5.3.2 Exercise: Determinants.

1. Evaluate the determinants of the square matrices below. (Be observant; try not to start by expanding along a random
row/column and computing by brute force.)

1 6 0 4 1 5 2 3 4 5 6 7 1 31 2 3 4
2 5 01 6 3 0 3 45 6 7 2 6 6 7 8 9
(a) 34 0 5 21 () 00 4 5 6 7 (o) 1 313 5 7
4 3 0 2 5 6 00 0 5 6 7 2 6 3 5 7 9
5 2 0 6 3 4 00 0 06 7 1 3 2 4 6 8
| 6 1 0 3 4 2 | 00 0 0 0 7| |2 6 4 5 6 7 |
[5 7 3 9 1 6 [1 01 2 0 21 (3 5 4 6 7 81
2 2 2 2 2 2 01 1 0 2 2 9 7 5 8 6 4
2 2 2 2 2 2 11 2 2 2 4 0 01 0 0O
(b) 4 7 3 1 6 9 (d) 7 6 5 4 3 2 () 4 9 6 8 7 5
34 8 5 6 1 4 5 6 7 8 9 2 2 7 2 2 2
| 1 6 3 5 7 9 | | 8 7 6 5 4 3| |3 3 8 3 3 3]
2. Let  be a number.
(a) Let
2 3 2 2 2 0 = 0 0 O 0 x 0 0 0
3 5 3 3 4 0 = 0 0 = 00 0 0 1
A=|(1 1 1 1 1|, B=|1 % x % x|, C=]110 x % 0
1 2 3 4 5 0 x * * x 0 x * * %
01 1 = 1 0 * % x * 00 « 2 O

in which the *’s and the «’s stand for various non-zero numbers, whose values are determined according to (I),
(I1):—
(I) A is row-equivalent to B under some sequence of three row operations.

(IT) B! is row-equivalent to C* under some sequence of three row operations.

i. Find B, and write down B?.
ii. Find C*, and write down C. (Try to ‘retain’ the entries of value 0 in B as hard as possible.)
iii. What is the value of det(A)? Leave your answer in terms of x.

iv. What is the value of det(AB2A'C?)? Leave your answer in terms of x, (and, if convenient, as the product of

some expressions involving ).

(b) Let

u; = ,Ug = ,Ug = ,Ug = , U = , Vi = , Vo = , V3 = , Vg = , Vs =

O~ WK
— N = Ot W
— W =W N
8 B~ = W N
— Ot = AN
NN WND
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— = = =
U W N =
_— 8 == O

i. For which values of = are the column vectors u;, us, us, Uy, us constitute a basis for R® over the reals? Justify
your answer with reference to your result in the previous part.

ii. For which values of x do the column vectors vi,vg, v3, V4, Vs constitute a basis for R? over the reals? Justify
your answer with reference to your result in the previous part.
3. Let a, b, c,d be numbers, none of them being equal to —1.

Let uj, us, us, uy be column vectors given by

-1 b c d
a -1 c d
u; = a 9 Uz = b ) us = -1 ) uy = d
a b c -1

andU:[ul‘uQ‘U3‘u4].



(a) Verify that
a b c d

det(U) =m(a+n)(b+n)(c+n)(d+n) Pl T hel exl dxil

Here m,n,p are some non-zero integers, whose values are independent of that of a,b,c,d. You have to give the
values of m,n, p explicitly.

(b) Suppose a =b=c=d.

For which value(s) of a are uy, us, us, uy linearly dependent over the reals? Justify your answer.

4. Let a be a number, and A be the (5 x 5)-square matrix given by

1 1 1 1 1
a a a a 1
A=1[12 2 2 a 1
3 3 2 a1
4 3 2 a 1

(a) Show that det(A) = p(a —m)(a —n).
Here m, n, p are some non-zero integers, whose values are independent of that of a, and which satisfies m < n. You
have to give the values of m,n, p explicitly.

