
 

Furthermore we have

Prop3 let R tab xtc d be a closed rectangle

fix y and guys be functions on R and

k EIR is a constant

1 If f e g are integrable over R then f tf and

Kf are integrable over R

e In the case of11 wehave

If Ig exy da Sffexg dat goodA

and Sf kfix y da k fix y da

Pf Omitted Obviousfromthe concept of Riemann sum

Remark This Prop3 implies that the set of integrablefunctions
over fixed R fams a vectorspace over IR

double integral is linear



Prop4 as If fixy 20 is an integrablefunction on a closed

rectangle R then

y fix y da 0

b If R and Rz betwo closed rectangles such that

int Ri n int Rz 0 then

S fixg da I fix da t SadaRioRz

for integrable function over R U Ra

Pf Omitted Obviousfrom the conceptofRiemann sum

Note Various situations fu intRi n intRz 0
l

R Rz T
RI

RinRa commonedge Rz
witR n inR2 0

3
p

4
R

Rz Rz

Wehaven't define SS fay dA fa cases e 4
RivR2

Henceweneedtodefine double integrals over general regions



Double Integrals over General Regions

Fu non rectangular banded closed
GI

an

region R one can define similarly

the concept of Riemann sum

There are two ways to fam the sum

i sum over all subrectangles completely inside R

ai sum over all subretangles with non empty intersection

with R

Or one can define theintegrals as follows

fixy
D

R closed rectangle
containing R

Def let R be a boundedregion and foxy be a

function defined on R Forany rectangleR's R define

Fixy
AXS WE R
O CXY E RI R

Then the integral of f over R is definedby

foxy da SS Fasd A
R



Remark The definition is well defined ie doesn't depend
on the choice of R If R is anotherrectangle

sit R R and

Fix y AND Cable R
o NY E RRR

Then

I Ecxy da f Fal da
by Prop4161

R

R

Props The propositions 1 4 hold if wereplace
closedrectangle by closedand bounded region

togetherwith the Prop2

Important special types of bounded regions R

Type4 R day aexeb GilbeyEgan

where g andg are continua functions É
onTab R

gpga but 9 9 a b

get



Type 2 R Xy L ly EXE holy CEyed

where h andhe are continua

functions on Isd
d

TY yay
his ha but he ha a

Fa these 2 types of bounded regions wehave

Thmz Fubini's Thin Stronger version

Letfoxy be a continuous function on a closedandbounded region R

d If R is of type4 as above then

fix dit si Iffhsdy ax Iliffexy dydx
2 If Ris of type 2 as above then

foxy dxdyKtxysda 1 1,44g dx dy 11
Pf Typed Extend fixys to Fay d Sax

as in thedefinition ontherectangle R

R a b xTed suchthat
a b

c I 9 x
c nai g lx d May924Lab



Bydefinition 2 Iffixyldite Fay dA

S Sfaxg dy dx Fubini 1stfam

f containasMR F containers on R except possibly on the

bindary invest of R Hence byProp21 F infact Fl

is integrable over R And the Fubinitheorem 1stfam is

in fact true fu absolutely integrablefunctions on a rectangle

Now Foxy o fu gag ex and y gas

and Fay foxy fa gilbey Egalx

I fixb da J Iffy dy dx
Type as can be proved similarly X

eg7 Integrate fixy 49 2

over the region bounded by Y X andY ex ycalculate

Sola ByFubini's

Spf fix da I Ikytudy dx yy
x



S5 2 4 6 x'tax dx cheek I
5 check

yay x Eor using the fact that

Eg
R is also of type12

Sffixg da ftSjay a dx dy
0 2

Stay 2 Cry Ez dy
5 check

egf Evaluate It tiny axdy
Solve Regard S S saydxdy

as a double integral of suit
over the region ye

ye XE l

aye l o f
By Fubini's

Sif sin dxdy I Stain dy dx
Sj six dx l cost

caution fixy HE doesn't define at x o Why can we use

Fubini foxy 20 cts except on a line



eg 9 Find Sfxdit where R is the region in the right

half plane bounded by 9 0 xty 0 and the unit circle

Sold By Fubinis

E
y OIxda I It xdx dy s x ray

I xty
o

Jj t y dy check

needtosolveeqts

Ir check Etf forthepaint

get y E
Alternatively creject yet

Sfxda ft Ixdy dx 1 ftp.xdgdx

Itx'dX fixit x'dx check

I check



Applications

I Area of good region RC IR

Def3 Area R Spf Ida

Then Fubini'sThar implies the well knownformula

Area R S fix gas dx

if R is the region bounded by the curves
flasgias

y fax and y gu for a EXE b with
flag b
genefaxi

Ex
y gas

a b

ey10 Area bounded by y x and y xtz

yy
Xt

Sob Solve JIE 12
y x

Then Fubini's I 2

Area S Xtc X dx E check



a Average of a function over a region

let f Rc R be an integrable function

Def4 The average value of f over R

I

AreaR fixg da

egil let f xy XCesXy R TOTITA to I

Find average of f over R

Soler

Averageof f over R Areap fix b da

S S xasixy dydx

So sandy check



Double integral in polar coordinates 90

8,0 s xy ya
x rose

y ratio

as reb
µ

T
co Ed

Idea If pontaOAK
what is OAK approximately

00 riot

IE
oan

Dri ri ri I
005 05 051

OAK riot Ori ti 100 or

Hence OAKE oxoy roo or

so Sffay da Gtxy dxdy
firasorsaddrdy

Method to remember theformula
1dkrdodAdxdy rdrdo ar



Doubleintegral off over R L ra as rib coed in

polar coordinates is

Sfferaoradio rdrdo fed fifera rdr do

S fifer a do rdr
where fir 0 is the simplified notation fa fl raceraid

Remark This is a specialcase ofthe changeofvariablesformula
The extra factor r in the integrand is in fact

r Er Ho
ay ay

the Jacobiandeterminant of the changeofvariables


