
 

VectorAnalysis

Notation Usually in textbooks vectors are denotedby

boldface i but hard to do it onscreen

somynotation ofvectors are
differential

general vectors V F n operator

OR
unit vectors I j k ñ I

j
and use v to denote the length of w̅

to avoid confusion with absolute value

Line integrals in 1R IR
path integrals

Def9 The line integral of a function f on a curve

path line C with parametrization

i a b 123

positionvector Xlt yet t

is later ds fffoÉHEAD 0s
where P is a partition of ab and

Osi Xist Yi ΔZi



ie ds lengthelement ofthe cure XinYinZin

KAI_
Osi

Xlt Y ti Z It XiLitti ti titi

Remarks

i If f 1 feds are lengthofC

Thedefinition is well defined ie the RHS in
the definition is independent of the parametrization PG

Def9 Formulafor line integral
Notations as in Def9 then

Satiilds flies F t dt

where Plt Xt y't Z't

Since FCtin

f Esi J xistoyiitlotis
JEE.FI 5 1 oti

E Cti y'cti5 z'ctiJ oti

Flti Oti



Remarks I ds Ft dt is usually referred as

the arc length element

where Flt Xlt y't Z't and Flt X'aPty'cti Éai

2 Suppose the curve C is parametrized by a new parameter E

t I

9 3

E is increasing

E so 1 70

then Is Fit at as dt
r

GE.FI It 8 4 at 8 de

i ds and hence Scflilds is independent of the

parametrization of C

3 If Fct is only piecewise differentiable

then the RHS of Defg o.tl

becomes a sum

If ab to tisU U tin tito U tk i.tn A b
b

non differentiablepointforF t



such that F ti ti is differentiable then

lathds ÉEffects Mt dt

eg32 fixy Z X 35 7

C straight line segment joiningtheorigin and 1,1 1

Find Safexy Z ds
Sohn

Parametrize C by

Fct 100,0 t 1,1 1 10,0017 O t 1

t t t

ie It t YA t ZH t

Ntl 1,1 1 tE 0,1

Scterlds it 3yaitzltllllr.la ldt

S t 3 t 3 dt 0 check I



eg33 let d be a curve in 1R planecurve ie Z t 0

and it has 2 parametrizations

F t test sint tEEE

Elt 11 2 t AEEI I

Suppose fixy X Find S fixy ds

wesimply omit the Z variable as C is a planecurveand

f is indep of Z

Sohn I rice cast sints E t E

Scfixg ds If cest I lost sints Idt
ÉIcatdt 2 check

2 Tilt t t s t Kt

Safexg as V1 ta delta t deft dt

dt 2 check

Thisverifiesthefact that the line integral is videp of
the parametrization Note F Its Elt are inopposite

directions see later discussion



1 graphoff overC

I

d
l

Satds
signed areaunder

thegraph offorerd

PropF If C is a piecewisesmoothcurvemadebyjoining
4 da Cn end to end then

1fᵈs E Seitds

Pf Clear fromthe remark 3 of DefG butCi can be
piecewise differentiable in thisProp

Remark end to end means

end pointof C I initial point of Ck



eg34 let f x y z 392 7 again

C1 Ca Cs are straight line segments as in the figure
it 1

ads

0,00 y

1,40

We already did Sc fds 0 leg 2

One can similarly calculate

Squatds So fds fds

E Z Ext

For instance Sefds S 1 3115 t dt whatparametrization

The observation is Sc tds 0 Soucfᵈs
even C Cyd have the samebeginning and endpoints

remark different from 1 variable calculus

Conclusion Lineintegral of a functiondepends notonly

on the endpoints but also the path



VectorFields

Ref10 let DC1R a 1R be a region then a vectorfield

on D is a mapping F D IR or 1R respectively

CIR
idreedas a

2 vecta

In component form

1R Fix y MIXÑt NX I
R Fixy z MXy 7 I N x y j Lexy z K

where M N L are functions on D called the components

of F

1935 Fix y
yitxj
2 92

on IR 10,0

sinti costs in polar condinates

o I Propertiesof F 1111 11Fix9 11 1

3 Iii E't Hy xI yj attaints



eg36 Gradientvectorfieldof a function
i f x y x y

Tfix y det Eg x y xity rix 9

position
Tectafield

i fix y Z X

Jf x y z
at

1,0 0 i
a constantvectorfield

eg37 vectorfield along a curve
let C be a curve in IR parametrized by

y a b 1R
exits

gits fits

recall I
unit tangentvectorfieldalong d samepointbutdifferentvecta

Note this I defined only on C ta ageneralawe

but not outside C

vectorfieldalong a cavemay not comefrom a vectorfield
on a region



Remark for eg37

If we use Is tildt then

I HE bychainrule
11811 ifs is a functionoft

where are length S is defined by
upto an additive constant

Sct J 8tlldt

A parametrization of a curve C by are length S
is called are length parametrization

8 s arc length parametrization

195s 1

Def 11 A vectorfield is defined to be
continuous differentiable C if the componentfunctions are

938 Fix y rix y xity is C positionvector

Fixy
YÉt J is not continuas in IR
92 but continuas in IR 310,0



Line integral of vectorfield

Refic let C be a cave with orientation given by a

parametrization r t with r A 0 t Refinethe

line integralof avectorfield É along d to be

E Is

where I is the unittangentvectorfield along c

ie C is oriented in the direction of Fft or F at
everypoint

c

Note If r a b IR n z or 3
Abuseofnotations

FFAHYIN XIAIYAHthen becauseofthepositionvectorfield
Exity

S F Ids Fired if retildt

Jafirits i cadt
meat

naturally we denote dr Tds



and ScÉ Tds F di

eg3s Fixy 7 zi xyJ_y I
C FAS Eitt It I O t l

Sohn di att it the dt

F Tds F di

S Hit t.tt tI o zti j 2ftk dt

Si ztft t3
z 7dt Io check

In componentsform
Line integral of É MI Nj along

C ÑtS gCtÑ hlt j
can beexpressed as

IF.Fds cÉ dr J É fÉ dt

Mg'tNh dt



more explicitly f Migrants g'cts NgetshltDh'AJdt

Note that get

y alt

dx glt dt

ay fictidt

fcF.tds IF.de Mdx Ndy

Similarly for 3 din

SeÉIds cÉ dr MdxtNdytLdz

fnÉ MI NJ LI

Another way tojustify the notation
8 X y z the position recta

di dx dy de naturalnotation

Then
F.fds fcf.dk c

M N L o dx dydz

ScMdxtNdytLdz



eg39 Evaluate I ydx zdy 2x dz

where C Fct cost sint j th octet
cost sint t

Sohn
I f sint dust tds.int zest dt

S faint C sint t.cat zest dt

TI check

df C suit cost 1 dt Fct C suit cost 1


