



































































































































Thm ImplicitFunctionTheorem

Let RER beopen E r IRK F be C

Denote x ̅ x Xn ER y Yr ERK

F x ̅5
Fi 5,91 Fi Xii Xn Gy yr

Fr 5 Fr X Xu 94 YR

Suppore E 5 ER where QER JER such that

Éca5 E ERK

and the kxk matrix

351 5 351551
135 asD

YER 35410,5 3 11551

is invertible ie det 3 1951 to

Then there are opensets UER containing

and VERK containing 5 suchthat thereexists a

unique function U V with Gia 5 and

F x ̅ 9TxD̅ E xE̅U

Moreover is C and by implicitdifferentiation

139 1 135 HIT EDI
anKxn






































































































































Pf in MATH3060

Special case A k 1 1 constraint

F RCR SIR

F x ̅ F x Xn Y C 1 constraint

Suppose a 191 an ER ber sit

Flai an b C

IFT If Ey car an b to

then UMER sit a an EU and
open ER sit BEV

and unique C 9 U V sit 9191 An b

Fly Xn 9 1 Xnl C XyXnEU

ie 9 91 1 Xn solves theconstraint Fex XnG

near Cal san b

Moreover canbe calculated using implicitdifferentiation






































































































































In egz 44 2 2 Solve 7 71 9

xyz 1 4 2 9 the j t123 notation general notation otherside

9 x y Z 45 72 2 Fix Xz y Xi X y C 6 2

near 0,1 1 191,92 0,1 b 1

3 10,1 1 270 Ey191,92 b 2 0

By IFT By IFT

Z Zlx y hear 10,1 4 9 11 2 near 191,92b

t
gex y 21 9 2

sit F xyXz91 1 27 C

210,1 9191,92 b

X 5 21191 2 9101 I

canbe computed canbe computed

by implicitdifferentiation by implicitdifferentiation


































































































Special careB n 1 k z 2 constraints

F RER R

É x y y Filx 91,92

ftFacx91,92

suppose a b b satisfies the constraints Élabuba
then IFT means

3H 35
if

gg 2
a buba is invertible ie detto

then y 9 x 92 921 1 near a bi be

solving the constraints lorally

Filx 9,4 921 7 C

E x 9,4 926 7 Cz

9 9 b

9219 be



egs 1
2
92 22 2 Solve for y yix 7 71 7

Z I hear 10,11

X Y Z g g X 41,421
R notation General Notation

g X Y Z X 9 Z 2 FIX y Yz 49,492 C 1 2

h X Y Z XtZ Falx 91,42 X192 Ca 11

near 0,1 1 9 0 5 byba 1,1 2 19

39 II 3551355

capyba invertible
in I

i
invertible det 2 01

By IFT By IFT
9 91 1 Z Z x near y 9,1 7,92 9,1 7 near

0,1 I set a be bz sit

191
91 5 21 11 2 Filx 9,11,9217 C

LEX 411 21 1 1 Fzlx 9,6 1 921 0 2

910 1 9.10 b1
710 1 Gala be

1 4191 5 12415 2

I 71 1 1

Remark cauke
Remark 99 992 a

cake

calialated by implicitdifferentiationcalialated by implicitdifferentiation



eg Consider the constraints

XZ sin Yz
2 8

49 32 18

2,1 4 is a solution

Can we solve 2 of the variables as functionsofthe
remaining variable

Sohn
Fix.si EY I fxe

sm1Yzx5X4y

3ZDE3 35

9 3
7 2 6197 zosfyz yces yz x2

I 4 3

DEC 14 I check

y

det det 3 det 43
4 0 1 0



IFT x y can be solved as diff functions of
near 2,1 4

X Z can be solved as diff functions of Y
near 2,1 4

No conclusion on whether y z can be solved as
diff functions of near 2,1 4

Infact implicitdiff if you 2x exists ediff
then I 311 which is a contradiction



Thm Inverse Function Theorem

Let f R Rh be c RCR open

Suppae DIC is invertible Cnxnmatrix

Then opensets UER containing a

V R containing D Fia
suchthat a unique function

9 V U with

g 5

satisfying If D x ̅ xE̅U

5151517 5 tyev
ie 5 5 51

Moreover g is C and

DG J DI 5151 VIEV

Pf MATH3060

Remark I Ilo is called a localinverse of f at a

eg I R R I 5 I
Clearly I is notglobally invertible I EG I

2 011



Local inverse

To checkthis DF L If
detDI 41

2 92 0 0 x y 10,0

For XY 10,0 IFT InverseFunctionThm

f has a local inverse at x y 10,01

Forinstance let x y 1 1

914,0 be a local inverse of fixy
near x y 1 1

where I

74 1 10 2 510 2 1 1

510 2 DIC D t
L HI Y check I

Explicit calculation of 514,01
U X2y2
0 2 4

near x y 1 1 to y

U x E



4 4 44
2
6 0

44 445 4.41 6
8

UI 4402
2

Put xg 1 11 4,0 10 2

12 01 041212
2

shouldbe rejected

U 4402
2

Utrutor rejected
2 as near

ZEVhence 9 24 Jut a 02

914,0
U 4402 286

2 Jutrazar
near 10 2



Remark In Implicit Function Them Inverse FunctionThem

we need to check det of Jacobianmatrix or submatrix

is nonzero In casethat the det 0 we have

No conclusion

lg ImplicitFunctionThm

F xy 292 0 F xy
393 0

Fy 29 10,050 y 35 10,050
F O

F O

J
y is notlocally a y is locally a
functionof near190 functionof near10,0

InversefunctionTha

f x x f x 3

5105 0 7405 0

y x y X3

Notinjective near
gig y is a local inverse near 0

no local inverse near4 0