(b) For which values of a does the homogeneous system of linear equations LS(A, 0) have a non-trivial solution?

5. (a) Let A be a skew-symmetric (n X n)-matrix.
i. Prove that det(A) = (—1)" det(A).

ii. Hence, or otherwise, prove that if n is odd then A is not invertible.

(b) i. Suppose a is a number. Evaluate det([ _Oa 8 ])

ii. Suppose ey, eq, ez, by, ba, by are numbers.
0 e1 es es
—€1 0 b3 —b2
—€9 —b3 0 bl
—E€3 b2 —b1 0
Here m,n, p are some non-zero integers, whose values are independent of that of ey, es, e3, b1, bs, b3. You have

to give the values of m, p, ¢ explicitly.

Show that det( ) = (e1b1 + peabs + gesbs)™.

6. In this question the symbols a, b, c,d, - - - stand for various numbers.

Verify each of the ‘identities’ below. (Avoid performing ‘brute-force’ expansion along a row/column until you have reached
some determinant with a lot of 0’s.)

1 a b+e
(a) det(| 1 b c+a |)=0.
1 ¢ a+bd

a b a+b
(b) det(| b a+b a |)=-2(a®+0b).

| a+b a b
[ a b c a+b+c
b c a+b+c a _ 9 9

(c) det( c atbae a b ) =8bla+b+c)(a®+c?).

| atb+ec a b c

a?> ab v?

(d) det(| v* bc % |)=(a® - be)(b? — ca)(c® — ab).

| & ca a?

[ a b c

(e) det(| a? b? A |)=—(a—=b)la—c)(b——c)a+b+c).
| b+c c+a a+bd




[ a2 be 2+ ca
(f) det(| a®+ab b? ca ) = 4a?b%c2.
ab b2 + be c?

[ (b+c)? ab ac
(g) det( ab (c+a)? be ) = 2abc(a + b+ c)3.
| ac be (a+0b)?
[ 1 1 1
(h) det(| be(c—0b) cala—c) ab(b—a) |)=abe(a® + b3+ 3 — 3abce).
L b2e ca a®b
11 1 1
(i) det( ;3 bb3 ch ;3 )= (b—a)(c—a)(d—a)(c—0)(d—b)(d—c)(ab+ ac+ ad + bc + bd + cd).
e
[a 0 0 0 0 b
0 a 00 b O
. 00 abd 00| o 5
0 b 00 a O
b 00 0 0 a

7. Let a,b, c,d be numbers. Suppose a4+ b% +c? +d?> = 1.

a2 -1 ab ac ad
ba b2 —1 be bd

Show that det( b 2o cd ) =0.
da db dc d? -1
1 1 1 1 1 1
1 1—a 1 1 1 1
1 1 2—a 1 1 1
8. Let a be a number, and A = 1 1 1 3_q 1 1
1 1 1 1 4—a 1
1 1 1 1 1 5—a

(a) Show that A is row-equivalent to some (6 x 6)-upper-triangular matrix

coocoocor
cooco®—
coo PO ~
coPe e~
oo oo~

Q QLR R

Bs

in which « is some number whose value is independent of that of a, and 51, 82, 83, B4, 85 are some numbers whose
values may be dependent on that of a. You are required to give the values of «, 81, 82, 83, 84, 85 explicitly.
(b) Hence, or otherwise, det(A).

(¢) For which values of a is A invertible? Justify your answer.

a 0 a 0 a
b 0 ¢ 0 b
9. Let a,b,c,d be numbers, and A= | > 0 ¢ 0 d?
0 ab 0 bec O
0 ecd 0O ad O

(a) i. Suppose a=0or b=0 or d =0. What is the value of det(A4)? Justify your answer.
ii. Suppose b =cor b=dor a=c. What is the value of det(A4)? Justify your answer.

