5.1

0.

Determinants of square matrices.

Assumed background.
e What has been covered in Topics 1-3.
Abstract. We introduce:—

« the notion of determinants for square matrices, and the ‘expansion of determinants along (arbitrary) rows’,

e some results on determinants for several special types of square matrices which can be evaluated directly by
‘expanding along rows’, and

e the multi-linearity and alternating properties in rows for determinants.

The key idea in the mathematical induction argument for the result on the validity of ‘expanding’ a determinant
along arbitrary rows is illustrated in the appendiz.

. Definition. (Sub-matrix of a square matrix resultant from simultaneous row-and-column deletion.)

Let A be an (n X n)-square matrix.

For each k, 0 =1,2,--- ,n, the ((n — 1) x (n — 1))-matrix of A resultant from the simultaneous deletion of its k-th
row and {-th column is called the (k,£)-th sub-matrix of A (resultant from simultaneous row-and-column
deletion). Such a matrix is denoted by A(k|{).

Remark. Where there is no possibility of confusion, we may choose to omit the phrase ‘resultant from simulta-
neous row-and-column deletion’.

Example (1). (Illustrations of sub-matrices resultant from simultaneous deletion of rows and columns,
for square matrices of small sizes.)

_ | @11 a2
(a) Suppose A = { a5 o ] Then

A= o] Aam=[., | Aem=[ ], aem=[ |

ail a2 a13
(b) Suppose A= | az1 azx as3 |. Then
azi asz2 ass

A(1|1) = a29 A23 s A(1|2) = a21 a23 s A(1|3) = a21 Aa22 s
L azz a33 | | @31 ass | | @31 a32 i
a12 a3 a1 a13 a1l a2
A(21) = , A(22) = , A23) = :
L aszz Q33 | | @31 ass | | @31 a32 1
a2 Qi3 aii a13 a1l a2
A(3]1) = aze a3 |, A(3]2)=| a2 a3 |, A(3]3)=| a2 a2
ai; a2 Q13 a4 |
_ a21 a22 G23 (24
(¢) Suppose A = 031 3y Gy a4y |- Then
G41 Q42 (43 Q44 |
_ ag2 Q23 Q24 _ | @21 a23  A24 _ az; Q22 a24 _ | a21 a22 a23
A1) = a3z a3z az4 |’ AQf2) = asi azz  asa |’ A1) = az1  as2 azq |’ A(1[4) = azl  asz2 as3 ’
L Q42 Q43 Q44 | L Q41 43 Q44 | L @41 Q42 44 | L Q41 Q42 Q43 i
[ a2 a3 aig 7 [ an a3 a4 [ a1r a2 a4 7 [a1n a2 a3z 7]
A(2‘1> = azz azz as4 |’ A(2|2) | am asz  as4 |’ A(2‘3) = asy asz a3zq A(214) = az1 Gz ass ’
L G42 Q43 Q44 | L Q41 G43 Q44 | L Q41 Q42 [LZV L @41 Q42 Q43 i
[ a2 a3 aig 7 [ an aiz a4 [ a1 a2 a4 7 [a1n a2 aiz 7]
A(?"l) _ Gaz2 Q23 Q24 , A(3|2) _ | 6= Ga23 Q24 , A(B\S) _ | @21 G2 24 , A(3|4) _ | a21 a2 a3 ’
L Q42 Q43 Q44 | L Q41 a43 Q44 | L Q41 Q42 44 | L @41 Q42 Q43 i

G2 Qi3 Q14 arl aiz a4 ail a2 14 ajp a2 a3
_ G22 Q23 Q24 _ | a1 a23 Q24 _ | @21 a22 24 _ | a1 a2 a23
A(4) = agz  asz a4 |’ A(4]2) = asy ass azq |’ A(4P3) = asy  as2 asq |’ A(44) = asr a2 as3



3. Definition. (‘Inductive definition’ for determinant through ‘expansion along the first row’.)

(a) Let B be a (1 x 1)-square matrix, whose only entry is denoted by b.
Then we define the determinant of B to be the number b. We write det(B) = b.

