MATH 2010 Advanced Calculus
Suggested Solution of Homework 6

Exercises 14.5

Q5 Solution:

_(Of Of\ _ 1 3/2
Viz.y) = (&c’@g;) B (\/2x+3y’ \/2x+3y>'

wro- (1),

Level curve passing through the given point is

Evaluation

flxy)=f(-1,2)=2, = 22+3y=4
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Q8 Solution:

of of 9 1
Vf(l'ayvz): (f 7f f) = <_62x+1—|—$222Z7 _GZya 622—3($2+y2)+

Oz’ Oy’ 9z
11 1
Vf(]-vlal) - <_2 ) —6 ) 2) .
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O
Q15 Solution:
Vi) = (G ) = sty a)
Evaluation
Vf(la _17 2) = (1’ 37 0)
The directional derivative of f at Py in u direction is given by
u (3,6,—2)
VIR = TR (1,3,0)
O
Q20 Solution:
Vi(x,y) = g7 or = (ny + sin(y)ye™, x? + ze® sin(y) + e cos(y)).
ox’ Oy
Evaluation
Vf(1,0) = (0,2).
The direction in which the function increases the most rapidly at P is
Vf(F)
u:=———==(0,1),
Ve Y
and the derivative in w direction is
V()
u-Vf(P) =—=——- -Vf(PR) =|Vf(R)| =2
Consequently the direction in which the function decreases the most rapidly at Py is —u = —(0,1), and the
derivative in —u direction is —2. O

Q30 Solution:

vien = (50 5) = (osm o oee)

Evaluation

(a) By Cauchy-Schwartz inequality,
2 2 2
|Duf(=1/2,3/2)]" < [u[*|V £ (=1/2,3/2) | = 10,
and equality holds for w// Vf (—1/2,3/2), i.e. max Dy f(—1/2,3/2) = v/10, with u = (i L);
(b) Conversely, min Dy, f(—1/2,3/2) = —/10, with u = (f\/%, 7\/%*0»

(¢) Dyf(—1/2,3/2) = 0 implies w is orthogonal to Vf (—=1/2,3/2), i.e. u = (,L i) or (%0’ ,i>;

(d) w-(3,1) = —2, together with |u} =1 implies u = (#7 #ﬁ) or (_61_\/6, 3\/160_2);

(e) u-(3,1) =1, together with |u| =1 implies w = (0,1) or (3/5,—4/5).



Exercises 14.6

Exercises 14.6

Q20 Solution:

Vf(z,y,z)= <g£, g—z, gi) = (e”” cos(yz), —ze” sin(yz), —ye” sin(yz)).

Evaluation at the origin
V£(0,0,0) = (1,0,0).

The change is given by

u

2,2, -2)
|ul

~Vf(0,0,0)ds=( N +(1,0,0)-0.1 = ~ 0.0577.

1
10v3
Q28 Solution:

O f = 3y*a2, oyf = 4a3y3.
The linearization is given by
Lp,(z,y) = [(FPo) + 0u f(FPo)(x — o) + 9y f(Po)(y — Yo).
So
(a) Lay(z,y) =1+3(x—1)+4(y — 1) = 3z + 4y — 6;

(b) Lo,0y(z,y) = 0.

Q35 Solution:
Oz f =cos(y), Oyf =1—xsin(y).

The linearization at (0,0) is given by
L0 (2,y) = £(0,0) + 82 £(0,0)(x = 0) + 8, f(0,0)(y = 0) = 1 + = +y.
Find the upper bound for the second order derivatives by using | cos(y)| < 1 and |sin(y)| <1
s%p{}aﬁﬂ, |3§f|, |8myf|} = Slép {O, | — zcos(y)|, | — Sin(y)|} < max{0,0.2, 1} =1=:M.
The upper bound for the error is given by

1
|E(z,y)| < §MS111%p (lz = 0]+ ]y —0] )2 = 0.08.
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Q43 Solution:
amf:em7 ayf:_Sin(y+Z)v 3Zf:—sm(y+z)

Linearization at Py of f is given by
Lp,(z,y,2) = f(Po) + 02 f (Po)(x — o) + 0y f (Po)(y — yo) + 0= f (Po)(z — 20).
So
(@) Lioo.0)(:,2) =2+ 1(z — 0) +0(y — 0) + 0(z — 0) =z + 2;
(b) L0 (ry,2)=1+1(r—-0) -1y —-7/2) - 1(z-0) =z -y —2z+7/2+1;

(€) Liomjm/ny(@,9,2) =1+ 1@ —0) = 1y —m/4) = 1(z —m/4) =2 —y — 2 + /2 + 1.

Q47 Solution:
Of=y—32, Oyf=x+22 0.f=2y— 3z

The linearization at (1,1,0) is given by

L0 (z,y) = f(1,1,0) + 0, f(1,1,0)(z — 1) + 9, f(1,1,0)(y = 1) + 0. f(1,1,0)(z =0) =z +y — 2 — 1.

The upper bound for the second order derivatives can be derived as follows
1 = sup {0211, 021|021 |9 10,11, 02251} = 3.
The upper bound for the error is given by

EE %Msup“gs— 1+ |y — 1] + |z — 0])* = 0.00135.
R
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