MATH 2010 Advanced Calculus
Suggested Solution of Homework 10

Exercises 14.8

Q26 Solution: Set

fla,y.2) = ayz, glw,y,2) =z +y+2"~16.

Note that
Vy(z,y,z) =(1,1,22) # 0.

In order to maximize f under the constrain g = 0, compute
Vi(x,y,z) = (yz, zz,zy),
and find the values of x,y, z, and A such that
Vf=AVg, and g=0,

i.e. solve the following system

yz=A,
Zr = A,
Ty = 2\z,

r+y+22—16=0.

Take the product of (1a) and (1b)
zyz? = N2,

and compare with (1c): one can multiply both sides of (1c) with 22
ryz® = (2X2)2% = 223,
and get rid of =,y
A =2)2°,
Note that A is on both sides of (2), one can dichotomize regarding A:

(1) A =0, then

0=2y=yz =2z,

so no matter what values z,y, z take, f = zyz=0if A =0;
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2) A # 0, then (2) implies A = 223, i.e.
( ) ? ( ) p )
Z2=275)\5, (3)

Back to (1a) and (1b),

Substitute (3) and (4) into (1d),

i.e.
A= EQ%, — A5 = iigé,
5 V5
consequently
5 1 4 _1\5 212 212
2y, 2) = ayz = 2022 = 2)2- 3% = 250% = 2§<i —2@) 4+t 4% B
Combine the two cases, the maxima of f under the constrain g =0 is
212 4096
—V5=—Vb.
53 Vi 125
O
Q29 Solution: Set
g(x,y, 2) := 4a® + y* + 42% — 16.
Note that
v.g('raya Z) = (8$, 2:‘/’ 82) # 0 when g(mvya Z) =0.
In order to maximize
T(x,y,2) = 8% + 4yz — 162 4 600
under the constrain g = 0, compute
VT (z,y,z) = (16x,4z,4y — 16),
and find the values of z,y, z, and X\ such that
VT =AVg, and ¢g=0,
i.e. solve the following system
16z = 8\, (5a)
4z = 2y, (5b)
dy — 16 = 8z, (5¢)
422 +y? + 422 — 16 = 0. (5d)

Note that z is on both sides of (5a), one can dichotomize regarding x:
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(1) if x = 0, then system (5) is reduced to

2z = Ay, (6a)
y—4=2)\z, (6b)
y?+ 422 —16=0. (6¢)

Solve (6a) and (6b) by treating A as a parameter

y(1—X%) =4, (7)
2(1—\%) = 2), (8)

and then insert (7) and (8) back to (6¢) to solve for A

42 4)2

2)\2 2 : 27y2
Tt Tt 16 = (=AM 10 e (-3 =0,

so in view of the values of A, there are three subcases:
(i) A =0, consequently y =4, z =0, and
7(0,4,0) = 600;
(i) A = /3, consequently y = —2, z = —+/3, and
T(0, -2, —v/3) = 600 + 24V/3;
(iii) A = —/3, consequently y = —2, z = v/3, and
7(0, —2,v/3) = 600 — 24V/3;

(2) If z # 0, then (5a) implies A = 2, and one can solve (5b) and (5¢) for y and z, since the subsystem
(5b)-(5c) is independent of x:

L
y=z=-3.

Back to the constrain (5d), one can solve for x

Evaluate,

Since 241/3 < 42%, the hottest points are (:t %7 —%, —%). O
Q30 Solution: Set
g(z,y,2) =2 +y* + 22 - L.

Note that
Vy(z,y,2) = (22,2y,22) #0 for g(z,y,2) =0.



4 Exercises 14.8

In order to find the maxima and minima of
T(x,y, z) = 400xyz>
under the constrain g = 0, compute
VT (z,y,2) = (400yz%, 400222, 800xyz),
and find the values of z,y, z, and A such that
VT =AVg, and ¢g=0,

i.e. solve the following system

400yz? = 2)z, (9a)
400z22 = 2\, (9b)
800zyz = 2)z, (9¢)
24+t +22—-1=0. (9d)

Note that z is on both sides of (9¢), one can dichotomize regarding z:

(1) if z =0, then system (9) is reduced to

0= Az, (10a)
0= My, (10b)
2 +y?—1=0. (10c)

One can see that A must be zero, otherwise (10a)-(10b) imply z = y = 0 which contradicts (10c).

