4.8.1 Answers to Exercise.

1. (a) Every basis for W contains three column vectors belonging to R®. But there are fewer than three column vectors in
the list Vi,Va.

(b) Every basis for W contains three column vectors belonging to R®. But there are more than three column vectors in
the list vi, va, v3, vy.

(c) Suppose vi,Vva, V3 constitute a basis for W over the reals. Since v4 € W, vy is a linear combination of vy, va,vs
over the reals, with respect to real scalars say, oy, as, as.

—o
Write t = _32 . Note that t is a non-zero column vector belonging to R%.
—ag
1
We have Vt = —a1vy — aavy — agvsy +1-vy = 05.

Hence t € N (V).
2. (a) —
(b) —
(c) Comment.

It suffices to verify the statement (f): For any u € R®, for any o € R, if u € W, then cu € W.

4. (a) 1i. True.
ii. True.
iii. True.
iv. True.

v. False.

1
ii. Takeu= [0|,a=—1. Thenu € S and au ¢ S.

o

iii. No. Reason: the statement ‘For any u € R3, for any a € R, ifu € S then au € S’ fails to hold.

5. (a) i True.
ii. False.
iii. False.
iv. True.
v. True.

b) i

1 1
ii. Takeu= [-1|,v=| 0 |. Thenue Sandve Sandu+v¢S5.
0 -1

iii. No. The statement ‘For any u,v € R?, ifu € S and v € S then u + v € S’ fails to hold.

6. (a) —
(b) i
ii. Yes.
iii. No
7. (a) —
(b) No
8. ——



(b) Yes.
U1
For any v € R3, if v = |vy| then
U3
3v1 + vg —13v1 + 2v9 — bug 17vy — 2v9 + Hug
=—Fw uz + us
2 4 4
(¢) No.
(d) Yes.
U1
For any v € R*, if v = Y21 then
Uy

~ —4dv; +v2 + 2u3 + 4 +73v178v2+4v3+204 +3v1+3v2+v372v4u+vl+v273’03+v4

V= 5 uy 5 uz 5 3 5 Uy

(e) No.
(f) Yes.

U1

)

For any v € R%, if v = |v3| then
V4
Us
V1 + Vo — U3 + Vg — Uy —v1 + vy +v3 —vg4 + U5 V1 — V2 + U3+ Vg4 — U5
vV = u; + Uus us
2 2 2
—v1 +v2 — VU3 +vg+ Vs V1 — V2 +vU3 —vg + Vs
uy us
2 2

(g) No.

10. (In each part, there are many correct choices for the column vectors in the basis concerned.)

(a) uy,uq constitute a basis for W.

dim(W) = 2.
us = u; + Uy, uy = —4u; + 3us, us = 4u; — us.
Reason:
1 01 —4 14
[ul‘uQ‘u;g‘u4‘u5]—> ~~~~~~ — 10 1 1 3 -1
0 0 0 O 0
(b) uy,us,uy constitute a basis for W.
dim(W) = 3.
ug = 2u; + 3us, us = u; + us + uy.
Reason:
1 0 2 0 1
[ g [ug | ug |ug ] —s oo [ 013 0
0 00 11
0 00 00O
(¢) uy,us,uy constitute a basis for W.
dim(W) = 3.
us = u; — Ug, Uz = uj + 3us + 2uy.
Reason:
1 0 1 0 1
[ g us | ug fug ] = [ 0L 21003
00 0 1 2
00 0 00



(d) uy,uy,us constitute a basis for W.

dim(W) = 3.
Uy 23111 —112—|—1137 Us :2111 + us + uy.
Reason:
1 0 0 3 2
01 0 -1 1
[111‘112‘113‘114‘115]—> """ — 00 1 1 1
00 0 0 O
(e) uy,uz,uy constitute a basis for W.
dim(W) = 3.
ug = 2u; + 3us, U5 = u; — Us + Uy, Ug = Uz + 2uy.
Reason:
1 0 2 0 1 O
01 3 0 -1 1
[ul‘ug‘ug‘u4‘u5‘u6]—> ----- — 00 0 1 1 9
00 0 0 0 O

(a) 3u is a solution of LS(A, 3b).
(b) —3u+ v belongs to N (A).

Alternative answer. Any non-zero scalar multiple of —3u + v is equally correct as an answer.
(c¢) (I): —=3. (II): 1.

Alternative answer. (I): —3c. (II): c.

Here ¢ stands for any non-zero real number.

(d) k=-3and A = —4.
(a) 1-st, 2-nd, 4-th, 7-th columuns.
(b) 4.
(c) ar,az,aq4,ar.
(d) i dim(C(A)) =4.
ii. aj,as,ay,ar.
10 -1 0 1 1 0 -1
0o 1 2 0 1 2 0 5
GO — 00 0 1 -1 3 0 2
o0 0o 0 0 01 3
00 0 0 0 00 O
00 0 0 0 0O O

ag = —aj + das + 2a4 + 3az
(e) i dim(WN(A))=4.

