉEC fEC

Hence mixed derivativesthm ClairauntsThm

131 E E

1 5
34 2 181 E 3

n 2 is included


