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1t2`+Bb2b R9X3
Zke aQHmiBQM , a2i

f(x, y, z) := xyz, g(x, y, z) := x+ y + z2 − 16.

LQi2 i?�i
∇g(x, y, z) = (1, 1, 2z) #= 0.

AM Q`/2` iQ K�tBKBx2 f mM/2` i?2 +QMbi`�BM g = 0- +QKTmi2

∇f(x, y, z) = (yz, zx, xy),

�M/ }M/ i?2 p�Hm2b Q7 x, y, z- �M/ λ bm+? i?�i

∇f = λ∇g, �M/ g = 0,

BX2X bQHp2 i?2 7QHHQrBM; bvbi2K





yz = λ,

zx = λ,

xy = 2λz,

x+ y + z2 − 16 = 0.

UR�V
UR#V
UR+V
UR/V

h�F2 i?2 T`Q/m+i Q7 UR�V �M/ UR#V
xyz2 = λ2,

�M/ +QKT�`2 rBi? UR+V, QM2 +�M KmHiBTHv #Qi? bB/2b Q7 UR+V rBi? z2

xyz2 = (2λz)z2 = 2λz3,

�M/ ;2i `B/ Q7 x, y
λ2 = 2λz3. UkV

LQi2 i?�i λ Bb QM #Qi? bB/2b Q7 UkV- QM2 +�M /B+?QiQKBx2 `2;�`/BM; λ,

URV λ = 0- i?2M
0 = xy = yz = zx,

bQ MQ K�ii2` r?�i p�Hm2b x, y, z i�F2- f = xyz = 0 B7 λ = 0c



k 1t2`+Bb2b R9X3
UkV λ #= 0- i?2M UkV BKTHB2b λ = 2z3- BX2X

z = 2−
1
3λ

1
3 . UjV

"�+F iQ UR�V �M/ UR#V-

x = y = 2
1
3λ

2
3 . U9V

am#biBimi2 UjV �M/ U9V BMiQ UR/V-

2
1
3λ

2
3 + 2

1
3λ

2
3 + 2−

2
3λ

2
3 − 16 = 0,

BX2X
λ

2
3 =

16

5
2

2
3 , =⇒ λ

1
3 = ± 4√

5
2

1
3 ,

+QMb2[m2MiHv

f(x, y, z) = xyz = 2λz2 = 2λ2−
2
3λ

2
3 = 2

1
3λ

5
3 = 2

1
3

(
± 4√

5
2

1
3

)5
= ± 212

52
√
5
= ±212

53
√
5.

*QK#BM2 i?2 irQ +�b2b- i?2 K�tBK� Q7 f mM/2` i?2 +QMbi`�BM g = 0 Bb

212

53
√
5 =

4096

125

√
5.

ZkN aQHmiBQM , a2i
g(x, y, z) := 4x2 + y2 + 4z2 − 16.

LQi2 i?�i
∇g(x, y, z) = (8x, 2y, 8z) #= 0 r?2M g(x, y, z) = 0.

AM Q`/2` iQ K�tBKBx2
T (x, y, z) = 8x2 + 4yz − 16z + 600

mM/2` i?2 +QMbi`�BM g = 0- +QKTmi2

∇T (x, y, z) = (16x, 4z, 4y − 16),

�M/ }M/ i?2 p�Hm2b Q7 x, y, z- �M/ λ bm+? i?�i

∇T = λ∇g, �M/ g = 0,

BX2X bQHp2 i?2 7QHHQrBM; bvbi2K





16x = 8λx,

4z = 2λy,

4y − 16 = 8λz,

4x2 + y2 + 4z2 − 16 = 0.

U8�V
U8#V
U8+V
U8/V

LQi2 i?�i x Bb QM #Qi? bB/2b Q7 U8�V- QM2 +�M /B+?QiQKBx2 `2;�`/BM; x,



1t2`+Bb2b R9X3 j

URV B7 x = 0- i?2M bvbi2K U8V Bb `2/m+2/ iQ






2z = λy,

y − 4 = 2λz,

y2 + 4z2 − 16 = 0.

