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Appendix: Expansion of determinants along arbitrary rows.
The material in this appendix is supplementary.

We are going to illustrate the key idea in the ‘inductive step’ in mathematical induction argument for Theorem (1):
Theorem (1). (‘Expansion of determinant along arbitrary rows’.)
Suppose A is an (n x n)-square matrix, whose (i, j)-th entry is denoted by a;.
Then, for each i =1,2,--- ,n,
det(A) = a;1 - (1) det(A(i|1)) + aiz- (=1)2det(A(i|2)) + a3 - (=1)"*F3det(A(i]3) + -+
+ age - (—1) det(A®i]0) + - + ain - (=1)F " det(A(i|n)).

The proposition P(n) under which we apply mathematical induction is given by:—

For each (n x n)-square matrix A, if the (k,¢)-th entry of A is denoted by aye for each k,{, then, for each i =
1,2,--- ,n, the equality

det(A) = ap - (1) det(A(i]1)) + aso - (—1)F2det(A(i]2)) + as- (—1)" 3 det(A(E|3) + -+
+ aie- (1) det(A(i|0)) + - + ag - (—1)7 det(A(i|n))

holds.
Imagine P(3) has already been established:—

For each (3 x 3)-square matrix B, if the (k,{)-th entry of B is denoted by by, for each k, £, then the equalities

below hold:—
{det(B) = budet(B(11)) = bipdet(B(12)) + bigdet(B(13)  — (f1),
det(B) = —b21det(B(2|].)) + b22d€t(B(2|2)) — b23d€t(B(2|3)) E— (ﬁz),
det(B) = b31d€t(B(3|1)) — b32d€t(B(3|2)) + b33det(B(3|3)) — (ﬁg,)

Using P(3), we are going to deduce P(4):—

For each (4 x 4)-square matrix C, if the (k,{)-th entry of B is denoted by cy for each k, ¢, the equalities below

hold:—
det(C) = enndet(C(11)) — e12det(C(1]2)) 4+ c13det(C(1]3)) —  cradet(C(1]4)) —  (h2),
det(C) = —021d€t<0(2|1)) + ngdet(C(2|2)) — 023det(0(2|3)) + 024det(C(2|4)) — (hg),
det(C) = e51det(C(3|1)) — e32det(C(3]2)) 4+ e33det(C(3]3)) — csadet(C(3]4)) —  (b3),
det(C) = —041det(C’(4|1)) + C42det(0(4|2)) — C43det(0(4|3)) + 044det(0(4|4)) — (h4)
€11 Ci2 €13 Ci4
o« | 2115 2 |
Ca1 C42 C43 Ca4
By definition, the equality (1) holds:—
det(C) = ¢11 det(C(1]1)) — c12 det(C(1|2)) + c13 det(C(1]3)) — c14 det(C(1[4))
We verify these equalities:—
det(C) = —Cgldet(C(Qll)) + ngdet(0(2|2)) — 623det(0(2|3)) + Cg4det(0(2‘4)) — (hg),
det(C) = c31det(C(3|1)) — c32det(C(3]|2)) + c33det(C(3]3)) — c34det(C(3]4)) —  (b3),
det(C) = —cq1det(C(4]1)) + caodet(C(4]2)) cy3det(C(4]3)) +  caadet(C(4]4)) — (ha).



We verify (2):

det(C) = ¢11 det(C(1]1)) — c12 det(C(1|2)) + c13 det(C(1]3)) — c14 det(C(1]4))

C22 C23 C24 C21 C23 C24
= c¢p1det — c1odet
11det( 2 cas cay |) T c12det(] g css caa |)
Cq2 C43 Cy4 C41 C43  Cy4
C21  C22 C24 C21 C22 C23
+cy3det — c1adet
13 ( C31 €32 C34 ) 14 ( C31 C32 (33 )
Cq1  C42 Cq4 Cq1  C42 C43

= c11 <022det([ €33 C34 ]) - 023d€t(l C32 C34

) + caadet( l €32 €33

C43  C44 C42 Caq Cq2 (43

—C12 Cgldet( C33 C34 ) — 023det( C31 C34 ) + 024det( C31 C33
| €43 Caq | | C41 Caq | | C41 €43
“+ci13 Cgldet( C32 C34 ) - ngdet( C31 C34 ) + Cg4det( C31 C32
| C42 Caq | | C41 Cqq | | C41 C42
—cia | cardet( c32 €33 |) — coadet(| ca1 33 |) 4 cosdet(| ca1 c32
| C42 C43 | | C41 C43 | | €41 C42
= —C21 Clgdet( C33z C34 ) — Clgdet( C39 C34 ) + 014det( C32 (33
| €43 C44 | | C42 C4q | | €42 €43
+caa | cradet( c33 34 |)— cizdet(| ca1 c34 |)+ ciadet(| c31 33
| €43 Caqa | | C41 Caq | | €41 C43
—co3 | crpdet( c32 €34 |)— cradet(| ca1 c34 |)+ cradet(| c31 32
L C42 Caq | | C41 Caq | | €41 Ca2
+coa | cr1adet( c32 33 |) — cradet(| ca1 33 |) 4 ciadet(| c31 c32
| C4a2 C43 | | C41 C43 | | C41 Ca2

[ c12 c13 Cia ] [ c11 €13 Ci4 ]

