4.5.1 Appendix: Proofs of basic theoretical results concerned with bases and dimensions for general
subspaces of column vectors.

0. The material in this appendix is supplementary.

1. We have introduced these results:—

Theorem (1). (Upper bound of number of column vectors in a basis for a subspace of R"” over the
reals.)

Every basis for any subspace of R"™ over the reals has at most n column vectors.

Theorem (2). (Existence of basis for an arbitrary non-zero subspace of R over the reals.)

Suppose V is a non-zero subspace of R"™ over the reals. Then there is a basis for V over the reals which consists of
at least one and at most n column vectors with n real entries.

2. We are going to give a proof for Theorem (2). In its argument, two results on linear dependence and linear

independence that we have learnt earlier will play a crucial role. They are Lemma (x) and Lemma (xx).

Lemma (x).

Let wq,wo, -+ , Wi, v € R™.

Suppose w1, waq, -+ , Wy, are linearly independent over the reals.

Then the statements below are logically equivalent:—

(*1)
(*2)

W1, Wao, -+ , W,V are linearly independent over the reals.

v is not a linear combination of w1, wsy,--- , W} over the reals.

Lemma (xx).

Let wyi,wo,--- ,wy € R™. Suppose wi,ws, -+, Wy are linearly independent over the reals. Then ¢ < n.

Remark. Recall that Lemma (*x) is essentially what Theorem (1) is about.

3. Proof of Theorem (2).

Suppose V is a non-zero subspace of R™ over the reals.

(a)

By assumption we may pick some u; € V so that My # 0,,.
u; is linearly independent over the reals.

If every column vector belonging to V is a linear combination of u; over the reals, then u; constitutes a basis
for V over the reals.

Suppose that not every column vector belonging to V is a linear combination of u; over the reals.
Then we may pick some us € V so that us is not a linear combination of u; over the reals.
By Lemma (x), uj, up are linearly independent over the reals.

If every column vector belonging to V is a linear combination of uj, us over the reals, then uy, us constitute a
basis for V over the reals.

Suppose that not every column vector belonging to V is a linear combination of uj, us over the reals.
Then we may pick some ug € V so that ug is not a linear combination of uy, us over the reals.
By Lemma (%), uy, ug, us are linearly independent over the reals.

If every column vector belonging to V is a linear combination of uj,us,us over the reals, then uj,us, us
constitute a basis for V over the reals.

Suppose j is any one integer greater than j.

Under the assumption that not every column vector belonging to V is a linear combination of uy,---,u;_1
over the reals, we may pick some u; € V so that u; is not a linear combination of uy,--- ,u;_; over the reals.
By Lemma (*), these same column vectors uy,---u;j_1,u; are linearly independent over the reals.

We have obtained, in succession, some sequence of column vectors uj,us,us,--- € V, which are linearly
independent vectors in R™.

By Lemma (#x), this sequence terminates at u,, for some integer p < n.

It is then necessarily true that every column vector belonging to V is a linear combination of u;,ug, -+, u,
over the reals; ( otherwise, we could repeat the construction to obtain up,y1).

It follows that the p vectors u;,us,--- ,u, constitute a basis for V over the reals.



4. We now proceed to prove the Replacement Theorem:—
Theorem (7). (Replacement Theorem.)

Let W be a subspace of R™ over the reals. Let p,q be positive integers.

Let uj,ug, -+ ,up,t17t2,~~~ ,tq eWw.
Suppose tq,ts,--- ,t, constitute a basis for W over the reals.
Suppose uy,uy, - - - ,u, are linearly independent over the reals.
Then:—
(a) the inequality p < q holds, and
(b) uy,uy,--- ,u,, and some g —p column vectors amongst t1,ts, - - - ,t, together, constitute a basis of W over the
reals.

5. To prepare the way for an argument for Theorem (7), we prove two weaker results first.
Lemma (7’). (Baby version of Replacement Theorem.)
Let W be a subspace of R™ over the reals. Suppose vi,va,--- ,Vy constitute a basis for YW over the reals.
Let u € R"™. Suppose u # 0,,, and u is a linear combination of vi,va,--- , vi over the reals.

Then, the column vector u and some k — 1 column vectors amongst vi,va,- -+ , Vg together, constitutes a basis of
W over the reals.

