2.3.2. Exercise: Existence of reduced row-echelon form row-equivalent to given matrix, (and the unique-
ness question).

1. (a) Prove the statement (f):
(8) Let A, B be (p x q)-matrices. Suppose B is resultant from the application of some row-operation p on A.
Then [ B | Mlp] | = M[p][ A | Ip ].
(b) Prove the statement (f):

(1) Suppose A is a (p x q)-matrix. Then there exist some (p x q)-matrices A%, A’ and some (p x p)-matrices
G, H such that the statements (1), (2), (3), (4) hold simultaneously:
(1) A* is a row-echelon form.
(2)

(3) G, H are products of some row-operation matrices.

(4) The equalities [ A* | G | =G[ A |1, ], A | H |=H[ A| I, ] hold.

A’ is a reduced row-echelon form.

2. For each part below, consider the given matrix, which is denoted by C here.

o Apply Gaussian elimination to obtain some reduced row-echelon form C’ which is row-equivalent to C.

o Obtain some equality of the form C' = HC.

1 2 2 4
@C=|133 5]
26 5 6
1 -1 1 2
W Co=|3 —2 1 7
13 5 3
o0 1 -2 1
©C=|-1 —2 3 4
2 7 S12 1
120 1 7
@c=]111 -1 3
1315 -7 1
o0 1 1 2 2 2
e C=|1 2 3 231
2 1 331 3
12 7 1 -1
11 3 1 o0
HC=13 2 5 -1 9
T 1 S5 o2 0

3. Let A, A*, A’ be (p x q)-matrices.
Suppose

o A'is a row-echelon form which is row-equivalent to A under some sequence of row operations
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o A’ is a reduced row-echelon form which is row-equivalent to A* under some sequence of row operations
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Write J = M[pp]--- M[p2]M|[p1] and K = M[o,]--- M[oa]M]o1]. (Note that A* = JA and A’ = K A%))

Suppose the rank of A*, and that of A’, are both p. (So all rows of A* are non-zero rows, and all rows of A’ are
NON-ZEro rows. )

(a) Let B be the (p x 2¢)-matrix given by B=[ A | A ].

Give, in terms of A A’, some row-echelon form B¥ and some reduced row-echelon form B’ which are row-
equivalent to B.

Give some appropriate equalities which relate B, B*, B’, and J, K.



(b)

Let C be the (2p X ¢)-matrix given by C' = {éf}
Give, in terms of A% A’ some row-echelon form C* and some reduced row-echelon form C’ which are row-
equivalent to C.

Give some appropriate equalities which relate C,C*,C”’, and J, K.

Let D be the (2p x 2¢)-matrix given by D = [@A—‘Qﬁx—L}
PXq

Give, in terms of Af, A’, some row-echelon form D and some reduced row-echelon form D’ which are row-

equivalent to D.

Give some appropriate equalities which relate D, Df, D', and J, K.

Let E be the (2p x 2¢g)-matrix given by E = [ 4 |4 }
PXq

Give, in terms of A% A’ some row-echelon form E* and some reduced row-echelon form E’ which are row-

equivalent to F.

Give some appropriate equalities which relate £, E¥ E', and J, K.