(b) (We define the determinants of square matrices of other sizes inductively).
Suppose n is an integer greater than 1.
Suppose A is an (n x n)-square matrix, whose (i, j)-th entry is denoted by a;;.
Then we define the determinant of A, which we denote by det(A), inductively by

det(A) = an - (=1)'"det(A(1[1))  + arz- (=1)'F2det(A(1]2))  + arz- (—1)'FFdet(A(1)3)) 4+ oo
+ay - (1) det(A(1]0) 4+ --o- + a1 - (=17 det(A(1]n)).

This ‘formula’ is referred to as the ‘expansion of det(A) along the first row’.

Remark on terminologies. The determinant of a square matrix (whose entries are numbers) is simply a
number. However, we very often borrow terminologies from matrices when working with determinants.

By the phrase k-th row/column of the determinant of A, we mean the k-th row/column of the matrix A whose
determinant we are considering.

4. Example (2). (Illustration of ‘expansion of determinant along the first row’ for square matrices of
small size.)

_[an a2
(a) Suppose A = [ Ay o ] Then

det(A) = ap;- (1) det(A(1]1)) + ara - (1) det(A(1]2))
= a1- (_1)1+1det([ . }) +ajs - (_1)1+2det([ a1 })
= a11G22 — G120a21
bll b12 b13

ba1  bao  bog
bs1  b32 b33

(b) Suppose B = . Then

det(B)
= by (=D)'det(B(1]1)) + biz - (=1)' T2 det(B(1]2)) + bz - (—1)' T3 det(B(1]3))

= by - (=1)"det( )+ b1z - (—1)'2det(| ba b3

b31 b33

bay  bo3
b3z b33

b31 b3z

) + b13 . (—1)1+3det( [ b21 622 ] )

= by - (—1)"T (bagbas — bazbaa) + bia - (—1) T2 (ba1bas — bazbar) + bys - (—1) T (ba1bga — basbar)
= bi1boobss + b12basbs1 4 b13ba1b3p — bi1bagbsa — b12ba1bss — b13boobay

€11 C12 €13 Ci4

C21 C22 C23 C24
¢) Suppose C = . Then
(c) Supp C31 C32 C33 Caa

C41 C42 C43 Cq4
det(C)
= cip- (=D Hdet(C(11)) 4 c12 - (=12 det(C(1]2)) 4 c13 - (1) T2 det(C(13)) + c14 - (—1) T det(C(1[4))

1+1 C22 C23 C24 142 C21 C23 C24
= c11 - (—1 det +c1o - (—1 det
1 ( ) ( C32 (€33 C34 ) 12 ( ) ( C31 C33 C34 )
Cq2 C43 C44 C41 C43 Cy4
143 C21  C22 C24 1+4 C21 C22 C23
+c13 - (=1 det +c14-(—1 det
13 ( ) ( C31 €32 C34 ) 14 ( ) ( C31 C32 (33 )
C41  C42 C44 C41  C42 (43

= C11C22C33C44 + C11C23C34C42 + C11C24C32C43  + C12C21C34C43 + C12C24C33C41 + C12C23C31C44
+C13C24C31C42 + C13C21C32C44 1+ C13C22C34C41  + C14C23C32C41 F C14C22C31C43 + C14C21C33C42
—C11C22€34C43 — C11C24C33C42 — C11C23C32C44  — C12€21C33C44 — C12€23C34C41 — C12C24C31C43

—C13C24C32C41 — C13C22C31C44 — C13C21C34C42  — C14C23C31C42 — C14C21C32C43 — C14C22C33C41



5. Theorem (1). (‘Expansion of determinant along arbitrary rows’.)
Suppose A is an (n x n)-square matrix, whose (i, j)-th entry is denoted by a;.
Then, for each i =1,2,--- ,n,

det(A) = @i (1) det(A(i[1)) + az - (—1)F2det(A(i]2)) + azz- (—1)*3det(A(]3)) 4+ -
+ age - (1) det(A(i0)) + - + ain - (=1)7" det(A(i|n)).