(b) Suppose a # 0 and b# 0 and d # 0 and b # c and b # d and a # c.



i. Show that A is row-equivalent to

1 0 1 0 1
1 0 0 01
B=|x 0 0 0 =
0 0 0 x= 0
0 -1 0 1 0

in which the *’s stand for various non-zero numbers, whose values may be dependent on a,b,c,d. You must
display the various entries of B explicitly.
ii. Evaluate det(B).
Hence, or otherwise, evaluate det(A).
(¢) Suppose a,b, ¢, d are all positive real numbers.

Show that A is not invertible if and only if (a =c or b= c or b = d).

10. Let aq, a2, as, a4, as, ag be numbers, and U = [ u; ‘ us ‘ us ‘ uy ‘ us ‘ Ug ], in which

1+a as as ay as ae
aq 1+ a9 as Q4 as ae
al as 1+ a3 aq as ag
u; = ,Ug = U3 = ,Ug = y Uy = ,Ug =
ai as as 1+ay as ag
ay as as a4 1+ as ag
ai as as a4 as 1+ ag

(a) i. Show that U is row-equivalent to some (6 x 6)-square matrix

Br B2 Bz Bs Bs Be
—-aa o 0 0 0 O
—a 0 o 0 0 O
V= —-a 0 0 o 0 O
—a 0 0 0 a O
—a 0 0 0 0 «

in which « is some number whose value is independent of the values of a1, as, as, aq, as, ag, and 81, B2, 83, B4, Bs, B
are some numbers whose values may be dependent of the values of a1, as, as, a4, as, ag.
You must give the values of «, 81, B2, 83, B4, B, Be explicitly.

ii. Hence, or otherwise, evaluate det(U). Express your answer in terms of a1, as, as, a4, as, ag.
(b) Suppose each of ay,as,as,aq,as, ag is a non-negative real number.
i. Is it true that uj, us, us, uy, us, ug are linearly independent over the reals? Justify your answer.

ii. Is it true that every vector in R® is a linear combination of u;,us, us, uy, us, ug over the reals? Justify your
answer.
iii. Do uy,ug, us, uy, us, ug constitute a basis for R over the reals? Justify your answer.

11. (a) Let ag,as,- -+ ,an,u be numbers, and
rTw 0 0 0 0 0 0 ag ]
—1 0 0 0 0 0 ay
0 -1 w O 0 0 0 as
0 0 -1 w 0 0 0 as

U 0 0 apn_3

-1 u 0 ap_o
0 -1 w ap-1
0 0o -1 ap

o O O jem)
o O O o
o O O e
o O O o

Show that det(A) = ag + aju + agu? + - -+ + ap_2u™ "2 + ap_1u™ "1 + a,u”



(b) Let x be a number, and

z 0 0 0 0 0 -6
-1 2z 0 0 0 0 0
0 -1 z 0 0 0 11
B=|0 0 -1 2 0 0 0
0 0 0 -1 « 0 -6
0 0 0 0 -1 =z 0
0 0 0 0 0 -1 1 |

For which value(s) of x is B invertible?

Remark. Take for granted the factorization y* — 6y + 11y — 6 = (y — 1)(y — 2)(y — 3) as polynomials.

12. Let n be a positive integer, and = be a number. Define the (n x n)-square matrix A by

r z+1 z+2 xz+3 z+4 --- z+n—3 z4+n—2 x+n-—1 T+n ]
T+ 2 z+3 z+4 xz+5 --- r+n—2 xz+4+n-—1 T+n z+1
x4+ 3 r+4 x+5 xz+6 --- rz+n-—1 T+n r+1 T+ 2
z+4 z+5 z+6 x+7 - z+n z+1 x4+ 2 4+ 3
A:
z+n—-1 z4+n z2+1 2+2 z+3 -+ -+ z4+n—-5 z4+n—4 x24+n—-3 z+n-—2
z+n z+1 z4+2 2+3 =z4+4 -+ -+ z4+n—4 24+n-3 z4+n—-2 x+n—-1 |

