Math2010E Advanced Calculus I May 2024

Homework 4
Solutions

(4.1) Consider the function f : R — R defined by

3
f(:v,y) _ leTyz : (:v,y) # (030> )
0 H(2,y) = (0,0)
a) Calculate the directional derivative D,, f (0, 0) for the vector u = (cos 6, sin 6).

b) Calculate the gradient V f(0, 0).

c¢) Is the function f differentiable at the origin? Justify your answer.

Solution (4.1)
a) Since
h3 cos®
flh) = £0) h2(cos? 6 + sin? §) o
we have
hu) —
D, f(0,0) = lim J(hu) = (O) = lim cos® § = cos® 6.
h—0 h h—0
b)

V£(0,0) = (D(1,0)£(0,0), D(o,1)f(0,0))
= (0053(0),(:053 (g)) = (1,0).
¢) If f was differentiable at the origin, then
cos® 0 = D, f(0,0) = V£(0,0) - u = (1,0) - (cos 0, sin §) = cos 0,

but this is clearly not true. Therefore, f is not differentiable at the origin.

(4.2) Consider the family of functions
falz,y,2) = e* +ycosz+a(x® —y+e *sinz), VacR.

For which values of o € R does the function increase most rapidly in a direction parallel
to the z-axis at the origin? Justify your answer.
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Solution (4.2) We need to find those values of & € R such that V f, (0, 0, 0) is parallel
to the z-axis. We note that

8.fa _ o x 2 —z
B = © + a(3z” 4+ e ? cos x),
Ofa _ cosz — «
oy ’
Ifa . ..
—= = —ysinz — ae “sinz,
0z
and so
afa afoé 6f0¢
_— = ]_ —_— = ]_ — —_ = U.
5o (0,0.0)=1+a, 5(0,0,0) o, ZE(0,0,00=0

Therefore V f,,(0,0,0) = (1 + «, 1 — «, 0) is parallel to the z-axis if and only if &« = 1.

(4.3) Let C R™open, f: Q2 — Randa € Q). We assume that there exists some
affine function L : R® — R, defined by

Liz)=A+a-(x—a), (AeR, aeR")
such that the error function e(z) = f(z) — L(x) satisfies

e(x)

wa [z —al] ~

a) Show that lim f(x) exists and equals .
r—a
b) Suppose also that all the partial derivatives % (a) (for 1 < i < n) exist.
Show that f is continuous at a.

¢) With our assumption from part b), conclude that f is differentiable at a.

Solution (4.3)

a) Since lim,_,, ||z — a|| = 0, by the product of limits

lim () = lim — % lim [z — af| = 0.
z—a T—a ||{L’ — a,|| T—a

Therefore

lim f(z) = lim L(z) + e(x)

Tr—a Tr—a
= lim L(z) 4+ lim e(z) = A+ 0.
r—a Tr—a
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b) Fix 1 < i < n. We first note that

fla+ he;) — A L(a+ he;) — A+ €(a + he;)

AL h = h
— lim h(a-e;) + e(a+ he;)
h—0 h

. ela+ hey)
=a-e + lim ——=
h—0 h
=a-e €R,
is a well-defined limit. By our assumption

he;) — 0
e 1@ _ 9 ) g

is also a well-defined limit, and therefore

@) A (flathe) =) — (flathey) ~ f(a)
h—0 h h—0 h
— lim f(a—l—hez) )\—lim f(a—l—hez)—f(a)
h—0 h h—+0 h
:a-el—g—i(a)eR

Since the numerator is a constant, this is only possible if the numerator is actually
equal to zero, and hence A\ = f(a) and f is continuous at a.

¢) From the previous argument, we also deduce that o - e; = %(a) for each
1 < i < n. In particular « = V f(a) and ’

L(z) = f(a) + Vf(a) - (x —a),
which is precisely the definition of f being differentiable at a.

Remark: This question shows that if all the partial derivatives of f exist at a point,
then the only possible affine approximation of f to first order is the one given in the
definition of differentiability.

(4.4) An important partial differential equation that describes the distribution of heat
in a region at time ¢ can be represented by the one-dimensional heat equation

of  o2f

ot 0x?’
For constants «, 8 € R, consider the function
u(z,t) := sin(ax)e P,

Find a relationship between the constants « and 3 for this function to be a solution to
the one-dimensional heat equation.
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Solution (4.4) We note that

% = —Bsin(ax)e P = —Bu(z,t),
% = acos(ax)e,

2

% = —a2 sin(ozx)eﬁt - —OzZU(l’,t),

and therefore u solves the heat equation iff 3 = 2.