Remark on terminology. The ‘formula’ in the conclusion is referred to as the ‘expansion of det(A) along the
i-th row’.

Proof of Theorem (1). Omitted. (This argument is a tedious exercise in mathematical induction, but it is not
difficult. The key idea in the ‘inductive step’ is displayed in the appendiz.)

6. Example (3). (Explicit display of ‘formulae’ of ‘expansion of determinant along arbitrary rows’ for
square matrices of small sizes.)

_ [ ann a2 s o
(a) Suppose A = [ 431 ] Then these equalities hold:

{det(A) app det(A(1]1)) — az2det(A(1]2)),
det(A) = —agldet(A(2|1)) + aggdet(A(2|2))

(Each gives rise to det(A) = a11a92 — a12a21.)

bin b2 bis
ba1 baa  bos

(b) Suppose B =
b31 b3z b33

. Then these equalities below hold:—

det(B) =  bidet(B(1|1)) — biadet(B(1]2)) + bisdet(B(1]3)),
det(B) = —b21 det(B(2|1)) + b22 det(B(2|2)) - b23 det(B(2|3)),
det(B) = by det(B(3[1)) — bspdet(B(3[2)) + bssdet(B(3[3)).

C21 C22 C23 C24

(¢) Suppose C' = . Then these equalities hold:—

C11 Ci12 Ci13 014]

det(C) = c11det(C(1]1)) — c12det(C(1]2)) + c13det(C(1]3)) — caadet(C(1]4)),
det(C) = —ca1det(C(2]1)) 4+ ca2det(C(2]2)) — ca3det(C(2]3)) + caadet(C(2]4)),
det(C) = c31det(C(3[]1)) — ec32det(C(3]2)) + c33det(C(313)) — c3adet(C(3[4)),
det(C) = —ca1det(C(4]1)) + cazdet(C(4]2)) — cazdet(C(4]3)) + caadet(C(4]4)).
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]) = 1-det([ £19 g])rdet([g g )JrO-det([g fi ])

1-(9-5-8-1)—7(6-5—8-0)+0=—173.

70 1 0 L7
1) = —6-det([ L s )+9~det([0 5])—8'61‘%([0 1 1)

= —6-(7-5-0-1)+9(1-5-0-0)—8(1-1—7-0) = —173.

7 0 1 0
O~det([ 9 8])—8~det([6 8

17
)+5-det(l6 9 ])

.
—
|

0—8(1-8—0:6)+5(1-9—7-6)=—173.



1 9 77
0 5 2 5
(b) Suppose C'= | { ¢ g |- Then:—
1 9 8 3
19 7 7
0 5 2 5
1 9 8 3
5 2 5 0 2 5 0 5 5 0 5 2
9 8 3 1 8 3 19 3 1 9 8
= -...=15.
1 9 7 7
0 5 2 5
1 9 8 3
9 7 7 1 T 1 9 7 1 9 7
9 8 3 1 8 3 1 9 3 1 9 8
19 7 7
0 5 2 5
1 9 8 3
9 7 7 1 77 19 7 1 9 7
= Todetdet(| 2 2 9 )—oudet(|® 2 0 Dyasede(| 00 P {)—0-det(| P 2
9 8 3 1 8 3 19 3 1 9 8
= ...=15.
19 7 7
0 5 2 5
1 9 8 3
9 7 7 1 T 1 9 7 1 9 7
5 2 5 0 2 5 0 5 5 0 5 2

8. Theorem (2). (Determinant of a square matrix with an entire row or an entire column of zeros.)
The statements below hold:—
(1) Suppose A is a square matrix with an entire row of zeros. Then det(A) = 0.

(2) Suppose B is a square matrix with an entire column of zeros. Then det(B) = 0.

9. Proof of Theorem (2).
The statement (1) follows immediately from the ‘expansion of determinants along rows’.
We apply mathematical induction to prove the statement (2).

Denote by P(n) the proposition below:—

o IfC is an (n x n)-square matrix with an entire column of zeros, then det(C) = 0.