Ue�V
Ue#V
Ue+V

aQHp2 Ue�V �M/ Ue#V #v i`2�iBM; λ �b � T�`�K2i2`

y(1− λ2) = 4, UdV
z(1− λ2) = 2λ, U3V

�M/ i?2M BMb2`i UdV �M/ U3V #�+F iQ Ue+V iQ bQHp2 7Q` λ

42

(1− λ2)2
+ 4 · 4λ2

(1− λ2)2
= 16, =⇒ (1− λ2)2 − λ2 − 1 = 0, BX2X λ2(λ2 − 3) = 0,

bQ BM pB2r Q7 i?2 p�Hm2b Q7 λ- i?2`2 �`2 i?`22 bm#+�b2b,

UBV λ = 0- +QMb2[m2MiHv y = 4- z = 0- �M/

T (0, 4, 0) = 600;

UBBV λ =
√
3- +QMb2[m2MiHv y = −2- z = −

√
3- �M/

T (0,−2,−
√
3) = 600 + 24

√
3;

UBBBV λ = −
√
3- +QMb2[m2MiHv y = −2- z =

√
3- �M/

T (0,−2,
√
3) = 600− 24

√
3;

UkV A7 x #= 0- i?2M U8�V BKTHB2b λ = 2- �M/ QM2 +�M bQHp2 U8#V �M/ U8+V 7Q` y �M/ z- bBM+2 i?2 bm#bvbi2K
U8#V@U8+V Bb BM/2T2M/2Mi Q7 x,

y = z = −4

3
.

"�+F iQ i?2 +QMbi`�BM U8/V- QM2 +�M bQHp2 7Q` x

x = ±4

3
.

1p�Hm�i2-
T
(
± 4

3
,−4

3
,−4

3

)
= 642

2

3
.

aBM+2 24
√
3 < 42 2

3 - i?2 ?Qii2bi TQBMib �`2
(
± 4

3 ,−
4
3 ,−

4
3

)
X

Zjy aQHmiBQM , a2i
g(x, y, z) := x2 + y2 + z2 − 1.

LQi2 i?�i
∇g(x, y, z) = (2x, 2y, 2z) #= 0 7Q` g(x, y, z) = 0.



9 1t2`+Bb2b R9X3
AM Q`/2` iQ }M/ i?2 K�tBK� �M/ KBMBK� Q7

T (x, y, z) = 400xyz2

mM/2` i?2 +QMbi`�BM g = 0- +QKTmi2

∇T (x, y, z) = (400yz2, 400xz2, 800xyz),

�M/ }M/ i?2 p�Hm2b Q7 x, y, z- �M/ λ bm+? i?�i

∇T = λ∇g, �M/ g = 0,

BX2X bQHp2 i?2 7QHHQrBM; bvbi2K





400yz2 = 2λx,

400xz2 = 2λy,

800xyz = 2λz,

x2 + y2 + z2 − 1 = 0.

UN�V
UN#V
UN+V
UN/V

LQi2 i?�i z Bb QM #Qi? bB/2b Q7 UN+V- QM2 +�M /B+?QiQKBx2 `2;�`/BM; z,

URV B7 z = 0- i?2M bvbi2K UNV Bb `2/m+2/ iQ






0 = λx,

0 = λy,

x2 + y2 − 1 = 0.

URy�V
URy#V
URy+V

PM2 +�M b22 i?�i λ Kmbi #2 x2`Q- Qi?2`rBb2 URy�V@URy#V BKTHv x = y = 0 r?B+? +QMi`�/B+ib URy+VX
�Mvr�v- bBM+2 z = 0- T ≡ 0 BM i?Bb +�b2c

UkV A7 z #= 0- i?2M UN+V BKTHB2b
400xy = λ,

�M/ bvbi2K UNV Bb i`�Mb7Q`K2/ BMiQ






yz2 = 2x2y,

xz2 = 2xy2,

400xy = λ,

x2 + y2 + z2 − 1 = 0.

URR�V
URR#V
URR+V
URR/V

LQi2 i?�i y Bb QM #Qi? bB/2b Q7 URR�V �M/ x Bb QM #Qi? bB/2b Q7 URR#V- QM2 +�M /B+?QiQKBx2 `2;�`/BM;
x, y,

UBV �i H2�bi QM2 Q7 x Q` y Bb x2`Q- i?2M URR+V BKTHB2b λ = 0- �M/ #v URR�V@URR#V- x = y = 0- +QMb2[m2MiHv
#v URR/V z = 1X �Mvr�v T = 0c



1t2`+Bb2b R9X3 8

UBBV x #= 0 �M/ y #= 0- i?2M bvbi2K URRV Bb `2/m+2/ iQ
{
z2 = 2x2,

z2 = 2y2,

URk�V
URk#V

�M/ QM2 +�M BMb2`i URk�V �M/ URk#V BMiQ URR/V iQ bQHp2 7Q` z

1

2
z2 +

1

2
z2 + z2 − 1 = 0, =⇒ z2 =

1

2
;

i?2M ;Q #�+F iQ bvbi2K URkV iQ bQHp2 7Q` x, y,

xy =





− 1

4 (x, y) = (−1/2, 1/2) Q` (1/2,−1/2),

1
4 (x, y) = (1/2, 1/2) Q` (−1/2,−1/2).

