
kXj 1tBbi2M+2 Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K `Qr@2[mBp�H2Mi iQ ;Bp2M K�i`Bt- U�M/ i?2
mMB[m2M2bb [m2biBQMVX

yX �bbmK2/ #�+F;`QmM/X

Ç RXd _Qr QT2`�iBQMb QM K�i`B+2bX
Ç RX3 _Qr QT2`�iBQMb �M/ K�i`Bt KmHiBTHB+�iBQMX
Ç kXk _Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/ `Qr@2+?2HQM 7Q`KbX

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç h?2Q`2K Q7 2tBbi2M+2 Q7 `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtX
Ç h?2Q`2K Q7 2tBbi2M+2 �M/ mMB[m2M2bb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtX
Ç :�mbbB�M 2HBKBM�iBQM- �b �M ǵ�H;Q`Bi?KǶ 7Q` }M/BM; BM � bvbi2K�iB+ r�v � `Qr@2+?2HQM 7Q`K- �M/ � `2/m+2/

`Qr@2+?2HQM 7Q`K- r?B+? �`2 `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtX

h?2 T`QQ7b Q7 i?2 irQ 2tBbi2M+2 i?2Q`2Kb �`2 +QMi�BM2/ BM i?2 �TT2M/Bt- #mi i?2 B/2�b BM i?2 T`QQ7b �`2 /BbTH�v2/ BM
i?2 �TTHB+�iBQM Q7 :�mbbB�M 2HBKBM�iBQM BM 2p2`v ǵ+QM+`2i2Ƕ 2t�KTH2X

RX _Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/ `Qr@2+?2HQM 7Q`Kb �`2 bT2+B�H ivT2b Q7 K�i`B+2bX h?2v �`2 BMi2`2biBM; #2+�mb2 Q7 i?2
7mM/�K2Mi�H i?2Q`2iB+�H `2bmHib BMi`Q/m+2/ #2HQr r?B+? `2H�i2 �`#Bi`�`v K�i`B+2b iQ `Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/
`Qr@2+?2HQM 7Q`Kb i?`Qm;? `Qr QT2`�iBQMbX
h?2Q`2K URVX U1tBbi2M+2 Q7 `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtXV
amTTQb2 i?�i C Bb � K�i`BtX
h?2M i?2`2 2tBbib bQK2 `Qr@2+?2HQM 7Q`K C! bm+? i?�i C! Bb `Qr@2[mBp�H2Mi iQ CX
h?2Q`2K UkVX U1tBbi2M+2 �M/ mMB[m2M2bb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ �
;Bp2M K�i`BtXV
amTTQb2 i?�i C Bb � K�i`BtX
h?2M i?2`2 2tBbib bQK2 mMB[m2 `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ bm+? i?�i C ′ Bb `Qr@2[mBp�H2Mi iQ CX
_2K�`FX h?2Q`2K UkV- r?B+? +QM+2`M2/ rBi? `2/m+2/ `Qr 2+?2HQM 7Q`Kb- Bb �M 2tBbi2M+2@�M/@mMB[m2M2bb `2bmHiX
Ai Bb � +QK#BM�iBQM Q7 irQ `2bmHib- h?2Q`2K UjV �M/ h?2Q`2K U9V- r?B+? �`2 HQ;B+�HHv BM/2T2M/2Mi Q7 2�+? Qi?2`X

kX h?2Q`2K UjVX U1tBbi2M+2 Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtXV
amTTQb2 i?�i C Bb � K�i`BtX
h?2M i?2`2 2tBbib bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ bm+? i?�i C ′ Bb `Qr@2[mBp�H2Mi iQ CX

