



































































































































Surface area of a graph
Z fay Wyler Egg

ft

choose the following natural x or

parametrization of the graph

Fix y Xity t fixy I

Tx I txt

Fy It fyk

FxxFy Egg fi fyithe

Ext Etty't l 1 1551 71

nonzero hence smooth if FEC

Thad Thesurface area of a C graph given by

Z fay X y ER CIR

is Area S G I trifid A HUH tidA

Similarly fax fly z ay foxes






































































































































Implicit surface levelsurface

suppose is given by FIXY Z c

ie S Fcc
Note F is a function of 3 variables notvectorfield

453 Fay 7 Xy 22

Is F cos a surface

No since Flo ooo not a surface

Remark If TF E at a point then IFT implies that

I Etc is a surface c valueof F atthatpoint

near that point in fact a graph

eg53 cont'd FF 2x it zyIt 27k
FF 8 X Y Z O O O

Hence if so then t x y 7 E Fk wehave

FF X Y Z 8

since X y't z C o x y z 10 0,0

S F se too is a surface

What are these surfaces






































































































































Terminology S Flo is said tobe smooth
if i s F is C on S and

TF to an S

How to compute surface area for a smooth level surface

S F co

By TF 0 at leastone of the partialderivatives Fx Fy Fz

is nonzero Let assume Fz 2E o theothercasesaresimilar

IFT S Fcc Fay c

can be written locally as a graph

Z fixy near a point

ie F x y fix y C near a point

Then chain rule Fx Ff
ty E

Eto

Hence Area d Sf fitfitty da
where r domain ofthe

local z fx

ItÉ t É dxdy I practicallymaybe
hard tofind

y
JFxtfitti

dxdy
IFal



Think If 5 Etc is a smooth level surfacesuch that

Fzto and canberepresentedby an implicit
function on a domain r

Then Area S SL 19 dA If dxdy
Similar for the cases that Fx 0 or Fy 0

eg54 Findsurface area of the paraboloid a

45 2 0 belew 7 4

This is infactagraph but we
4
157

0

doit usingmethodoflevelsurface y

F II x y's4
Solve Let Fix yZ1 xtg z

Fa 2 4 Xy 2 0 Xy 4

projected region D xy x 934

TF 2XItzyj R

ie Fa 140 fix y Er

Surface Area 1,7 da 1147,49
t dxdy

check
gfhgyaxtag.tl dxdy I 7 II

userspolarcoordinates



Ref16 Surface Integral ofafunction
Suppose G S IR is a continuousfunction on a surface

parametrized by Fcuus WWE R regionR Then the

integral of G on S is

g
ago

def f Gleam Fu't
day elementareaofR

the parameterspace
areaelementofS dA dudu

Note In the cases ofgraph or levelsurface wehave

i
YGdrffelxib.to ftdxd

faz fexysXy

ai's f Gdr Sfaxy z FI dxdy
S ayyy

ta Fix y z c Fao

maybedifficulttofindthese region z internsofexy

eg56 a surfaceofrevolution of the convey cest

use EE Z EE

A y
let Gay 7 1 x'y bea functionon S

Haha Fetid SfGdr



Sohn S can be parametrized by
x OF 60 GEETT

y got
set ZEE I

ie FA 7 ceszastitaszaintjtzk
Note there is an exceptional set of I din so that F is not

one to one or not smooth corresponds to

T a T Z E or E

To coz sinti cestusOj
I jz suitcase it suitsiraj tk

Foxtz ceszcestitleszsinojtsinzustk check

Foxtel Jaszlitaniz ceszthaniz Check

6220 Fa EEZ EE

Then f Gdr FGIFco z Foxe dado
T E

If Ji x y coz Itsuiz dado

If ti ait cost Itsuiz dado

check 4T saizaszfitsuizdz 45 252 1



Orientation of Surfaces
To integrate rectafields over surfaces we need

Def17 Orientationof a surface in R

A surface S is orientable ifone can define a unitnormal
vector field continuously at every point of S

on

egg7 I 8 3 494 El ok x y z

A xityjtzk.is cts 82

1517 49422 1

is orientable

dis
y y Torus is orientable

Ciii Mobius strip is not orientable

usuallyreferred as a surfaceof oneside



Remark Parametricsurface 5 Tcuus are alwayorientable

theunitnormalvectorfield A Fg If given by
the parametrization is a containas unit normalrectafield onS

Fu Fu continuous tangentrectus Juxta is a continuous navalrecta

Fuxfo to Fuxto continues unitnavalvectorfield
FuxTo

Terminology

Given a connected orientable surface 413 there are

two ways to assign thecontinuous unitnounal rectafield
onsuppne S is orientable and

Iwe havealreadychosen one continuous

unit normal nectarfield I
before choosing a parametrization

Reflf Wesaid that a parametrization Fears of
is compatible with the orientationof S givenby

Fuxtithe unit normal vectorfield I
go

The chosenunitnawal rectafield is also referred as

theorientation of S


