MATH 2020A Advanced Calculus II
2023-24 Term 1
Suggested Solution of Homework 6

Refer to Textbook: Thomas’ Calculus, Early Transcendentals, 13th Edition

Exercises 16.1

15. Integrate f(z,y,z) = = + /¥ — 2> over the path from (0,0,0) to (1,1,1) (see the accom-
panying figure) given by

Cp:r(t)=ti+t%, 0<t<l1
Cy:r(t)=i+j+tk, 0<t<1
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The paths of integration for Exercises 15 and 16.

Solution. Cy : r(t) =ti+t%j, 0<t <1 = % =i42tj] = !%! = V1 + 4t%; and
f(r(t) =12+ V12 —0=1t+|t| = 2t since t > 0. Hence

/ f(z,y,2)ds = /1 2t\/1 + 412 dt = [(13(1+4t2)3/2]
1

0

L
= 6(5\/5—1).

Coir(t)=i+j+tk 0<t<1 = ® =k — |Z|=1;and f(r(t)=1+VI-t>=

2 —t2. So
1 t3 1 5
f(z,y,2)ds = / (2 —t*)(1)dt = {Qt - ] =2,
02 0 3 0 3
5 3
Therefore / f(z,y,2)ds = f(z,y,2)ds + flz,y,2)ds = 25+ 2. <
c 1 Co 6 2

18. Integrate f(z,y,2) = —vx? + 22 over the circle

r(t) = (acost)j+ (asint)k, 0<t <27,



Solution. r(t) = (acost)j+ (asint)k, 0 <t <271. = % = (—asint)j+ (acost)k =

al B 5 — ) —la|sint, 0<t <7
&1 = lal; and f(r(t)) = —/0% 4+ (asint)* =
dt‘ o fr(®)) ( ) {|a|sint, T <t<2m.

Hence

T 2m
/ flx,y,2)ds :/ —|a|28intdt+/ la|?sint dt = —4a.
C 0 ™

<
21. Find the line integral of f(z,y) = ye®” along the curve r(t) =4t —3tj, -1 <t < 2.
Solution. r(t) = 4ti — 3tj, -1 < t < 2 = % =4i-3j = |%| = 5; and
F(r(t) = (=3t)el®)” = —3¢e16”  Hence
/Cf(:c,y,z) ds = / —3te!0” . 5dt = |:—;2616t2:| 21 = ;—;(616 — ).
<

26. Evaluate / ds where C'is given in the accompanying figure.

cr?+y?+1

— <

0, 1) (1,1

0,0 (1,0
Solution. Clzr(t):ti,0§t§1:>f$_1:>‘ =1
Corr(t)=i+1tj, 0<t<1l = E=j — |&|=1;
Cs:r(t)=(1—-1)i —|—,],0<t<1:d>%——1:>|%’:1;
Cotx(t)=(1-1)j,0<t<1 = T =—j = |&| =1

Hence,

/f(xvyaz)d‘s: f(x7y)z)d8+ f(xayvz)ds—l_ f($,y,2)d8+ f($)y7z)d8
C C Ca Cs Cy

_/1 dt +/1 dt +/1 dt +/1 dt
o 21 Jo 22 0y =02 42  J, (1—-1)2+1

1 9l
= [tan~! t](l) + \}i {tanl(\%)]o + \}5 {tanl(t\@l)]o + [~ tan™(1 - t)]é
T 1, 1
=5+ V2 tan 1<ﬁ)'



28. Integrate f over the given curve.
flz,y) = (x+vy?)/V1+22, C:y=22/2from (1,1/2) to (0,0).

Solution. C:r(t) = (1-t)i+1(1-1)3%, 0<t<1 = L =i (1-1t)j = |Z|=

dt — dt
1+ (1 —1t)2 Hence

A=+ -nt —
/Cf(:z‘,y,z)ds—/o ATa V14 (1 —t)2dt

:/01 <(1_t)+411(1_t)4> dt

1
_ [—;(1 4 - %(1 - t)5]0 _ %

Exercises 16.2

9. Find the line integral of F = \/zi — 2zj + ,/yk from (0,0,0) to (1,1,1) over each of the
following paths in the accompanying figure.
(a) The straight-line path Cy : r(t) =ti+tj+tk, 0<t<1.
(b) The curved path Cy : r(t) = ti +t3j +t'k, 0<t<1.

(c) The path C3 U C4 consisting of the line segment from (0,0,0) to (1,1,0) followed by
the segment from (1,1,0) to (1,1,1).

