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Onemaychoose thepoint
p

Xk Yr ERK

and consider the Riemann sum

Ʃ fxr.br OAK h h

45 2 ij

Ei E
4ns II ninth anti

4 as n co

i If xy dxdy
0,23 10,1

Verytediuscalculation

Hence weneed the followingTheorem

That Fubini's Theorem 1ˢ ftam
If f x y is continuous on R a b c d then

fixy dA fix9 di dy Ifixiddy dx
C



The last 2 integralsabove are called iterated integrals

Pf Omitted

Ideas

sum horizontally

first takinglimits 1 1 11 1 1 11

5 S fixydxidy

E 1st inega sum verticallyfirst taking limit

SiS fixysdy dx I 1ˢᵗmega

eg UsingFubini to calculate S xydxdy 12 0,25 10,1

Sola ByFubini JfxydA xydy dx

S xs.ba dx J Idx
Sixdx S5dy

Much easier thanega



eg4 Sometimes the order of the iterated integrals is
important in practice

Find f sincxy dA
To OF

Sohn S sinky da I xrinlxysdx.deTOIT TOT

f Y sign dy integrationbypart

Noteasy to integrate
Ontheotherhand

If sixy dA xainly dy dx
TOI TOT

fitostix 1 dx

I easy

Caution Not all functions are integrable over a closed rectangle

Remark To show integrable needs to show that

for all partitions and for all points XoYa

in thesubrectangles the Riemann sum

S f P the samenumber as 1P1 0



To disprove integrable needs tofind forexamples

is some P with some chooseof XaYa such that

11 50 SEP doesn't exist

Cii someP with different XYp XII such that

SGP a b SHIP
with XrYa with XIYES

eg5 let R 0,1 TO I

fixg
if both x andy are rational

1 otherwise

Then f is not integrable over R using

Soln partition P of R Riv U Rn Rr subrectangles

Oneian findpoints XkYr E Rr k such that

both Xk Yr are rational why
The corresponding Riemann sum equals

Suff P far 4 OAK 0 OAK 0

0 as I PII 0

Onthe other hand onelan findpoints

XiYi E Rr k such that at least one ofthe

K Yi is irrational why



The corresponding Riemann sum equals

Siff P fixi YDΔAk I OAK I

1 as I PII 0

Since Snlf P 0 1C Sniff P

f is not integrable

eg6 Let R TO I 0,1

foxy Xy if to andy to
agg0 if X 0 or y 0

Then f is not integrable over R using is

Sohn In any partition P of R

there is a sub rectangle

R O ti 0,5 0 t I

Choose X y ti.si ER since ostistic 0 525,4

Then Riemann sum

S f P flk Yr OAK

f x y OA Efk UnlOAK
f ti.si tis sp tis s

Since Oct S IP I 0 tis 70



Hence S f P f s so as IPll o

i Limit doesn'texist f is not integrable

Remark Egs 5 6 show that we need conditions to

ensure the integrability of a function over closed

rectangle

Propt Let R ab c d be a closed rectangle and foxy

be an integrable function over R then f is bounded
on R

ie M o such that toy EM xy ER

Pf Omitted egb above gives an idea of proof

Remark Fromeg5
boundedness is necessary but not

sufficient for integrability

integrable bonded

ingeneral



Prop Let R ab c d be a closed rectangle and

f xy be a continuous function on R then f

is integrable on R

Pt Omitted See proof in 1 variable case in MATH2060

for an idea of proof

Remarks i Notethat a continuous function on closed rectangle

is always bounded Props 1 2 are consistent

MATH2050 for 1 variable situation

Ii continuity onclosedrectangle is sufficient butnot necessary

In fact Prop 2 can begeneralized to a bounded

function on a closedrectangle with a small set of

discontinuity The preciseconcept is measurezero set

MATH4050 RealAnalysis For us we have

Propz For function over closed rectangle

a bounded continuous except finitelymanypoints

integrable

b bounded continuousexcept finitelymany differentiable curres

integrable



egs in

a
fixy

contains on R andbounded

air 0 otherwise outside r

r

Furthermore we have

Prop let R ab XI d be a closed rectangle

f xy and gexy be functions on R and

k ER is a constant

1 If f g are integrable over R then fts and

kf are integrable over R

2 In the case of11 wehave

It gJXdA Sffag dA If94,9 dA

and SfkfixY dA k fix y dA

Pf Omitted Obviousfromthe concept of Riemann sum

Remark This Prop3 implies that the set of integrablefunctions
over fixed R forms a vectorspace over IR

double integral is linear





Prop4 a If f xy 0 is an integrablefunction on a closed

rectangle R then

I fix g dA 0

b If R and Rz betwo closed rectangles such that

int R n int Rz then

1 fixy dA this da ff.fiDdARiURz
for integrable function over R URa

Pf Omitted Obviousfrom the conceptofRiemann sum

Note Various situations for intR n intRz
4 R Rz RI

RinRa commonedge Rz
witR n inR2

3
R

4
R

R2 R2

Wehaven't define pffp.tkY dA for cases 4

Henceweneedtodefine double integrals over general regions



Double Integrals over General Regions

For non rectangular bounded closed
an

region R one can define similarly

the concept of Riemann sum

There are two ways to fam the sum

i sum over all subrectangles completely inside R

II sum over all subretangles with non empty intersection

with R

Or one can define theintegrals as follows

I fly

R closed rectangle
containing R

Def let R be a boundedregion and fixy be a

function defined on R Forany rectangleR's R define

FX
49 XY ER

O XY E RAR
Then the integral of f overR is definedby

fixy dA FIXY dA



Remark The definition is well defined ie doesn't depend
on the choice of R If R is anotherrectangle

sit R R and

FIX y 1
49 X ER
O 1 19 E RCR

Then

HEX da Fay dA

by Prop4 b
K

R

Props The propositions 1 4 hold if wereplace
closedrectangle by closedand bounded region

togetherwith the Propz

Important special types of bounded regions R

Typed R xy a x b six y gaxl

where 9 andg are continuas functions

on a b R

9kg2 but 9 9 a b

gixt



Type 2 R xy h G EX halys c y d

where h and he are continuas
d

functions on Gd his hdy

h he but hitha c

For these 2 types of bounded regions wehave

Thmz Fubini's Thm stronger version

Letfoxy be a continuous function on a closedandbounded region R

4 If R is of typed as above then

fXdA if dy dx ifwdydx

2 If Ris of type as above then

tYdA J a.fi Ddx dy Ifffxysdxdy

Pf Type4 Extend fixy to Fly d 9.41

as in thedefinition ontherectangle R

R a b c d suchthat
a b

C HE9111 d maygalx
a 9 x