AM +QM+HmbBQM- i?2 ?B;?2bi �M/ HQr2bi i2KT2`�im`2b �`2 �+?B2p2/ BM +�b2 UkVUBBV- �M/ i?2 ?B;?2bi i2KT2`�im`2
Bb

TK�t = 50, �i (x, y) = (1/2, 1/2) Q` (−1/2,−1/2), z = ±
√
2

2
,

�M/ i?2 HQr2bi i2KT2`�im`2 Bb

TKBM = −50, �i (x, y) = (−1/2, 1/2) Q` (1/2,−1/2), z = ±
√
2

2
.

Zj3 aQHmiBQM , a2i

g1(x, y, z) := x+ 2y + 3z − 6, g2(x, y, z) := x+ 3y + 9z − 9.

LQi2 i?�i
∇g1(x, y, z) = (1, 2, 3), ∇g2(x, y, z) = (1, 3, 9),

bQ ∇g1 �M/ ∇g2 �`2 MQi T�`�HH2HX AM Q`/2` iQ KBMBKBx2

f(x, y, z) = x2 + y2 + z2

mM/2` i?2 irQ +QMbi`�BMb g1 = 0 �M/ g2 = 0- +QKTmi2

∇f(x, y, z) = (2x, 2y, 2z),

�M/ }M/ i?2 p�Hm2b Q7 x, y, z- �M/ λ1- λ2 bm+? i?�i

∇f = λ1∇g1 + λ2∇g2, �M/ g1 = g2 = 0,

BX2X bQHp2 i?2 7QHHQrBM; bvbi2K





2x = λ1 + λ2,

2y = 2λ1 + 3λ2,

2z = 3λ1 + 9λ2,

x+ 2y + 3z − 6 = 0,

x+ 3y + 9z − 9 = 0.

URj�V
URj#V
URj+V
URj/V
URj2V



e 1t2`+Bb2b R9X3
h?Bb Bb � HBM2�` bvbi2K Q7 }p2 2[m�iBQMb rBi? }p2 mMFMQrMb x, y, z,λ1,2- �M/ QM2 +�M bQHp2 Bi /B`2+iHv, bBM+2
QMHv i?2 p�Hm2b Q7 x, y, z �`2 M22/2/- QM2 +�M }`bi bQHp2 URj�V@URj#V 7Q` λ1,2 BM i2`Kb Q7 x, y

λ1 = 6x− 2y, λ2 = 2y − 4x,

i?2M bm#biBimi2 λ1,2 BMiQ URj+V iQ ;2i `B/ Q7 λ

9x− 6y + z = 0. UR9V

LQr bvbi2K URj/V@URj2V@UR9V Bb QMHv �#Qmi x, y, z- �M/ QM2 +�M bQHp2 Bi iQ Q#i�BM

z =
9

59
, y =

123

59
, x =

81

59
.

aQ i?2 KBMBKmK Bb
fKBM = f

(81
59

,
123

59
,
9

59

)
=

21771

3481
=

369

59
= 6

885

3481
= 6

15

59
.

ZjN aQHmiBQM , a2i

g1(x, y, z) := y + 2z − 12, g2(x, y, z) := x+ y − 6, �M/ f(x, y, z) = x2 + y2 + z2.

LQi2 i?�i
∇g1(x, y, z) = (0, 1, 2), ∇g2(x, y, z) = (1, 1, 0),

bQ ∇g1 �M/ ∇g2 �`2 MQi T�`�HH2HX AM Q`/2` iQ KBMBKBx2 f mM/2` i?2 irQ +QMbi`�BMb g1 = 0 �M/ g2 = 0-
+QKTmi2

∇f(x, y, z) = (2x, 2y, 2z),

�M/ }M/ i?2 p�Hm2b Q7 x, y, z- �M/ λ1- λ2 bm+? i?�i

∇f = λ1∇g1 + λ2∇g2, �M/ g1 = g2 = 0,

BX2X bQHp2 i?2 7QHHQrBM; bvbi2K





2x = λ2,

2y = λ1 + λ2,

2z = 2λ1,

y + 2z − 12 = 0,

x+ y − 6 = 0.

UR8�V
UR8#V
UR8+V
UR8/V
UR82V

h?Bb Bb � HBM2�` bvbi2K Q7 }p2 2[m�iBQMb rBi? }p2 mMFMQrMb x, y, z,λ1,2- �M/ QM2 +�M bQHp2 Bi /B`2+iHv BM i?2
b�K2 T`Q+2bb �b Zm2biBQM j3 �#Qp2 iQ Q#i�BM

z = 4, y = 4, x = 2,

bQ i?2 KBMBKmK /Bbi�M+2 iQ i?2 Q`B;BM Bb �+?B2p2/ �i Uk-9-9VX



 



 