6. Proof of Lemma (7).
Let W be a subspace of R™. Suppose vi,Vva,- -,V constitute a basis for W over the reals.
Let u € R™. Suppose u # 0,,, and u is a linear combination of vy, vso,--- , v over the reals.
By assumption, there exist some oy, a9, - ,ar € R such that u = a1 vy + agva + -+ - + o V.
By assumption u # 0,,. Then at least one of a1, s, -+ , o is non-zero.
Without loss of generality, suppose a; # 0.
(Otherwise, choose the first ¢ for which ay is non-zero. Then re-label a1, vy as oy, vy respectively, and oy, vy as
a1, V7 respectively.)

We verify that u,va, vs, -+, vy constitute a basis for W over the reals:

o [We verify (BL): ‘u,va,vs, -, vy are linearly independent over the reals.’]

Pick any 5;727737' Lk € R.
Suppose fu + Yave + Y3vs + - - + Y Ve = 0.

Then
0, = Blarvi+azva—+ -+ agVvg) +72ve +Y3Vs + -+ W Vi
= PBaivi+ (Baz +72)ve + (Bag +v3)vs + - + (Bak + Vi) Vi
By assumption vi,vo, -+, vy are linearly independent over the reals.
Then
Par =0 = Pas +y2 = Pag + 73 = = Bag + Y-
Recall that a; # 0. Then since Sa; = 0, we have g = 0.
Therefore v = v3 = -+ = v, = 0 also.
It follows that u, vo,vs,- -, v are linearly independent over the reals.
o [We verify (BS): ‘Every column vector belonging to W is a linear combination of u,va,vs,--- , vy over the
reals.’]

Pick any x € R™. Suppose x € W.
By assumption, x is a linear combination of vy, vo,vs,- -, Vg over the reals.
Then there exist some 1,2, -+, € R such that x = d;vy + davo + -+ - + O Vi.
Now recall that u = a1vi + agva + -+ + agvy.
Then v; = iuf %va%V3f~~f%vk.

a1 aq a1 aq
Therefore, for the same x, we have

1 o e} a
X = (51(11—2V2—3V3—'--—kvk)+§2V2+~-~+5ka
a1 (65} a1 (651
) S b1 L]
= 1u+<52— - 2)V2+(53— - 3>V3+-~-+(5k— - k)vk
a1 aq a1 aq



It follows that u, vo,vs, -+, vy constitute a basis for W over the reals.

. Theorem (7”). (Weaker version of Replacement Theorem.)

Let W be a subspace of R™ over the reals. Let p be a positive integer, and s be a non-negative integer.
Let uj,ug, -+ ,up, Vi, Vo, -+, Vp, Vpi1,  + , Vpys € W.

Suppose Vi,Va, -+ ,Vp, Vpi1, -, Vpts constitute a basis for W over the reals.

Further suppose ui, us, - - ,u, are linearly independent over the reals.

Then, u,us, -+ ,u,, and some s column vectors amongst vVi,Va, -+ ,Vp, Vpi1,- -+, Vpps together, constitute a basis
of W over the reals.

. Proof of Theorem (7).

Let W be a subspace of R™ over the reals. Suppose vi,Va, -+ ,Vp, Vpi1, -+, Vpis constitute a basis for W.
Let ui,ug,--- ,u, € W. Suppose uy, us,--- ,u, are linearly independent over the reals.
(a) wuy is a linear combination of vi,va, - ,Vpys over reals. Moreover, u; # 0,. (Why?)

We apply Lemma (77):—

After relabelling the indices of vi, v, -, vpys if necessary, we obtain some base for W over the reals, given
by w1, va,vs, -, Vp, Vpr1 -0, Vpgs.
(b) Suppose 1 < j < p, and suppose that after relabelling the indices of vi,va,---,v,1s if necessary, we have
obtained some basis for W over the reals, given by uy, -+, u;, Vi1, -+, Vpts.
i. By the definition of the notion of basis, u;4; is a linear combination of uy,--- ,u;, V41, Vita, -, Vpys

over the reals.
Then there exist some K1, , K5, A, fjt2, 5, fhp+s € R such that

U1 = Kiug + -+ Kijuy + )\VjJr]_ + pj4oVito + o+ fptsVpts-

ii. Note that A, pjq2, -+, -+, ftp+s are not all zero. Justification:—
* Suppose A, fjq2, -+, fpts Were all zero.
Then the equality u;41 = x1uy + Kouz + - - + x;u; would hold.
Such an equality is impossible because uy, ug, - - - ,u, are assumed to be linearly independent over the
reals.
iii. Without loss of generality, suppose A # 0.
We verify that ui, -+ ,uj,uj41, V42, Vpys constitute a basis for V:
o [We verify (BL): ‘uy,- - ,uj,Wj41,Vjta,- -, Vpts are linearly independent over the reals.’]
Pick any o, - - 7O‘j36a7j+27’ 5 Ypts € R.
Suppose ajuy + -+ - + ajuy + Bujpr +Vj42Vit2 + o+ YprsVprs = On.
Then
0, = owm + -+ ajuy