= —co1det ~+ coodet
2 ( C32 (€33 C34 ) 22 ( C31 C33 C34 )
L Cq2 C43 C44 | L C41 C43  C44 |
[ c11 €12 C14 ] [c11 ci2 c13
—cozdet ~+ cogdet
2 ( €31 €32 C34 ) 24 ( €31 C32 (33 )
L C41 C42 Cq4 | L C41 C42 C43 J

= —C21 det(C(2|1)) + Co9 det(C(2|2)) — C23 det(C(2|3)) + Co4 det(C(2|4))




We verify (3):

e |3)) — c1adet(C(1]4))
— C12 det(C(1|2)) + c13 d t(C(].
det(C) = ¢11 det(C(1]1))

C21 C23
s ) — cradet( c31 C33
= endet() o0 o cm o oo
Cq2 C43 Caq
C21  C22
o o ) = cradet( €31 C32
+c13det( C31 €32 C34 o
Cq1  C42 C44
C22
C23 C24 ) + 033det(
= C11 —032det( .
C43  C44
_ C21
C23 C24 ) + 033det(
—c19 | —cs1det( .
C43 C44 | -
_ C21
C22 C24 ) + 032det(
+ec13 | —esidet( "
L C42 Cqq4 | -
_ C21
C22  C23 ) + esadet(
—c14 | —cgrdet( "
L Cq2  C43 J
C22
C23  C24 ) — c1adet(
= C31 Clgdet( .
C43  C44 ]
_ C21
C23  C24 ) — cradet(
—C32 c11det( -
C43  C44 | -
_ C21
€22 C24 ) — c1adet(
+c33 c11det( .
L C42 Cq4 | -
_ C21
C22  C23 ) — cradet(
—C34 clldet( -
L  C42 C43 i
C11 C13
C12 C13 Ci4 o o
C22  C23 C24 ) _ 032det(
- Cgldet( C41 C43
C. Cq4
C42 43 Lo
11 C12 C14 S
C21  C22 C24 ) _ 034det(
+033d€t< o
C41  C42 C44

Co4 )
C34
Cq4
C23 )
C33
C43
C22
€24 1) — cgqdet(
C42
Cq4
C21
€24 ) — 034det(
L C41
Cq4 |
C21
€24 ) — C34det(
L C41
Cq4 |
C21
€23 ) — C33det(
L C41
C43 J
C22
€24 1) 4 cpadet(
C42
Cq4
C21
C24 ) + cl4det(
L C41
Cq4 |
C21
C24 ) + 014det(
L C41
Cq4 |
C21
€23 ) + Clgdet(
L C41
C43 J
C14
C24 )
Cq4
C13
C23 )
C43

c34 det(C(3]4))
t(C(3]1)) — cs2 det(C(3]2)) + ca3 det(C(3]3)) — c34 det(C(3]
031de

C23

C43

C23

C43

C22
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C22
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C23
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C23
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C22
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We verify (b4):

det(C) = ¢11 det(C(1]1)) — c12 det(C(1|2)) + c13 det(C(1]3)) — c14 det(C(1]4))

C22 C23 C24 C21 C23 C24
= c¢p1det — c1odet
11det( 2 cas cay |) T c12det(] g css caa |)
Cq2 C43 Cy4 C41 C43  Cy4
C21  C22 C24 C21 C22 C23
+cy3det — c1adet
13 ( C31 €32 C34 ) 14 ( C31 C32 (33 )
Cq1  C42 Cq4 Cq1  C42 C43

Co2 (23

C23 C24 C22 C24
) + cqqdet(| c32 €33

= c11 <C42det([ €33 C34 ]) - 043d€t(l C32 C34

C23 C24 C21 C24 C21  C23
—C12 041det( C33 C34 ) — 043det( C31 C34 ) + 044det( C31 C33
[ C22  Coa | [ o1 c24 | [ co1 ca2
+c13 <C41det( C3g C34 ) — 042det( C31 C34 ) + 044det( C31 C32
C22 €23 C21 C23 C21 €22
—c1a | cardet( c32 €33 |) — cagdet(| c31 €33 |) + cazdet(| c31 32
= —cq (Cudet( ca3  Coq | ) — cizdet(| c22 €24 | )+ cradet(| co2  co3
€33 C34 C32 C34 C32 €33
+caz | crrdet( co3  C24 |) —ciadet(| c21 coq | )+ cradet(| o1 c23
| €33 C34 | | C31 C34 | | C31 €33
—cy43 | crpdet( co2  Coq |)— cradet(| c21 c24 |)+ cradet(| co1 22
| €32 C34 | | C31 C34 | | C31 €32
[ 1 [ T [ co1 c20
+caa | crndet( ca2  Co3 |) — cradet(| ca1 C23 | )+ ciadet(| c31 c32
| C32 (33 | | C31 c33 | L
[ ci12 C13 C14 ] [ c11 €13 €14 ]
_ C22 C23 C24 C21 C23 C24
= —cardet( C32 €33 C34 ) + cazdet( 31 €33 C34 )
[ c11 C12 C14 ] [c11 ci2 c13 ]
C21  C22 C24 C21 C22 C23
—cy3det + cyqdet
43 ( C31 €32 C34 ) 44 ( €31 C32 (33 )

= —cC41 det(C(4|1)) + Cy49 det(C(4|2)) — C43 det(C(4|3)) + Cq4 det(C(4|4))