jX lbBM; i?2 ǵ/B+iBQM�`vǶ #2ir22M �TTHB+�iBQM Q7 `Qr@QT2`�iBQMb �M/ H27i@KmHiBTHB+�iBQM #v `Qr@QT2`�iBQM K�i`B+2b- r2
?�p2 i?2 HQ;B+�HHv 2[mBp�H2Mi 7Q`KmH�iBQM Q7 h?2Q`2K UjV #2HQr,ě
*Q`QHH�`v iQ h?2Q`2K UjVX Uǵ6�+iQ`Bx�iBQMǶ Q7 � ;Bp2M K�i`Bt �b � T`Q/m+i Q7 `Qr@QT2`�iBQM K�i`B+2b
KmHiBTHB2/ 7`QK i?2 H27i iQ � `2/m+2/ `Qr@2+?2HQM 7Q`KXV
amTTQb2 i?�i C Bb � K�i`BtX
h?2M i?2`2 2tBbi bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K C ′- �M/ bQK2 b[m�`2 K�i`Bt H- bm+? i?�i i?2 2[m�HBiv C ′ = HC
?QH/b �M/ H Bb � T`Q/m+i Q7 `Qr@QT2`�iBQM K�i`B+2bX

9X *QKK2Mib QM h?2Q`2K URV �M/ h?2Q`2K UjVX
h?2Q`2K URV �M/ h?2Q`2K UjV �`2 mb27mH /2pB+2b BM K�Mv i?2Q`2iB+�H /Bb+mbbBQMb BM i?Bb +Qm`b2X h?2v rBHH #2 mb2/
p2`v Q7i2MX
�M QmiHBM2 Q7 i?2 �`;mK2Mi 7Q` i?2b2 `2bmHib rBHH #2 ;Bp2M H�i2`X h?2 M�im`2 Q7 i?2 �`;mK2Mi Bb � ǵ+QMbi`m+iBp2Ƕ
�`;mK2MiX
h?2 B/2� BM i?2 �`;mK2Mi Bb /BbTH�v2/ r?2M r2 �TTHv i?2 B/2� BM i?2 +QM+`2i2 bBim�iBQM 7Q` bvbi2K�iB+�HHv }M/BM; �
`Qr@2+?2HQM 7Q`K Q` � `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ �Mv �`#Bi`�`BHv ;Bp2M K�i`BtX
h?Bb T`Q+2bb UQ` ǵ�H;Q`Bi?KǶV Bb FMQrM �b :�mbbB�M 2HBKBM�iBQMX

8X h?2Q`2K U9VX UlMB[m2M2bb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtXV
amTTQb2 i?�i C Bb � K�i`Bt- �M/ C ′, C ′′ �`2 `2/m+2/ `Qr@2+?2HQM 7Q`KbX
6m`i?2` bmTTQb2 i?�i C Bb `Qr@2[mBp�H2Mi iQ C ′- �M/ C Bb �HbQ `Qr@2[mBp�H2Mi iQ C ′′X
h?2M C ′ = C ′′X
_2K�`FX h?2 T`QQ7 Q7 h?2Q`2K U9V Bb QKBii2/ 7Q` MQrX
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eX "2+�mb2 Q7 i?2 #�bB+ T`QT2`iB2b Q7 `Qr@2[mBp�H2M+2- h?2Q`2K U9V Bb HQ;B+�HHv 2[mBp�H2Mi iQ i?2 `2bmHi #2HQr,ě
*Q`QHH�`v iQ h?2Q`2K U9VX UlMB[m2M2bb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ 2�+?
Qi?2`XV
G2i D,E #2 `2/m+2/ `Qr@2+?2HQM 7Q`KbX amTTQb2 i?�i D Bb `Qr@2[mBp�H2Mi iQ EX
h?2M D = EX

dX *QKK2Mib QM h?2Q`2K UkV- h?2Q`2K UjV �M/ h?2Q`2K U9VX
h�FBM; BMiQ �++QmMi i?2 #�bB+ T`QT2`iB2b Q7 `Qr 2[mBp�H2M+2- �M/ �HbQ `2;�`/BM; h?2Q`2K UkV- h?2Q`2K UjV �M/
h?2Q`2K U9V �b p�HB/- r2 rBHH Q#i�BM i?2 TB+im`2 QM i?2 ǵrQ`H/Ƕ Q7 �HH (p× q)@K�i`B+2b #2HQr,ě