Anyway, since z =0, T = 0 in this case;

(2) If z # 0, then (9c¢) implies

400xy = A,
and system (9) is transformed into
yz? = 22°y, (11a)
r2% = 22y, (11b)
400zy = A, (11c)
4yt +22-1=0. (11d)

Note that y is on both sides of (11a) and x is on both sides of (11b), one can dichotomize regarding
x,y:

(i) At least one of x or y is zero, then (11c) implies A = 0, and by (11a)-(11b), x = y = 0, consequently
by (11d) z = 1. Anyway T = 0;
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(ii) = # 0 and y # 0, then system (11) is reduced to

2% =227, (12a)
2% =292 (12b)

and one can insert (12a) and (12b) into (11d) to solve for z

1 1 1
52'2—1—52'24—22—1:0, == 2225;

then go back to system (12) to solve for x,y:

1 (z,y) = (=1/2,1/2) or (1/2,-1/2),

T e = (2,1/2) o (<172, -1)2).

In conclusion, the highest and lowest temperatures are achieved in case (2)(ii), and the highest temperature

is

2
Toax = 50, at  (z,y) = (1/2,1/2) or (—1/2,-1/2), == i%,

and the lowest temperature is
V2

Twin = —50, at (z,y) =(—-1/2,1/2) or (1/2,-1/2), =z= :t?'
Q38 Solution: Set
g (z,y,2) =x+2y+32—6, go(x,y,2):=x+3y+92-9.

Note that
le(x7yaz) = (1a2a3)7 Vg2($7y7z) = (173a9)a

so Vg1 and Vgo are not parallel. In order to minimize
flay,z) =2 +y* +2°
under the two constrains g; = 0 and go = 0, compute
Vi(x,y,z)=(2z,2y,2z2),
and find the values of x,y, z, and A, A such that
Vf=MVgi+AVge, and g1 =g2=0,

i.e. solve the following system

22 = A1 + Ao, (13a)

2y = 21 + 3\g, (13b)

22 = 3A1 + 9o, (13c¢)

x4+2y+32—6=0, (13d)
(13e)

z+3y+92—-9=0.
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This is a linear system of five equations with five unknowns =z, y, 2, A1 2, and one can solve it directly: since

only the values of x,y, z are needed, one can first solve (13a)-(13b) for Ay » in terms of =,y
A1 =6x — 2y, Ao =2y—d4x,
then substitute A; 2 into (13c) to get rid of A
9z — 6y + 2z = 0. (14)

Now system (13d)-(13e)-(14) is only about z,y, z, and one can solve it to obtain

9 123 81

=5 YT B0 T hy

So the minimum is

81 123 9)_21771_369_6885 b

fmi“:f(ﬁ’ﬁ’@ 3481 59 3481 59

Q39 Solution: Set
g1(z,y,2) =y +22-12, g(z,y,2):=x+y—6, and f(z,y,2) =2"+y* + 2>

Note that
v.gl(l'vyvz) = (07 1a2), v,gZ(x»yvz) = (17170)3

so Vg and Vg are not parallel. In order to minimize f under the two constrains g3 = 0 and go = 0,

compute
Vf(z,y,z) = (2z,2y,2z),

and find the values of x,y, z, and A1, Ay such that
Vf=MVg +AVge, and g1 =g2=0,

i.e. solve the following system

2x = Mg, (15a)
2y = A1 + Ao, (15b)
2z =2\, (15¢)
y+2z—12=0, (15d)
r+y—6=0. (15e)

This is a linear system of five equations with five unknowns x,y, z, A1 2, and one can solve it directly in the

same process as Question 38 above to obtain
z=4, y=4, zx=2,

so the minimum distance to the origin is achieved at (2,4,4). O



We find the extreme values of f(z,y.2) = 2% 4+ 2y — 2? subject to the constraints ¢ (zr.y.2) =
2r —y =0, and go(r.y,2) =y + 2z = 0. Then

szzrz"i'-?_;—ZZ[ ng=27—f. v92=j+l::
The gradient equation 7 f = A7 g1 + £ 7 g2 gives

20 =2\, 2=-A+4p, —2z=p.

Then we obtain x = A\, 2 = —1 — £. Substituting y = 2z and z = —1 — % into g,(z.y, z) yields
— 2 ror sihetitint — 2 2 vields 7 — & which eives » — —4

x = 5. Moreover, .sul:.st:tutllng 1'1— 5 into gi(z,y, z) yields y = 3, which gives 2 = —3. The

maximum value is f(5,3,-3) = 3.