(a) The only (1 x 1)-square matrix with an entire column of zeros is [0], whose determinant is 0.
Hence P(1) is true.

(b) Let k be a positive integer. Suppose P(k) is true. (Hence, if B is a (k x k)-square matrix with an entire column
of zeros, then det(B) = 0.)

Pick any ((k+ 1) x (k + 1))-square matrix C, whose (¢, j)-th entry is denoted by c¢;; for each ¢, j.

Suppose there is an entire column of zeros in C, say, its /-th column.



10.

11.

12.

13.

Expanding det(C') along its first row, we have

det(C) = e11-det(C(1]1)) — e12 - det(C(1]2)) + - - + 101 - (—1)* det(C(1]¢ — 1))

+ei - (=1) 1 det(C(1]¢))

Feropr - (=D F2det(CA+1) + -+ crp - (1) det(C(AE)) + erppr - (=12 det(C(1]k + 1)).
By assumption, we have c¢1y, = 0.
Also, for each j =1,2,---£—1,£+1,--- k. k+ 1, the (k x k)-matrices C(1|j) has an entire column of zeros
(‘originated from’ the ¢-th column of C'). Then det(C(1|5)) = 0.

Therefore det(C) = 0.
Hence P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for each positive integer n.

Theorem (2) can be ‘upgraded’ into the result below, which will turn out to be an important tool for evaluation of
determinants of square matrices.

Theorem (3).
Let C be an (n x n)-square matrix whose (i, j)-th entry is denoted by c¢;;.
Let k,{ be integers between 1 and n.

Suppose at least one of the conditions (%), (x") is satisfied:—

(%) Every entry in the k-th row of C, with perhaps the exception of the {-th entry, is 0.
(¥") Every entry in the {-th column of C, with perhaps the exception of the k-th entry, is 0.

Then det(C) = cpe - (—1) T det(C(K|¢)).

Remark. In plain words, Theorem (3) says:—

If C is a square matrix in which some row/column has at most one non-zero entry which is located at, say, its
(k,£)-th entry, whose value is y, then det(C) = v - (—=1)**¢ det(C(k|¢)).

Proof of Theorem (3).

Let C be an (n x n)-square matrix whose (,j)-th entry is denoted by ¢;;.

Let k, ¢ be integers between 1 and n.

(a) Suppose (%) holds: Every entry in the k-th row of C, with perhaps the exception of the ¢-th entry, is 0.
Then, expanding det(C) along its k-th row, we obtain the equality det(C) = cpe - (—1)*+¢ det(C(k|¢)).

(b) Suppose (*') holds: Every entry in the £-th column of C, with perhaps the exception of the k-th entry, is 0.
Then, expanding det(C) along its k-th row, we have

det(C) = cp1- (D) det(C(k|1)) + ez - (=1) 2 det(C(k[2)) + - + cho1 - (1)1 det(C(k|€ — 1))
+epe - (—1)FH det(C(k|0))
tcp o ()P det (C(RIEH1) 4 - - - 4cp1m- (1) det(C(k—1|n)) 4 crn - (—1)*F" det(C (K|n)).
By assumption, for each j =1,2,--- £ — 1,4+ 1,--- ,n — 1,n, each of the ((n — 1) x (n — 1))-matrices C(k|j)
has an entire column of zeros (‘inherited from the ¢-th column of C').
Hence, by Theorem (2), we have det(C) = cpe - (—1)¥T¢ det(C(k|()).
Using Theorem (3), we can deduce Theorem (4), which is about determinants of upper/lower triangular matrices.
Theorem (4). (Determinants of upper/lower triangular matrices.)
The statements below hold:—

(1) Suppose A is an upper-triangular matrix. Then det(A) is the product of the diagonal entries of A.
(2) Suppose B is a lower-triangular matrix. Then det(B) is the product of the diagonal entries of B.

Proof of Theorem (4).
Here we prove the statement (1). The argument for the statement (2) is similar to that for the statement (1).

Denote by P(n) the proposition below:—



14.

15.