Ç _Qr@2[mBp�H2M+2 T�`iBiBQMb i?2 ǵrQ`H/Ƕ Q7 �HH (p× q)@K�i`B+2b BMiQ ǵ+?�K#2`bǶ Q7 p�`BQmb (p× q)@K�i`B+2bX
Ç h?2 K�i`B+2b rBi?BM 2�+? ǵ+?�K#2`Ƕ �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`X
Ç LQ K�i`Bt BM � ǵ+?�K#2`Ƕ rBHH #2 `Qr@2[mBp�H2Mi iQ �Mv K�i`Bt BM �Mv /BbiBM+i ǵ+?�K#2`ǶX
Ç qBi?BM 2�+? +?�K#2` i?2`2 Bb QM2 �M/ QMHv QM2 `2/m+2/ `Qr@2+?2HQM 7Q`K Ur?B+? Bb `Qr@2[mBp�H2Mi iQ 2p2`v

Qi?2` K�i`Bt BM i?�i ǵ+?�K#2`ǶVX

3X 1t�KTH2 URVX UA/2� Q7 :�mbbB�M 2HBKBM�iBQM- BMi`Q/m+2/ i?`Qm;? � +QM+`2i2 2t�KTH2XV

G2i C =




0 −1 −2 2 6
2 −3 0 0 0
−2 2 −2 1 1
2 −4 −2 2 6



X

q2 �TTHv � b2[m2M+2 Q7 `Qr QT2`�iBQMb QM C iQ,ě

Ç }`bi Q#i�BM � `Qr@2+?2HQM 7Q`K C! r?B+? Bb `Qr@2[mBp�H2Mi iQ C- �M/
Ç i?2M Q#i�BM � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ CX

h?2 bvbi2K�iB+ r�v i?�i r2 �`2 �TTHvBM; `Qr QT2`�iBQMb iQ Q#i�BM C!, C ′ 7`QK C Bb `272``2/ iQ �b :�mbbB�M
2HBKBM�iBQMX

U�V �TTHv `Qr QT2`�iBQMb Q7 i?2 ivT2b ǵαRi +RkǶ- ǵRi ↔ RkǶ QM C iQ Q#i�BM bQK2 K�i`Bt C1 BM r?B+?,ě
Ç i?2 }`bi MQM@x2`Q 2Mi`v BM i?2 }`bi `Qr Bb bi`B+iHv iQ i?2 H27i Q7 i?2 }`bi MQM@x2`Q 2Mi`v BM 2p2`v `Qr #2HQr

i?2 }`bi `QrX
PTiBQM�H, �TTHv � `Qr QT2`�iBQM Q7 i?2 ivT2 ǵβRkǶ iQ K�F2 1 i?2 }`bi MQM@x2`Q 2Mi`v Q7 i?2 iQT `Qr BM C1X

C =




0 −1 −2 2 6
2 −3 0 0 0
−2 2 −2 1 1
2 −4 −2 2 6



 R1↔R4−−−−−→




2 −4 −2 2 6
2 −3 0 0 0
−2 2 −2 1 1
0 −1 −2 2 6




1
2R1−−−→




1 −2 −1 1 3
2 −3 0 0 0
−2 2 −2 1 1
0 −1 −2 2 6





−2R1+R2−−−−−−→




1 −2 −1 1 3
0 1 2 −2 −6
−2 2 −2 1 1
0 −1 −2 2 6



 2R1+R3−−−−−→




1 −2 −1 1 3
0 1 2 −2 −6
0 −2 −4 3 7
0 −1 −2 2 6



 = C1

U#V AMbT2+i C1 iQ b22 r?2i?2` Bi Bb � `Qr@2+?2HQM 7Q`KX
A7 MQi- �TTHv �M �TT`QT`B�i2 b2[m2M+2 Q7 `Qr QT2`�iBQMb Q7 i?2 ivT2b ǵαRi + RkǶ- ǵRi ↔ RkǶ QM C1 iQ Q#i�BM
bQK2 K�i`Bt C2 BM r?B+?,ě

Ç i?2 }`bi MQM@x2`Q 2Mi`v BM i?2 b2+QM/ `Qr Bb bi`B+iHv iQ i?2 H27i Q7 i?2 }`bi MQM@x2`Q 2Mi`v BM 2p2`v `Qr
#2HQr i?2 b2+QM/ `QrX