FB(R1ur + - 4 Fju; + AV paVise o pssVpts)
TYj+2Vit2 + o VprsVpts
(Br1 +ar)ur + - + (8K + aj)uy + BAV1 + (Bljpz + Vir2) Vi + o+ (Blpts + Ypts) Vpts

Note that uy,--- ,u;,vj41, -+, Vpys are linearly independent. Then
PA=0=Pr1+on == Brj +a; = Bz + 7542 = -+ = Blprs + Ypts:
Recall that A # 0. Then since S\ = 0, we have 5 = 0.
Therefore oy = -+ = oj = yj42 = - -+ = Yp4s = 0 also.
It follows that wy,- - ,u;, W41, Vjya, -, Vpss are linearly independent over the reals.
o [We verity (BS): ‘Every column vector belonging to W is a linear combination of
Uy, -, U5, W41, V42, , Vpys Over the reals.’]
Pick any x € R™. Suppose x € W.
By assumption, x is a linear combination of uy,--- ,w;,v;j41,Vjya- -, Vpps Over the reals.
Then there exist some 01, ,8;,0;41,0j42, ,0pts € R such that

X = 51111 + -+ (5j11j + 5j+1Vj+1 + 6]‘+2Vj+2 + -+ 5p+svp+s.



Now recall that

U 41 = Riug + -4 R, + )\Vj+1 + Hij+2Vj42 + o4 Hp4+sVpts-

1 K1 Kj 17 ;
Tl J Jj+2 Hpts
o Vi PNAs AT A PR AP

Therefore, for the same x, we have
X = 0w +---+du
1 K1 Kj Hj+2 Hps
+0j41 ()\uj+1 D yjuj - J)\ Viga == p)\ “Vp+s
—|—(5j+2Vj+2 i 5p+svp+s

5 841k 5

5 ity 51ttt s
+(5j+2 _ JHW) Vira bt (5p+s _ a+1/~Lp+> Vs

A A
It follows that uy,--- ,u;,uj41, V2, Vpys constitute a basis for W.
(c) Hence inductively, we deduce that, after relabelling the indices of v1,va, -+ ,Vp, Vpy1, -+, Vpts if necessary,
we obtain some basis for W over R, given by u;, us, uz, ua, s, - ,Up, Vpii, -+, Vpts-

9. We now complete the argument for the Replacement Theorem.
Proof of Theorem (7).
Let W be a subspace of R™ over the reals. Let p, ¢ be positive integers.

Let uy,ug,--- JUp,ty, b0, b, € W.
Suppose tq,ts,- - ,t, constitute a basis for W over the reals.
Suppose uy, uy, - - -, U, are linearly independent over the reals.

(a) We verify the inequality p < ¢, with the help of the method of proof-by-contradiction:
e Suppose it were true that p > ¢. (Then p > g+ 1.)

[We focus on ug,ug, -+ ,ug, Ugt1.]

Since uy, ug,- -+ ,u, are just ¢ column vectors amongst ug, us, - - ,Up, it would happen that the column
vectors uy, ug, - -+ ,u, would be linearly independent over the reals.

Now, by Theorem (77), we would obtain a basis for YW over the reals with uy, ug, - -+ ,u, (and some g—¢ =0
column vectors from amongst t1,t2,- - ,t4).

Since uy, us, - - -, u, constituted a basis for W over the reals and ug41 belongs to W, it would happen that
ug+1 would be a linear combination of u;, us,- - ,u, over the reals.

But this is impossible because ui,ug, - -+ ,u4,Ug41 are linearly independent over the reals.

(b) Now we have verified that p < g. Write s = ¢ — p.

According to Theorem (77), uy,ug,--- ,u,, and some s column vectors amongst vi,Va,- - ,Vpys together,
constitute a basis of W over the reals.

10. We now apply the Replacement Theorem to prove several results.
Theorem (3). (Uniqueness of ‘size’ of various bases of the same subspace of R"™ over the reals.)
Any two bases for a subspace of R™ over the reals have the same number of column vectors.
Theorem (6).
R™ is the only n-dimensional subspace of R™ over the reals.
Theorem (8).
Let V be a q-dimensional subspace of R™ over the reals.
The statements below hold:—
(a) Let vy,va,---,vy € V. Suppose vi,va,---,vy are linearly independent over the reals.
Then ¢ < q.

