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ProofofGreen'sThin fu
R finite union ofsample regions with intersections

only along some boundary lute segments and

those line segments touch only at the
end points at most
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Denote di thepartof 2B with no intersection with

any other Rj except at the endpoints

Then 2Ri dit f Lij
j is

where Lij is oriented according to the anti clockwise
orientation of 2Ri
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This 2nd case basically include almost all situations in
the level of Advanced Calculus

The proof of general case needs analysis andwill be
omitted here



Def12 The divergence of F MitNj is defined to be
dive If If
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Ref13 Define rote to be
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called
circulation density
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In thesenotation the Green's thin can bewritten as

Vectorformof Green'sThm

normalfam Ends D divedA
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AndThm10 can bewritten as
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In particular in 1133
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Then one caneasily checkthe followingfacts Ex

i Tx Ff 0 i.e curl75 0

I É conservative andÉ 7 7 0

Ii 5 FxE 0 ie dir andÉ7 0

Remark J Ff to ingeneral and it is called the

Laplacian of f and is denotedby

If J Jf dir tf
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In graduate level it willbe denoted by 0 5 a 4 7

The operator T is calledthe Laplaceoperator and the

equation 57 0 is calledthe Laplaceequation Solutions

to the Laplaceequation are called harmonicfunctions



Pf ofThm 10 n 2

Weonlyneed to show that if I simply connected connected and

7 5 8 ie My X
then I is conservative

Cases di da have no intersection exceptthesameendpoints

Then r is simply connected
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Then by Green'sThm
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Then by case 1 SaMdxtudy JgMdx Ndy MdXtNdy

t Sat df is independent ofthepath andhence
F is conservative

In orderto apply Green'sThm to moregeneralsituations

we need a general form ofGreen'sThm

suppose that wehave a stapleclosed come d in R

Supposethat di Cy Cn ke pairwisedisjoint piecewisesmooth

simple closed caves such that dy da are enclosed by d
All C d Ca are anti clockwiseoriented

let R betheregion between C and G da

Suppose that I MitNj is definedonsomeopenset containing
R and is d Then
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this isthe tangentialfam Thenormal fam is similar



SketchofProof

For simplicity onlyone d insided d

Weconnect C C by an arc L l

and consider the simple closedcave

startingfrom p CE C th d L

Then the region R enclosed betweenC d is the region

enclosed by C exceptthe arc L

Hence 5,1 Ex Hy da 11137 Ey att

Green's SgMdx Ndy

at St fat f maxtndy

Cats Bc Sa Mdxtrudy

famdxtludy foeMaxtody



949 F Eyed Eyes on 15410,01 R

we've calculated GaE di 2T for C Xy 1
anti clockwise
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d enclosesthe origin coo where E isnotdefined

choose E o smallenough
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É is smooth in the region R between d and de
Hence the general fam of Green'sthan applied
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Recompose the cave into
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