U+V LQi2 i?�i C1 Bb BM/22/ MQi � `Qr@2+?2HQM 7Q`KX

C1=




1 −2 −1 1 3
0 1 2 −2 −6
0 −2 −4 3 7
0 −1 −2 2 6



 1R2+R4−−−−−→




1 −2 −1 1 3
0 1 2 −2 −6
0 −2 −4 3 7
0 0 0 0 0



 2R2+R3−−−−−→




1 −2 −1 1 3
0 1 2 −2 −6
0 0 0 −1 −5
0 0 0 0 0



=C2

U/V AMbT2+i C2 iQ b22 r?2i?2` Bi Bb � `Qr@2+?2HQM 7Q`KX A7 MQi- r2 �TTHv �M �TT`QT`B�i2 b2[m2M+2 Q7 `Qr QT2`�iBQMb
Q7 i?2 ivT2b ǵαRi +RkǶ- ǵRi ↔ RkǶ QM C2 iQ Q#i�BM bQK2 K�i`Bt C3 BM r?B+?,ě

Ç i?2 }`bi MQM@x2`Q 2Mi`v BM i?2 i?B`/ `Qr Bb bi`B+iHv iQ i?2 H27i Q7 i?2 }`bi MQM@x2`Q 2Mi`v BM 2p2`v `Qr #2HQr
i?2 i?B`/ `QrX

1i +2i2`�X
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U2V C2 Bb � `Qr@2+?2HQM 7Q`K- �M/ r2 `2@H�#2H C2 �b C!X
�TTHv `Qr QT2`�iBQMb Q7 i?2 ivT2b ǵαRi +RkǶ- ǵβRkǶ QM C! iQ Q#i�BM C ′- r?B+? Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K,

C! =




1 −2 −1 1 3
0 1 2 −2 −6
0 0 0 −1 −5
0 0 0 0 0



 −1R3−−−→




1 −2 −1 1 3
0 1 2 −2 −6
0 0 0 1 5
0 0 0 0 0





2R2+R1−−−−−→




1 0 3 −3 −9
0 1 2 −2 −6
0 0 0 1 5
0 0 0 0 0



 3R3+R1−−−−−→




1 0 3 0 6
0 1 2 −2 −6
0 0 0 1 5
0 0 0 0 0



 2R3+R2−−−−−→




1 0 3 0 6
0 1 2 0 4
0 0 0 1 5
0 0 0 0 0



 = C ′

U7V "v +QMbi`m+iBQM- C ′ Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ CX
�b � #QMmb- r2 Q#i�BM i?2 2[m�HBiv C ′ = HC- BM r?B+? H Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM QM I4 Q7 i?2
b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr UrBi? r?B+? r2 Q#i�BM C ′ 7`QK CV,

I4
R1↔R4−−−−−→

1
2R1−−−→ −2R1+R2−−−−−−→ 2R1+R3−−−−−→ 1R2+R4−−−−−→ 2R2+R3−−−−−→ −1R3−−−→ 2R2+R1−−−−−→ 3R3+R1−−−−−→ 2R3+R2−−−−−→ H

q2 ?�p2 H =




0 −4 −3 3/2
0 −3 −2 1
0 −2 −1 1
1 1 0 −1



X

NX 1t�KTH2 UkVX U�MQi?2` +QM+`2i2 2t�KTH2 QM :�mbbB�M 2HBKBM�iBQMXV

G2i C =




0 0 2 3 5 −7 12
−1 2 1 −1 0 −2 0
2 −4 −1 3 2 1 5
3 −6 −1 5 4 0 10



X

U�V LQi2 i?�i C Bb MQi � `Qr@2+?2HQM 7Q`KX
�TTHv `Qr QT2`�iBQMb Q7 i?2 ivT2b ǵαRi +RkǶ- ǵRi ↔ RkǶ QM C iQ Q#i�BM bQK2 K�i`Bt C1 BM r?B+?,ě

Ç i?2 }`bi MQM@x2`Q 2Mi`v BM i?2 iQT `Qr Bb bi`B+iHv iQ i?2 H27i Q7 i?2 }`bi MQM@x2`Q 2Mi`v BM 2p2`v Qi?2` `QrX