(b) For each positive integer k, any q + k column vectors belonging to V are linearly dependent over the reals.



11.

12.

13.

Theorem (9).

Let W be a g-dimensional subspace of R™ over the reals.

Let u,ug, - ,u, € W.
Suppose uy,uy, - - - ,u, are linearly independent over the reals.
Then:—

(a) the inequality p < q holds, and
(b) there is some basis for W over real constituted by uj, ug,- - ,u,, and some g — p column vectors belonging to
W.
Proof of Theorem (3).
[The idea in the argument is the same as that for Theorem (7).]
Let V be a subspace of R™ over the reals.
When V = {0,,}, the empty set is its one and only one basis, and there is nothing to prove here.
From now on we suppose V is not the zero subspace of R™ over R™.
Suppose X1,X2, - ,X, constitute a basis for V over the reals.
Also suppose y1,y2, - ,¥p also constitute a basis for V over the reals.

We verify that p = p':—

o Suppose it were true that p # p'.
Without loss of generality, assume p < p’. Note that p+1 < p’.
[We focus on y1,¥2, - ,¥p, Yp+1-]
By assumption, y1,y2, - ,¥p: Yp+1,* , Yp+s constitute a basis for V over the reals.
Then yi,y2,- - ,yp are linearly independent over the reals.
Recall that by assumption x;, X2, - ,X, constitute a basis for V over the reals.
Therefore, by the Replacement Theorem, we obtain some basis for V over the reals, given by yi,y2, - ,¥p,

(and some p — p = 0 column vectors from amongst x1,Xz,- - ,Xp).

Since y1,y2, -+ ,¥p constitute a basis for V over the reals and y,4+1 belongs to V, the column y,4, is a linear
combination of yi,y2,- - ,yp over the reals.

But this is impossible because y1,y2, - ,¥p, ¥p+1 are linearly independent over the reals.

Therefore it would be impossible for p < p’ to hold.

[Modifying the argument above, we also show that it is impossible for p’ < p to hold.]

Hence p = p’ in the first place.

Proof of Theorem (6).
We are going to prove the statement that reads:—

e ‘If VW is an n-dimensional subspace of R™ over the reals then YW = R™.

Let W be a subspace of R™ over the reals. Suppose that dim(W) = n.
By definition, there is some basis for WW over the reals with n column vectors with n real entries, say, vi,vo, -, v,.

They are n linearly independent column vectors, belonging to R™.

Note that e(ln), eén), e ,eSf‘) constitute some basis for R™.
Then by the Replacement Theorem, vi,va, - -+ , v, (and some n—n = 0 column vectors from amongst egn), e(zn), BN e;’” )
constitute a basis for R™ over the reals.
It follows that R™ = Span ({v1,va, -+ ,V,}) = W.
Proof of Theorem (8).
Let V be a ¢-dimensional subspace of R™ over the reals.
By assumption, we may pick some basis for V over the reals with ¢ column vectors, say, ti,t, -+ ,t,.

(?L) Let Vi,Vg, - ,Vy € V.

Suppose vi,va, -+, vy are linearly independent over the reals.

Then by the Replacement Theorem, ¢ < q.



(b) What we have just verified (under the standing assumption that V is a ¢-dimensional subspace of R"™ over the
reals’) is that:—

(%) For any positive integer ¢, for any vi,va,--- ,vy € V, if v1,va,--- , v, are linearly independent over the
reals then £ < q.

By a purely logical consideration, we may re-formulate (x) as:i—

(¥") For any positive integer m, for any y1,y2,-- ,¥m € V, if m > q thenyi,ya,- - ,ym are linearly dependent
over the reals.

The statement (x') is a re-formulation of (*):—

(¥") For each positive integer k, any q + k column vectors belonging to V are linearly dependent over the reals.

14. Proof of Theorem (9).
Let W be a g-dimensional subspace of R™ over the reals.
Let uj,ug,--- ,u, € W.
Suppose uy,uy, - - - , U, are linearly independent over the reals.

By assumption, we may pick some basis of W over the reals with ¢ column vectors with n real entries, say,
t15t27"' 7tq~

Then, by the Replacement Theorem, it follows that:—
(a) the inequality p < ¢ holds, and

(b) there is some basis for W over real constituted by u;, us,- -, u,, and some ¢ — p column vectors from amongst
ti,t2, -+ ,tg, which belong to W.



