5.3.2 Answers to Exercise.

1. (a) 0.
(b) 0.
(c) 5040.
(d) .
(e) 0.
(f) 0.
2 3 2 2 2 0100 0
353 3 4 0200 1
2. (a) L A=|1 1 1 1 1 | 2feffy, Setle Wt p_ 11 1 1 1 1
1 2 3 4 5 01 2 3 4
01 1 = 1 01 1 x 1
[0 0 1 0 0]
1 21 1 1
Bt=]0 0 1 2 1
0013
001 1 4 1
[0 0 1 0 0] 001 0 0
1 21 1 1 100 -5 0
i.Bt=|0 0 1 2 1 | “tfstf, —2Metle “etfe e | g 0 1 2 1
0013 001 3 =
(001 1 4 1 010 2 0
0 1 00 0
0 0 00 1
c=|1 0 110
0 -5 2 3 2
0 0 1 x 0

iii. det(A) =2z — 3.
iv. det(AB2?A!'C?) = (2x — 3)5.

3

(b) i. uy,ug,us, uy, us constitute a basis for R% over the reals if and only if 2 # >
. . . 5 . . 3

ii. vq,Va, Vs, vy, Vs constitute a basis for R° over the reals if and only if z # 5

a b c d

3. (a) det(U) = (a+ DO+ (e +Dd+1) |1~ = = 379 = 5 — 77 |-

(b) Suppose a =b=c=d. (Recall a # —1.)

1
Then u;, us, us, uy are linearly dependent over the reals if and only if a = 3"

4. Let a be a number, and A be the (5 x 5)-square matrix given by

1 1 1 1 1
a a a a 1
A=1[12 2 2 a 1
3 3 2 a1
4 3 2 a 1

(a) Show that det(A) = p(a —m)(a —n).
Here m,n, p are some non-zero integers, whose values are independent of that of a, and which satisfies m < n. You
have to give the values of m,n, p explicitly.

(b) For which values of a does the homogeneous system of linear equations £LS(A, 0) have a non-trivial solution?



(a) det(A) = —(a—1)(a — 2).
(

=3

) LS(A, 0) has a non-trivial solution if and only if det(A) = 0. The latter happens if and only if (a =1 or a = 2).

ii. (61b1 + €2b2 + 63()3)2.

1 1 1 1 1 1
0 —a O 0 0 0
—1R1+Rs_ —1Ri+Rs_—1Ri+R4_ —1Ri+Rs5_ —1Ri1+Re 10 0 1-a 0 0 0
(a) 4 B=l0o 0 0o 2-a o 0
0 0 0 0 3—-a O
0 0 0 0 0 4—a

(b) det(A) = —a(l —a)(2—a)(3—a)(4 —a).
(c) A is invertible if and only if @ is not amongst 0,1, 2,3, 4.
(a) i Ifa=0o0rb=0ord=0 then det(A)=0.
Reason: When a =0 or b =0 or d = 0, some row of A is a row of 0’s.

ii. fb=corb=dora=cthen det(A) =0.
Reason: When b =cor b =d or a = ¢, two columns of A are scalar multiples of each other.

(b) i
a 0 a 0 a 1 0 1 0 1
b 0 ¢ 0 b ;R;R;R,bOCOb
A=V 0 & 0 & L PRI 0 2 0 d?
0O ab 0 bc O 0 a 0 ¢ O
0 ed 0 ad O 0 ¢ 0 a O
1 01 0 1
, b—c 0 0 0O b-—c
—efitR, ceRatBs g2 2 g 0 0 22—
0 a 0 ¢ 0
0 c 0 a 0
1 0 1 0 1
1 g, 1 0 0 0 1
e ¥—c2 0 0 0 d>—¢?
0 a 0 c 0
0 c 0 a 0
1 0 1 0 1
N 1 0 0 0 1
1R4+Rs a—<f aRs+Ry4 -2 0 0 0 02 2
0 0 0 a+ec 0
0 -1 0 1 0
1 0 1 0 1
1 0 0 0 1
ii. det(B) =det(| b¥*—c> 0 0 0 d®—c |)=(a+c)(d—0b)(d+Db).
0 0 0 a+c 0
0 -1 0 1 0
det(A) = abd(b — ¢)(a — ¢) det(B) = abd(b — ¢)(a — ¢)(a + ¢)(d — b)(d + b).

(€) —



10.

11.

12.

13.

14.

15.

l4+a1 as as aq4 as ag
-1 1 0 0 0 O
; —1Ri+R; —1Ri+R3 —1Ri+Rs —1Ri+Rs —1Ri+Re 1, _ -1 0 1 0 0 O
@ iU V=1 1 0 0 1 0 o0
—1 O 0 0 1 0
-1 0O 0 0 o0 1
ii. det(U) =14 a1 + as + a3 + a4 + as + ag.
(b) i Yes.
ii. Yes.
iii. Yes.
(a) —
(b) B is invertible if and only if z is not amongst 1, —1,v/2, —v/2,v/3, —V/3.
(a) i
1
ii. det(A) = (=) D2t <x + ”; >

(b) i. det(C) = 625b*(a + 2b).
ii. Suppose b # 0.
The system LS(C, d) consistent for every column vector d with five entries if and only if a # —2b.
(a) 1 =a, 9 = a® — 1.
(b) —
(¢) i

ii. If @ = 2 then x,, = n + 1 for each positive integer n.
If a = —2 then z,, = (—1)"(n + 1) for each positive integer n.

(a) —

(b) —

(c) (det(A))? =1 and (det(B))? =1
(d) A+ B is not invertible.