C =




0 0 2 3 5 −7 12
−1 2 1 −1 0 −2 0
2 −4 −1 3 2 1 5
3 −6 −1 5 4 0 10



 R1↔R2−−−−−→




−1 2 1 −1 0 −2 0
0 0 2 3 5 −7 12
2 −4 −1 3 2 1 5
3 −6 −1 5 4 0 10





−1R1−−−→




1 −2 −1 1 0 2 0
0 0 2 3 5 −7 12
2 −4 −1 3 2 1 5
3 −6 −1 5 4 0 10



 −2R1+R3−−−−−−→




1 −2 −1 1 0 2 0
0 0 2 3 5 −7 12
0 0 1 1 2 −3 5
3 −6 −1 5 4 0 10





−3R1+R4−−−−−−→




1 −2 −1 1 0 2 0
0 0 2 3 5 −7 12
0 0 1 1 2 −3 5
0 0 2 2 4 −6 10



 = C1

U#V LQi2 i?�i C1 Bb MQi � `Qr@2+?2HQM 7Q`KX
�TTHv �M �TT`QT`B�i2 b2[m2M+2 Q7 `Qr QT2`�iBQMb Q7 i?2 ivT2b ǵαRi + RkǶ- ǵRi ↔ RkǶ QM C1 iQ Q#i�BM bQK2
K�i`Bt C2 BM r?B+?,ě

Ç i?2 }`bi MQM@x2`Q 2Mi`v BM i?2 b2+QM/ `Qr Bb bi`B+iHv iQ i?2 H27i Q7 i?2 }`bi MQM@x2`Q 2Mi`v BM 2p2`v `Qr
#2HQr i?2 b2+QM/ `QrX

C1 =




1 −2 −1 1 0 2 0
0 0 2 3 5 −7 12
0 0 1 1 2 −3 5
0 0 2 2 4 −6 10



 R2↔R3−−−−−→




1 −2 −1 1 0 2 0
0 0 1 1 2 −3 5
0 0 2 3 5 −7 12
0 0 2 2 4 −6 10





−2R2+R3−−−−−−→




1 −2 −1 1 0 2 0
0 0 1 1 2 −3 5
0 0 0 1 1 −1 2
0 0 2 2 4 −6 10



 −2R2+R4−−−−−−→




1 −2 −1 1 0 2 0
0 0 1 1 2 −3 5
0 0 0 1 1 −1 2
0 0 0 0 0 0 0



 = C2

U+V LQi2 i?�i C2 Bb � `Qr@2+?2HQM 7Q`KX q`Bi2 C2 �b C!X
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�TTHv `Qr QT2`�iBQMb Q7 i?2 ivT2b ǵαRi +RkǶ- ǵβRkǶ QM C! iQ Q#i�BM C ′- r?B+? Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K,

C! =




1 −2 −1 1 0 2 0
0 0 1 1 2 −3 5
0 0 0 1 1 −1 2
0 0 0 0 0 0 0



 1R2+R1−−−−−→




1 −2 0 2 2 −1 5
0 0 1 1 2 −3 5
0 0 0 1 1 −1 2
0 0 0 0 0 0 0





−2R3+R1−−−−−−→




1 −2 0 0 0 1 1
0 0 1 1 2 −3 5
0 0 0 1 1 −1 2
0 0 0 0 0 0 0



 −1R3+R2−−−−−−→




1 −2 0 0 0 1 1
0 0 1 0 1 −2 3
0 0 0 1 1 −1 2
0 0 0 0 0 0 0



 = C ′

U/V "v +QMbi`m+iBQM- C ′ Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ CX
�b � #QMmb- r2 Q#i�BM i?2 2[m�HBiv C ′ = HC- BM r?B+? H Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM QM I4 Q7 i?2
b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr UrBi? r?B+? r2 Q#i�BM C ′ 7`QK CV,