Section 14.8, Q 41

Let g (x,y,z)=z—-1=0 and g,(x, y,z)=x> +y*> +2z> —-10=0= Vg, =k, Vg, =2xi+2yj+2zk, and

Vf = 2xyzi + x?zj+ x> yk so that Vf =\ Vg, + 1 Vg, = 2xyzi + x> zj + x> yk = N(K) + z(2xi + 2yj +22K)

:>2xyz=2xp,xzz=2yy, and x2y=22,u+>\:>xyz=xy:>x=0 or yz=pu= u=y since z=1.

CASE1: x=0 and z =1:>y2 -9=0 (from g,) = y==3 yielding the points (0, +3,1).

CASE 2: ,u=y3xzz=2y2 = x? =2y2 (since z=1) :>2y2+y2+1—10=0 (from g,) :>3y2 -9=0
=y =+3=x7 =2(i\/§)2 =x=+/6 yielding the points (i 6, i\/g,l).

Now f(0,+3,1)=1 and f(i 6,ix/§,l)=6(i\/§)+1=1-_+6\/§. Therefore the maximum of f'is 1+6\/§ at

(i\/g, \/5, 1), and the minimum of fis 1—6\/3T at (i\/g, _\/i 1).

Section 14.8, Q 42

(a) Let gi(x,5,z)=x+y+z—-40=0 and gy(x,y,z)=x+y—-z=0=>Vg =i+j+k, Vg, =i+j—k, and
Vw=yzi+xzj+xyk sothat Vw=XVg +uVg, = yzi+xzj+xyk =X(i+j+k)+ u(i+j—k)
Syz=N+p,xz=x+pu, and xy=XN—pu=>yz=xz=>z=0or y=ux
CASE l: z=0=x+y=40and x+ y =0 = no solution.

CASE2: x=y=2x+z-40=0 and 2x-z=0=2z=20=>x=10 and y=10= w=(10)(10)(20)

=2000
ij k
(b) n=1 1 1|=-2i+2j isparallel to the line of intersection = the line is x =-2¢+10, y =2t +10,
11 -1

z=20. Since z =20, we see that w = xyz = (-2t +10)(2¢ +10)(20) = (—4t2 + 100) (20) which has its

maximum when t=0= x =10, y =10, and z =20.
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Let gi(x,y,z)=y—x=0 and g,(x, y, z)=x2+y2+zz—4=0. Then Vf =yi+xj+2zk, Vg =—i+j, and
Vg, =2xi+2yj+2zk sothat Vf =X\Vg, + 1Vgy = yi+xj+2zk = N(—i + ) + #(2xi + 2 yj +2zK)
=S y=-XN+2xpu,x=X+2yu, and 2z=2zu=>z=0or u=1.

CASE1: z=0=x>+y?> —4=0=2x>—4=0 (since x=y) = x =42 and y=+/2 yielding the points

(J_r 2,42, 0).

CASE2: pu=1=y=-X+2x and x=X+2y=>x+y=2(x+y)=>2x=2(2x) since x=y=>x=0=y=0
= z?—4=0=z =12 yielding the points (0,0, +2).

Now, f(0,0,+2)=4 and f(i 2, +/2, 0) = 2. Therefore the maximum value of fis 4 at (0, 0, £2) and the
minimum value of fis 2 at f(i 2, i\/f, 0).

Section 14.8. Q 47

(a) Maximize f(a,b,c)=a’b*c* subjectto a® +b* +c? =r>. Thus Vf =2ab’c?i+2a’bc*j+2a’b>ck
and Vg =2ai +2bj+2ck so that Vf =\Vg = 2ab*c? = 2a, 2a%bc? = 2b\, and 2a%b%c = 2en
= 2a%0%c? =24\ = 26" X = 2PN = N =0 or a* =b? =7
CASE 1: X=0= a’b*c* =0.
CASE2: ¢’ =b>=c* = f(a,b,c)= a*a*a* and 3d® =1 = f(a,b,c)= (§)3 is the maximum value

e point (va, b, ~c| 1s on the sphere if a +b +c =r~. Moreover, by part (a),
(b) The point (va, /b, vc) is on the sphere if a+b 2 M b (a)

3
abe = f(Na, Vb, \/E)s(é) = (abe)!? <= 4shie 45 claimed.



