1.5.1 Exercise: Linear combinations.

In the questions below, unless otherwise stated, the words ‘numbers’, ‘scalars’, ‘entries’ ... should be understood respec-
tively as ‘real numbers’, ‘real scalars’, ‘real entries’ ...

That said, when the words ‘numbers’, ‘scalars’, ‘entries’ ... in the ‘theory-type’ questions are consistently read as ‘complex
numbers’, ‘complex scalars’, ‘complex entries’, the results these questions describe are also valid.
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1. Let u; = ElyU2=|{[,U3= (3], W= |9, U5 = |
1 0 5 4 1

(a) Suppose v is a linear combination of u, ug, us, ug, us with respect to scalars 1,3, 1,0, 2.

Find v, (giving its entries explicitly).
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(b) Let w= | 7
10
Suppose w is a linear combination of uy, us, uz, uyg, us with respect to scalars 1, —2,2, —1, «, in which « is some

number.
Find the value of a.

1 0 a® —a
3 1 1 2a?
2. Let a be a real number, and u; = al>®2= 1w =3[, V=] ,2
1 a 0 a’

Suppose v is a linear combination of u;, us, us with respect to the scalars a, 3, —1.

(a) Find the value of a.
(b) Show that u; + ug is a linear combination of uy,us,v. Write down a linear relation relating u; + uy with

us, ug, v, giving the scalars involved explicitly.

3. Suppose uj,us, -, U, be row vectors with n entries.

Prove the statements below, with direct reference to the relevant definitions:—

(a) The zero row vector 0,, is a linear combination of ui,ua, - , Uy,.

(b) Let v,w be row vectors with n entries. Suppose each of v,w is a linear combination of uy,ua,- -+ ,Uy,. Then
v + w is a linear combination of uj,ug, -+ , Upy,.

(¢) Lety be a row vector with n entries, and « be a scalar. Suppose y is a linear combination of uy,ug, -+ , Uy,.
Then «y is a linear combination of Ui, Ug, -« , Uyy,.

4. Let v, w,uy,us,u3z be column vectors with m entries.

Suppose v = 2u; + 3us — 4us, and w = uy + us.

(a) With direct reference to the relevant definitions, show that u; is a linear combination of v, us, us.
(b) i. With direct reference to the relevant definitions, show that av + bw is a linear combination of u, us, us
for every number a, b.

ii. By applying the results in your calculations in part (b.i), or otherwise, show that each of uj, us is a linear
combination of v, w, us.

5. (a) Let v, u, w, X1, X2, y1, Y2 be column vectors with m entries.
Suppose u = 3x; — 2xg, W = 2y —y2 and v = 3u — w.
With direct reference to the relevant definitions, show that v is a linear combination of x1,X2,y; and ys.

(b) Let u, w, x1,X2," - ,Xk,y1,¥2, - ,¥r be column vectors with m entries.
Suppose u is a linear combination of x1,Xs,- -+ , Xk, and w is a linear combination of y1,y2, -+, yn-
Show that au + fw is a linear combination of x1,X2, - ,Xg,¥1,¥2, -+ ,¥Yr for any numbers «, 3.

6. Let uy,us, v be column vectors with 5 entries.

(a) Prove the statements below:—
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i. Suppose v is a linear combination of — (u; + us), —(u; — uy). Then v is a linear combination of uy, us.
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ii. Suppose v is a linear combination of uy, uy. Then v is a linear combination of — (u; + uz2), —(u; — uz).
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(b) Suppose a, b are numbers, and suppose a? + b? = 1.

Prove the statement (f):
(#) v is a linear combination of uy,uy if and only if v is a linear combination of au; + buy, —bu; + avs.
7. Let uy, us, usz, uy, us, vy, vo, v, w be column vectors with 8 entries.
Suppose that the column vector w is a linear combination of vy, va, vs.
Further suppose that for each j = 1,2, 3,4, 5, the column vector v; is a linear combination of u;, us, us, uy, us.

Show that w is a linear combination of uy, us, us, uy, us, with direct reference to the relevant definitions.