I4
R1↔R2−−−−−→ −1R1−−−→ −2R1+R3−−−−−−→ −3R1+R4−−−−−−→ R2↔R3−−−−−→ −2R2+R3−−−−−−→ −2R2+R4−−−−−−→ 1R2+R1−−−−−→ −2R3+R1−−−−−−→ −1R3+R2−−−−−−→ H

q2 ?�p2 H =




−2 9 5 0
−1 6 3 0
1 −4 −2 0
0 −1 −2 1



X

RyX :�mbbB�M 1HBKBM�iBQM �b �M �H;Q`Bi?KX
amTTQb2 C Bb � K�i`Bt rBi? p `QrbX
q2 /2b+`B#2 ?Qr iQ bvbi2K�iB+�HHv Q#i�BM � `Qr@2+?2HQM 7Q`K C! �M/ i?2M � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? �`2
`Qr@2[mBp�H2Mi iQ C,ě
ai2T UyVX q`Bi2 C0 = CX AMbT2+i C0X �bF,ě
Ab C0 � `Qr@2+?2HQM 7Q`K\

Ç A7 MQ- ;Q iQ ai2T URVX
Ç A7 v2b- r`Bi2 C! = C0 �M/ ;Q iQ ai2T UkVX

ai2T URVX amTTQb2 k = 1, 2, · · · , pX

U�V A7 Ck−1 Bb MQi � `Qr@2+?2HQM 7Q`K- i?2M �TTHv � b2[m2M+2 Q7 `Qr QT2`�iBQMb QM Ck−1 iQ Q#i�BM bQK2 K�i`Bt Ck

BM r?B+?,ě
Ç i?2 }`bi MQM@x2`Q 2Mi`v BM i?2 k@i? `Qr Q7 Ck Bb bi`B+iHv iQ i?2 H27i Q7 i?2 }`bi MQM@x2`Q 2Mi`v BM 2p2`v `Qr

#2HQr i?2 k@i? `QrX
U#V L2ti BMbT2+i CkX �bF,ě

Ab Ck � `Qr@2+?2HQM 7Q`K\
Ç A7 MQ- Bi2`�i2 �b /2b+`B#2/ �#Qp2 iQ Q#i�BM Ck+1X
Ç A7 v2b- r`Bi2 C! = Ck �M/ ;Q iQ ai2T UkVX

ai2T UkVX AMbT2+i C!X
A7 C! Bb MQi �H`2�/v � `2/m+2/ `Qr@2+?2HQM 7Q`K- i?2M �TTHv � b2[m2M+2 Q7 `Qr QT2`�iBQMb QM C! iQ Q#i�BM bQK2
`2/m+2/ `Qr@2+?2HQM 7Q`K C ′X

RRX 1t�KTH2 UjVX UJQ`2 BHHmbi`�iBQMb QM :�mbbB�M 2HBKBM�iBQMXV

U�V G2i C =




2 7 −8
1 4 −5
−1 −1 1
−2 −6 6



X

q2 �TTHv `Qr QT2`�iBQMb QM C iQ Q#i�BM bQK2 `Qr@2+?2HQM 7Q`K C! r?B+? Bb `Qr@2[mBp�H2Mi iQ C,ě

C =




2 7 −8
1 4 −5
−1 −1 1
−2 −6 6



 R1↔R2−−−−−→




1 4 −5
2 7 −8
−1 −1 1
−2 −6 6



 −2R1+R2−−−−−−→




1 4 −5
0 −1 2
−1 −1 1
−2 −6 6



 1R1+R3−−−−−→




1 4 −5
0 −1 2
0 3 −4
−2 −6 6





2R1+R4−−−−−→




1 4 −5
0 −1 2
0 3 −4
0 2 −4



 3R2+R3−−−−−→




1 4 −5
0 −1 2
0 0 2
0 2 −4



 2R2+R4−−−−−→




1 4 −5
0 −1 2
0 0 2
0 0 0



 = C!
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q2 �TTHv 7m`i?2` `Qr QT2`�iBQMb QM C! iQ Q#i�BM � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ C!