16.

o IfC is an (n x n)-upper triangular matrix, whose diagonal entries, from left to right, are ci1,¢a2," - , Cny then
det(C) = C11C22 " * " Cpn -

(a) P(1) is true by virtue of definition of determinants.

(b) Let k be a positive integer. Suppose P(k) is true. (Hence, if B is a (k x k)-upper triangular matrix, whose
diagonal entries, from left to right, are by1,bes, - - , bgr then det(B) = by1bag - - - bik.)

Pick any ((k+ 1) x (k + 1))-upper-triangular matrix C', whose (7, j)-th entry is denoted by ¢;; for each i, j.
Note that every entry of the bottom row of C, with perhaps the exception of the last entry, is 0.
Then, by Theorem (3), we have

det(C) = cpr1pr1 - (~1)FEFDTED Qet(C(k + 1|k + 1)) = cpp1pp1 det(C(k + 1]k + 1)).

Note that the (k x k)-matrices C(k|k) is an upper-triangular matrix, whose diagonal entries, from left to right,
are ¢11,¢12, -+, Cgk. Then by P(k), we have det(C(k + 1|k + 1)) = c11¢02 - - - Cik-

Therefore det(C) = cxy1,5+1 - det(C(k + 1|k + 1)) = c11¢22 -+ - ChkCht1,k+1-
Hence P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for each positive integer n.

Theorem (5). (Corollary (1) to Theorem (4), about determinants of diagonal matrices.)

Suppose D is a diagonal matrix. Then det(D) is the product of the diagonal entries of D.

In particular, det(I,,) = 1 for each positive integer n.

Determinants of square matrices which are row-echelon forms are easy to compute. But we want to be more thorough
than just describing their determinants.

Theorem (6).

Let J be an (n x n)-square matrix. Suppose J is a row-echelon form, of rank r. Then:—

(a) The first non-zero entry in each non-zero row in J is:

e the diagonal entry in that row, or

e some entry strictly to the right of the diagonal entry in that row.
(b) J is an upper-triangular matrix.
(¢) The statements below are logically equivalent:—

i. J is invertible.
ii. Every column of J is a pivot column.

iii. Every row of J is a non-zero row.
iv. The number of rows of J, the number of columns in J, and the rank of J, are equal to each other.

v. J is an upper-triangular matrix whose diagonal entries are all non-zero.

(d) det(J) is the product of the diagonal entries of J.

Moreover, the statements below hold:—
(1) If r = n, then det(J) # 0.
(2) If r < n, then det(J) = 0.

Remark. The proof of Theorem (6) is left as an exercise (on invertibility and the application of Theorem (4)).

If we only rely on ‘expansions of determinants along rows’ in evaluating determinant, we will have a hard time.
We now introduce a pair of ideas, known as ‘multi-linearity’ and ‘alternating property’, that will help us handle
determinants not only in computation but also in theoretical discussion.

We start with ‘multi-linearity’.
Theorem (7). (Multi-linearity in rows for determinants.)
Let A, B,C be (n x n)-square matrix. For each i = 1,2,---  n, denote the i-th rows by a;, b;, c; respectively.
Let p be an integer between 1 and n. Suppose «, 3 are numbers. and also suppose:—
(1) ¢, = ca, + Bb,, and
(2) ¢; = a; = b; whenever i # p.



17.

18.

19.

Then det(C) = adet(A) + S det(B).

Remark. In symbolic terms, the conclusion in Theorem (7) reads:—

det( Wﬁg ]) = adet( gi ) + 5 det( % ),
b b b
in which:—
o (4 stands for the matrix whose rows are c¢1,c¢a,- - ,cp—1 from top to bottom, and
e (), stands for the matrix whose rows are c¢y41, -+ ,€,—1, ¢, from top to bottom.

Because of the validity of such an equality concerned with the p-th row of determinants of square matrices, we say
that the determinant is linear in its p-th row.