1,1,0)

Solution. (a) Cy:r(t)=ti+tj+tk, 0<t<1 = % =i+ j+k Hence,

: dr Lo .
/CIF-dr:/O F(r(t))-dtdt:/o (VA — 25 + VIK) - (i + + k) dt

! 4 L
:/ (2vt — 2t) dt = [t?’/Q—tﬂ =_.
0 3 3

0
(b) Co:r(t) =ti+t}j+tk, 0<t <1 = % =i+ 2tj+ 4t3k. Hence,

1 d 1
/ F-dr:/ F(r(t))-d:dt:/ (%1 — 2t + tk) - (i + 2tj + 4¢°k) dt
Co 0 0

! 4 oo
= / (4t* — 3t?) dt = [t3/2 - t?’] -z
0 5 5

0



(c) Csirs(t) =ti+1j, 0<t<1 = ¥ =j+j = F(rs(t)) %= = -2t
Cy:rg(t)=i+j+tk, 0<t<1 = %4:1{ — F(ry(t)) - ¥4 = 1. Hence,

1 1
/ F-dr:/ F-dr—l—/ F-dr:/—Qtdt—l—/ 1dt=-14+1=0.
C3UCy Cs Cy 0 0

<
16. / v+ ydzx, where C is given in the accompanying figure.
C
y
C
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X
(0,0)]
Solution. C1:z=t,y=3t, 0<t <1 = dzr =dt;
Co:x=(1-1t),y=3,0<t<1 = doz = —dt;
C3:2=0,y=3—-1t0<t<3 = dr=0. Hence,
/\/a:—l—ydx:/ \/x+ydx+/ \/x—i—yd:c—s—/ Vo +yde
C
/\/t+3 dt+/ V=t + dt+/ 3—1t)-0
:/ 2ﬁdt/ VA —tdt
0 0
4 451" T2 !
= [t3/2] + [(4t)3/2] =2V3—4.
3 0 3 0
<

21. Find the work done by F over the curve in the direction of increasing t.

F=zi+zj+yk

r(t) = (sint)i+ (cost)j+tk, 0<t<2m.

Solution. C ( ) = (sint)i+ (cost)j+tk, 0 <t <2m = % = (cost)i+ (—sint)j+k;
and F(r(t)) dr — (ti+ (sint)j+ (cost)k) - ((cost)i + (—sint)j + k) = t cost —sin? t + cos t.
Hence,

2
Work done byF:/F- dr:/ (tcost —sin®t 4 cost) dt
C 0

cost+tsint — = + +sint = —m.

B t  sin2t o
- 5 0



26.

32.

Evaluate / F - dr for the vector field F = yi — zj counterclockwise along the unit circle

C
2?2 +y% =1 from (1,0) to (0,1).

Solution. C : r(t) = (cost)i+ (sint)j, 0 <t < 7/2 = % = (—sint)i+ (cost)j; and
F(r(t)) - % = ((sint)i — (cost)j) - ((—sint)i+ (cost)j) = —sin?t — cos?t = —1. Hence,

/2
/F-dr:/ (—1)dt = —_.
c 0 2

Find the circulation and flux of the field F = z2%i + y2%j around and across the closed
semicircular path that consists of the semicircular arch rq(t) = (acost)i + (asint)j, 0 <
t < m, followed by the line segment ra(t) = ti, —a < t < a.

<

Solution. C :ri(t) = (acost)i+ (asint)j, 0 <t <7 = %1 = (—asint)i+ (acost)j;
F. %1 = —a3sintcos?t + a® costsin®t and

M dy — N dx = (acost)?(acost)dt — (asint)?(—asint) dt = a3(cos®t + sin®t) dt.
Coira(t) =ti, —a<t<a = %2 =j

F- %2 = t? and

Mdy— Ndr=1t>-0-0%-dt =0.

Hence,
Circulation:/F- dr:/ F- dr+/ F. dr
C Cq Ca

s a
= / (—a®sint cos®t + a3 costsin? t) dt+/ t2 dt
0 —a

@’ st+ S tﬂ+2a3
— co in® —
3 0 3
= 0;
FluX:j{Mdy—Ndx: Mdy — Ndx + Mdy — N dx
C C1 Ca

™ a
= / a’(cos® t + sin® t) dt + / 0
0 —a

K
= 2a3/ (1 — cos?t)sint dt
0

3 cos®t]™  4a®
= —a” |cost — = —.
0 3




