
 

eg4 Sometimes the order of the iterated integrals is
important in practice

Find SS Xaviexy da
FOIXTOT

Sohn SS x suicxy da I Ixsacxy dx dyToIXION

If lay tiny dy integrationbyparts

Noteasyto integrate
Onthe otherhand

SS Xaviexy da I fix say dy dxToIXION

Sj cestx t 1 dx

1 easy

Caution Not all functions are integrable over a closed rectangle

Remark To show integrable needs to show that

for all partitions and fu all points XuYa

in thesubrectangles the Riemann Sam

S f p the samenumber as 11101120



To disprove integrable needs tofind forexamples

y
i some P with some chooseofMaYa such that

lui
1111120 SEP doesn'texist

di someP with different XkYa Xi Yi such that

Scf P a b S P

with XrLa with XkYE

eg5 let Rito I xTo I

fixy
0 if both x andy are rational

I otherwise

Then f is not integrable over R using ID
Sohn

f partition P of R R v URn Ra subrectangles

One can find points Xk Yb E Rk faaayk suchthat
both Xk Ya are rational why

The corresponding Riemann sum equals

Salt P É f XkYa OAK É O OAK 0

O as HP11 0



Ontheotherhand we canalsofind xinyi e Rn suchthat
at leastone of the Xi Gi is irrational why
The corresponding Riemann sum equals

Sniff P É fu GinoAr É I on I

I as 1171150

Since Salt P 0 I 1 Sniff P

f is not integrable

ego let R ToINEGI
if to andy tofix
if x o any 0 Er

Then f is not integrable over R using is

Sohn In any partition P of R
there is a sub rectangle

R TO tix TOsis
t

choose x y ti Sil ER
since Ostia t al oasis 1

Then Riemann sum

Sff P É f x YROAR



this pot t.ES
kiYfbAn7fti sit tis

Is tis i
t s

Since Oct S E 11711 0 ti s 0

Hence S F P 2 Is as as 11Pll o

i Limit doesn'texist f is not integrable

Remark Egs 5 6 show that we need conditions to

ensure the integrability of a function over closed

rectangle

Prop1 Let R tab xtc d be a closed rectangle and foxy

be an integrable function over R then f is bounded
on R

ie I M o such that Hoy EM Kexy ER

Pf Omitted eft alone gives an idea of proof



Remark Fromeg5
boundedness is necessary but not

sufficient for integrability

integrable bonded

feargeneral

Prop2 let Rita b xhe d be a closed rectangle and

fly be a continuous function on R then f

is integrable on R

Pt Omitted See proof in 1 variable case in MATH2060

fu an idea of proof

Remarks i Notethat a continuous function on closed rectangle

is always bounded Props 1 z are consistent

MATH2050 far I variable situation

dis continuity Conclosedrectangle is sufficient butnot necessary

In fact Prop 2 can begeneralized to a bounded

function on a closedrectangle with a small set of

discontinuity The preciseconcept is measurezero set

MATH4050 RealAnalysis



For us we have

Props Fu function over closed rectangle

a bounded t continuous except finitelymanypoints

integrable

b bounded t continuous exceptfinitelymany differentiable cures

integrable

egs in

a
foxy

contains on R andbounded

din o otherwise outsider

r