Overall, we say the determinant is multi-linear in its rows.
Proof of Theorem (7).
Let A, B, C be (n x n)-square matrix. For each i = 1,2,---  n, denote the i-th rows by a;, b;, c; respectively.
Let p be an integer between 1 and n. Suppose «, 8 are numbers, and also suppose:—
(1) ¢, = aa, + Sby,, and
(2) a; = b; = c¢; whenever i # p.
Denote the j-th entries of a,, by, ¢, by apj,bpj, cp; for each j.
By assumption, for each j =1,2,--- ,n, we have ¢,; = aa,; + 8by;, and A(p|j) = B(plj) = C(plj).
Expanding det(C) along its p-th row, we have
det(C)
ept - (~1)PF 1 det(C(pl1)) + cpa - (~1)7 2 det(C(p|2)) + - - + Cpn - (—1)7" det(C(pln))
— (Qap+Bbp1)-(—1)7+ det(C(pl1))+ (aayo+ Bbya)-(~1)7*2 det(C(p|2)) + - - + (@ +Bbyn)-(— 1) det(C(pln))
= afap - (~1)F1det(C(pl1)) + aya - (—1)72 det(C(pI2)) + -+ + apn - (—1)"7 det(C(pln))
+B(bpr - (~1)7H det(C(pl1)) + bya - (—1)P*2 det(C(p|2)) + - - + by - (~ 1) det(C(pln))
= afap - (=1)"" det(A(p[1)) + ap2 - (=1)PT2 det(A(p]2)) + -+ + apn - (—1)7F" det(A(p|n)))
+B(bp1 - (=1)P T det(B(p[1)) + byz - (=1)772 det(B(p|2)) + -+ + bpn - (=1)7*" det(B(p|n)))
= adet(A) + fdet(B)

We now turn to the ‘alternating property’.
Lemma (8). (Alternating property in neighbouring rows for determinants.)
Let A, B be (n x n)-square matrices. For each i = 1,2,--- ,n, denote the i-th rows of A, B by a;, b, respectively.
Suppose q is an integer between 1 and n — 1, and suppose:—
(1) by = ag41, and by = ay, and

(2) b; =a; whenever j <qorj>q+1.

Then det(B) = —det(A).

Remark. In symbolic terms, the conclusion in Lemma (8) reads:—

_ Ay Ay
det( |24 ) = — det( |22—|),

—— g

in which:—
o Ay stands for the matrix whose rows are ai,as,--- ,a,—1 from top to bottom, and
o A, stands for the matrix whose rows are a2, ,a,-1,a, from top to bottom.

Proof of Lemma (8).
Let A, B be (n x n)-square matrices. For each i = 1,2,--- ,n, denote the i-th rows of A, B by a;, b; respectively.

Suppose ¢ is an integer between 1 and n — 1, and suppose:—



(1) by = ag41, and byy1 = ay, and

(2) b; =a; whenever j < qorj>q+1.
For each j =1,2,--- ,n, denote the j-th entry of a; by ag;.
Then for each j =1,2,--- ,n, we have aq; = bg41,5, and A(q|j) = B(q + 1[j).
Expand det(B) along the (¢ + 1)-th row:

det(B)
= g1, (=1)7T 1 det(B(g + 1|1)) + bgg1,2 - (—1)97 2 det(B(q + 1|2)) + by 143 - (—=1)9T 2 det(B(q + 113))
ot b - (1T det(B(g + 1))
= ag - (1) det(A(q|1)) + aga - (—1)7T det(A(q]2)) + agz - (—1)7"* det(A(q|3))
+oo At agn - (1) det(A(gln))
= —[ag-(—1)" det(A(g|1))+age- (1)1 det(A(q|2))+aqz-(—1)73 det(A(q]3))+ - +agin-(—1)7T" det(A(g|n))]
—det(A)

20. Lemma (8) is needed for proving Theorem (9), and will in fact be superceded by Theorem (9).

21.

Theorem (9). (Alternating property in rows for determinants.)
Let A, C be (n x n)-square matrices. For each i = 1,2,---  n, denote the i-th rows of A, C by a;, ¢c; respectively.

