
 

Conservative VectorField

Reft let r c IRn n z a 3 beopen A vectorfield É

defined on R is said to beconservative if

SgtTds f Sat di along an oriented caved in r

depends only on the starting pointandend pointof d

Note This is usually referred as path independent

ie If d Cz are orientedcurves with the same

starting point A and endpoint B

then

Sd FTds SgtTds

so the value onlydepends on the points A B direction

Notation If É is conservative we sometimes write

SEETds to denote the common valueof

SatTds along anyorientedcaved
from A to B



eg41 FEE on IR

C FCA Xlt I yet I as tsb

Then ScF Tds S E di
iii crit

fab x it dt

x

q yal
x conduiates at Fcb Flat respectively

i Sc É ids depends only on the starting point and

the end point
É is conservative

Note É Ff where fixy x

That Fundamental Theorem of Line Integral
let f be a c function on an open set r CRI na a 3

and É Tf be thegradientvectorfieldof f Then

for any piecewise smooth oriented cave d on Raith

starting point A and end point B

JaeTds f B FCA



Pf Part I Assume C is a smooth cave parametrized by

Fits as tf b

at
mooth

Then SatTds ScF df

S É Fits Fft dt

Sab Ff Ect Ft It

SbaEtf Flat dt
FundamentalThan

f Fcb f Flat ofCalculus I variable

f B FCA

Part2 For a general piecewise smooth carve

µ

É
C C v cu UCk

FEE As
C Cat n't Ck in orderto

indicate that theyjoinend to end alto
and theorientation ofCi it ok
are correct wrt the orientation of d

where di is smooth going from Hi to Ai

then Ho A AR B



Then part t implies

I F Tds Size
F Tds

ÉSa F Tds bydef9

If Ai f Aa
f AR f Ao

f B FCA

Is the converse of Thin8 correct Yes under afarthecondition
on the domain r

Thine let r e IR n z or3 beopenand connected

É is a continuous recta field on R Then the

following are equivalent

a I a c function fi r IR such that

É If

b Sgt di O along any closedcaved on R

es É is conservative



Remarks 1 The function f in a ofThing is called the

potential function of F It is unique up to

an additive constant

F ft c F H cast C

2 É MitNitLk Tf H Mdxtndytl.dz df
Same for 2 din

In this case Mdx Ndy Ldz or Mdx Ndy oudine 2

is ialled an exactdifferentialfam

Pf a b

If f is c and É Ff
and F La b r parametrizes C anyclosedcane

C closed Fca I b A

FundamentalThmof Line Integral

Sgt di f Ecb f Fca 5 A HA o

Tobecont'd