(a) 1. Show that det(A) = det(B), in which the (n x n)-square matrix B is given by

rx+1] 1 2 3 n—3 n—2 n—117
1 0 0 0 0 0 -n
1 0 0 0 0 -n 0
1 0 0 0 -n 0 0
B:
1 0 0 —n .- 0 0 0
1 0 —-n O 0 0 0
1 om0 0 o o 0 |
n+1

ii. Hence, or otherwise, show that det(A4) = (—=1)*™ . pfM) . (x + ), in which a(n), 5(n) are some appro-

priate integers whose values may depend on that of n. You must give the explicit values of a(n), 3(n).

a a+b a+2b a+3b a-+4b
a+b a+2b a+3b a+4b a
et a,b be numbers, and C = | a+2b a+3b a+4b a a+b
a+3b a+4b a a+b a+2b
a+ 4b a a+b a+2b a+3b

z
=

i. Evaluate det(C).
ii. Suppose b # 0.
For which value(s) of a is the system £S(C, d) consistent for every column vector d with five entries?



13. Let a be a number. For each positive integer n, define A4,, to be the (n X n)-square matrix given by

fa 1 0 O 0 0 0 07
1 a 1 0 0 0 0 O
01 a 1 0 0O 0 O
0 0 1 a 0 0 0 O
An: )
00 0 O a 1 0 0
00 0 O 1 a 1 0
00 0 O 0 1 a 1
L0 0 0 O . 0 0 1 a |

and define z,, = det(A4,,).
(a) Evaluate x1,zo. Express your answers in terms of a.
(b) Show that x,,11 — az,, + x,—1 = 0 for each integer n > 2.

(c) i. Suppose a? # 4. Let a, 3 be the roots of the quadratic polynomial t? — at + 1. (Note that o # 8 because

a’? #4.)
n+1 _ Bn-&-l
Apply mathematical induction to show that z,, = 75 for each positive integer n.
o —
an+1 _ Bn+1 an+2 _ ﬁn+2
(Hint: Take ‘z,, = T and x,41 = 76’ as the proposition P(n) on which mathematical
a— a—

induction is to be applied.)

ii. Suppose a? = 4. Compute z,, for each positive integer n.
14. Let A, B be (n x n)-square matrices. Suppose A'A = I, and BB = I,,.
a) Show that AA! = I,, and BB! = I,,.
b) Show that det(A)det(A + B) = det(I + A'B) = det(B) det(A + B).
(c) What are the respective values of (det(A))?2, (det(B))?? Justify your answer.

(a)
(b)
)
d) Suppose det(AB) < 0. Is A+ B invertible? Justify your answer.

(
15. (a) Let A be an (n x n)-square matrix, and B be a (p X p)-square matrix.

i. Suppose C is the ((n + p) X (n + p))-square matrix given by

A. Suppose B is not invertible. Show that det(C') = 0.
B. Suppose B = I, (instead). Show that det(C) = det(A).

C. (Here we do not assume anything on B.)
Suppose A = I,,. Show that det(C) = det(B).

D. (We do not assume anything on A or B.)
Hence, or otherwise, show that det(C) = det(A) det(B).

ii. Suppose D is an (n x p)-square matrix, and E is the ((n + p) X (n + p))-square matrix given by

A | D
o= otr]

A. Suppose B is invertible. Show that det(E) = det(A) det(B).



B. Hence, or otherwise, show that det(E) = det(A) det(B) whether B is invertible or not.

(b) Let F,G be (n x n)-square matrices. Show that

det( [%%} ) = det(F + G) det(F — G).

(c) Let H,J, K, L be (n x n)-square matrices. Suppose H is invertible.

i. Show that there are some (n X n)-square matrices P, @, R such that

P ‘ Onxn H ‘ J | I, ‘ H-'J
Q‘ R K‘L " | Onxn ‘L—KHAJ
ii. Hence, or otherwise, prove the statements below:—

A. If H, K commute with each other then det({ g i }) =det(HL — KJ).

B. If H, J commute with each other then det([ Ih(f i }) =det(LH — KJ).