Suppose p, q are distinct integers amongst 1,2, --- ,n, and further suppose
(a) cq = ay,
(b) ¢, = ay, and
(¢) ¢; = a; whenever i # p and i # q.
Then det(C) = —det(A).
Remark. In symbolic terms, the conclusion in Theorem (9) reads:—
Ay Ay
a a
det(| Ay |) = —det( ?fg )
a?z a,
b b

7

in which:—
o Ay stands for the matrix whose rows are a;,as, -+ ,a,—1 from top to bottom,
o Aj stands for the matrix whose rows are a,11,a,42, -+ ,a4—1 from top to bottom,
o A, stands for the matrix whose rows are agq2,- - ,a,-1,a, from top to bottom.

Because of the validity of such equalities as described in the conclusion of Theorem (9), we say that the determinant
is alternating in its rows.
An immediately consequence of Theorem (9) is the result below:—

Theorem (10). (Corollary to Theorem (9), about determinants with identical rows in distinct posi-
tions.))

Let A be a square matrix.

Suppose two rows of A at distinct positions are identical. Then det(A) = 0.
Proof of Theorem (10).

Let A be a square matrix.

Suppose two distinct rows of A, say, the p-th row and the ¢-th row, are identical.

Denote by C the square matrix whose p-th and g¢-th rows are respectively the ¢-th and p-th row of A, and whose
every other row is the same as the corresponding row of A.

By Theorem (9), we have det(C) = — det(A).
Also note that C = A by the definition of C'. Hence det(A) = 0.



22. Proof of Theorem (9).
Let A, C be (n x n)-square matrices. For each i = 1,2, -+ n, denote the i-th rows of A, C' by a;, c; respectively.

Suppose p, g are distinct integers amongst 1,2, --- ,n, and further suppose

(a) C(I = aIH
(b) ¢, =ay, and
(¢) ¢, = a; whenever ¢ # p and i # gq.

Without loss of generality, suppose p < q. Write m = ¢ — p. So by definition, ¢ = p + m.

Note that A, C are row-equivalent under the sequence of row operations below:—

R,<R +1 R +1<—>R +2 R +QHR +3 R 72<—>R —1 R 71(—)3
C — BO P P Bl P P B2 P P 33 .. Bm72 q q Bm71 q q Bm
Rq_1<—>Rq_2 Rq_QHRq_g Rp+2<—>Rp+1 Rp+1<—>Rp
Bm+1 Bm—i—2 yore ? B2m—3 B2m—2 B2m—1 =A

(in which the matrices By, Ba, - -+ , Ba,,—1 are determined by the row operations specified the sequence).
For each j =0,1,2,---,2m — 2, the matrices Bj, B, distinct from each other only at a pair of neighbouring rows.
Then by Lemma (8), we have det(B; 1) = —det(B;).

Therefore

det(C)

det(By) = —det(B;) = (—1)? det(B>)

= (—1)2m73 det(BQ»,n_g) = (_1)2m72 det(BQm_Q) = (—1)2m71 det(Bgm_l) = —det(A).

23. Illustration of the idea in the argument for Theorem (9).
Let A be a (5 x 5)-square matrix, whose rows, from top to bottom, are labelled ay, as, as, a4, as.

We verify that

as ap
ag ag
det( as ) = — det( as )
ay ay
ap as
We have
as as ag as a2
a2 Rl <—>R2 a5 R2 > R3 a3 R3 > R4 a3 R4 <> R5 a3
as —_— as —_— as —_— ay _— ay
ay ay ay as aj
ai aj aj aj as
ag ag a
R3<—>R4 3 R2<—>R3 al R1 (—>R2 2
_ al e as —_ as
ay ay ay
as as as
Hence by Lemma (8):—
as as as ag az
ag as as as as
det(| @z |) = (=1)-det(| as |)=(=1)%det(| a5 |)=(=1)%det(| as |)=(=1)*det(| as |)
ay ay ay as ap
a; ap ap aj as
as ay a a1
ag ap ag a2
= (=1)%det(| @ |)=(=1)%det(| @z |)=(~1)"det(| as |) as
ay ay ay A
as as as as