1 [—1] [-1 1
-2 -1 -2 -5
1 0 0 0
i 0 1 -3 -2
“lofr{1{jo}|]o0
0 0 1 0
0 0 0 -3
0] [0 0] [1]
(f) i dim(R(A)) =4
(17 [o] [oT] [0]
0 1 0 0
-1 2 0 0
i 0 0 1 0
Sl | =1 |of”
1 2 3 0
0 0 0 1
-1 5] 2] |3]




(1] (0] [o] [o]
1 1| |o] [o
1| 2] o] |o
T I N I O R N R
2 |"|-1]" [-1| |0
3| 8] [3] |0
~1| [-1| o] |1
1] 6] [2] 3]

iv. dim(N (;U))_: 2.

13. (a) B is a reduced row-echelon form.
The pivot columns of B are the first, second, fourth, seventh, eighth columns.
(b) i. uy,ug,u4,ur,ug constitute a basis for C(A).
Remark. There is no alternative answer.
ii. dim(C(A)) = 5.
(c) i. R(B),C(B?) are equal to R(A).
ii. A basis for R(A) is given by

1 0 0 0 0
0 1 0 0 0
C13 C23 0 0 0
0 0 1 0 0
cis|, |ecas|, |ess|, 01, 0
C16 C26 €36 0 0
0 0 0 1 0
0 0 0 0 1
| €19 | | €29 | | €39 | €49 | 1 €59

iii. dim(R(A)) = 5.
(d) i dim(N(AY) + dim(C(A')) = 6.
ii. dim(N(A4")) = 1.

14. (a) 1-st, 4-th columns in C' are pivot columns.
3-rd, 5-th columns in C are free columns.
a2 = 1,a00 = 1,a30 = 2,a49 = —1,a14 = 0,a34 = 1, agq—4.
c11 = 0,21 = 0,¢31 = 0,¢c12 = 0,c020 = 1,e30 = 0,14 = 0,024 = 0,633 = 0,¢30 = 1,¢35 = 1,c16 = 0,006 =
2,c36 —1,c46 =0

1 1 3 0 2 2 101 01 O
0 1 21 2 1 01 2 01 2
A= -1 2 3 1 2 3 O = 0 0011 -1
2 -1 0 4 5 -6 00 00 O0 O

(b) dim(C(A)) = 3.
dim(N(4)) = 3.
(¢c) aj,as,ay constitute a basis for C(A).
aj, as,ag consitute a basis for C(A).
(d) dim(R(A)) =3
d:’,d,", ds" constitute a basis for R(A).
(e) Note that N(A?) is of dimension 1, according to the Rank-nullity formulae.

It follows that a basis for A/(A?) is constituted by exactly one non-zero column vector, say, v, belonging to R*. Hence
any non-trivial solution of the homogeneous system LS(A?, 0g) is a scalar multiple of v. Then any two non-trivial

solutions of the homogeneous system LS(A?, 0g) are scalar multiples of each other.

15. (a) dim(N(A)) = 3.



16.

17.

18.
19.

20.

21.

22.

23.

24

25.

26

(b) Yes. Reason:
o dim(N(A4)) =3.
o 71,%2,23 € N(A).
e Z1,7Zo,Z3 are linearly independent.
(a) —
(b) i a# 1if and only if N'(A,) # {04}.
ii. B =1if and only if ((S.c;,cs,c5,c4) 1S inconsistent for some values of ¢1, c2, c3,¢a).
(a) —
(b) F can be taken as I.

(¢) G can be taken to be

o O OO
oS oo
oo = O
o= o o

(a) —
(b) dim(N(3A(B? —3B)C) + dim(C(24(B* — 3B)C)) = 9.
Comment.

Apply the Rank-nullity Formulae. But first you have to verify that C(24(B? — 3B)C) = C(A(B? — 3B)C) as sets.

Remark.  According to part (b), we may conclude that ¥V = W as sets. Overall, the result described by the entire
question is an illustration on what is usually known as ‘Replacement Theorem’ in linear algebra.

ii.

iii.
(d) Yes.

Comment.

We have already shown that x is a linear combination of vy, vs,v3, and v3 is a linear combination of vy, va, X.
It will turn out that y is a linear combination of vy, va, vs, vy,

It will also turn out that v4 is a linear combination of vi,vs,v3,y, and hence v, is also a linear combination of
Vi, V2, XY,

True.

(a) —
(b) True.
True.

Comment.

Start by picking some basis for I over the reals, say, u, us, us, and picking some basis for V over the reals, say, v, va, v3.



27.
28.

29.

30.

(a) —

(b) A counter-example is provided by the choice ‘A = I, and B = [

o o

1
0

I

iii. False. A counter-example is provided by the choice ‘A = B = Oyx5".

(¢) i. True.

ii. True.

iv. True.
(a) —
(b) —
() ——
01 00
. [ L]oS ] . .. [0 0 10
(d) A possible choice is given by D = [ 0, J } in which J = 00 0 1
00 00
(a) —
(b) —