U�M/ ?2M+2 C �b r2HHV,ě

C! =




1 4 −5
0 −1 2
0 0 2
0 0 0



 −1R2−−−→




1 4 −5
0 1 −2
0 0 2
0 0 0




1
2R3−−−→




1 4 −5
0 1 −2
0 0 1
0 0 0





−4R2+R1−−−−−−→




1 0 3
0 1 −2
0 0 1
0 0 0



 −3R3+R1−−−−−−→




1 0 0
0 1 −2
0 0 1
0 0 0



 2R3+R2−−−−−→




1 0 0
0 1 0
0 0 1
0 0 0



 = C ′

q2 �HbQ Q#i�BM i?2 2[m�HBiv C ′ = HC- BM r?B+? H Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM QM I4 Q7 i?2 b2[m2M+2 Q7
`Qr QT2`�iBQMb #2HQr UrBi? r?B+? r2 Q#i�BM C ′ 7`QK CV,

I4
R1↔R2−−−−−→ −2R1+R2−−−−−−→ 1R1+R3−−−−−→ 2R1+R4−−−−−→ 3R2+R3−−−−−→ 2R2+R4−−−−−→ −1R2−−−→

1
2R3−−−→ −4R2+R1−−−−−−→ −3R3+R1−−−−−−→ 2R3+R2−−−−−→ H

q2 ?�p2 H =




−1/2 1/2 −3/2 0
2 −3 1 0
3/2 −5/2 1/2 0
2 −2 0 1



X

U#V G2i C =





1 1 1 −2 −3 1
2 2 2 −7 −8 −3
3 2 1 −5 −7 5
2 4 6 −4 −9 2
0 1 2 0 −2 1



X

q2 �TTHv `Qr QT2`�iBQMb QM C iQ Q#i�BM bQK2 `Qr@2+?2HQM 7Q`K C! r?B+? Bb `Qr@2[mBp�H2Mi iQ C,ě

C =





1 1 1 −2 −3 1
2 2 2 −7 −8 −3
3 2 1 −5 −7 5
2 4 6 −4 −9 2
0 1 2 0 −2 1




−2R1+R2−−−−−−→





1 1 1 −2 −3 1
0 0 0 −3 −2 −5
3 2 1 −5 −7 5
2 4 6 −4 −9 2
0 1 2 0 −2 1




−3R1+R3−−−−−−→





1 1 1 −2 −3 1
0 0 0 −3 −2 −5
0 −1 −2 1 2 2
2 4 6 −4 −9 2
0 1 2 0 −2 1





−2R1+R4−−−−−−→





1 1 1 −2 −3 1
0 0 0 −3 −2 −5
0 −1 −2 1 2 2
0 2 4 0 −3 0
0 1 2 0 −2 1




R2↔R5−−−−−→





1 1 1 −2 −3 1
0 1 2 0 −2 1
0 −1 −2 1 2 2
0 2 4 0 −3 0
0 0 0 −3 −2 −5





1R2+R3−−−−−→





1 1 1 −2 −3 1
0 1 2 0 −2 1
0 0 0 1 0 3
0 2 4 0 −3 0
0 0 0 −3 −2 −5




−2R2+R4−−−−−−→





1 1 1 −2 −3 1
0 1 2 0 −2 1
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 −3 −2 −5





3R3+R5−−−−−→





1 1 1 −2 −3 1
0 1 2 0 −2 1
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 0 −2 4




2R4+R5−−−−−→





1 1 1 −2 −3 1
0 1 2 0 −2 1
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 0 0 0



=C!

q2 �TTHv 7m`i?2` `Qr QT2`�iBQMb QM C! iQ Q#i�BM � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ C!

U�M/ ?2M+2 C �b r2HHV,ě

C! =





1 1 1 −2 −3 1
0 1 2 0 −2 1
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 0 0 0




−1R2+R1−−−−−−→





1 0 −1 −2 −1 0
0 1 2 0 −2 1
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 0 0 0




2R3+R1−−−−−→





1 0 −1 0 −1 6
0 1 2 0 −2 1
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 0 0 0





1R4+R1−−−−−→





1 0 −1 0 0 4
0 1 2 0 −2 1
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 0 0 0




2R4+R2−−−−−→





1 0 −1 0 0 4
0 1 2 0 0 −3
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 0 0 0



=C ′

q2 �HbQ Q#i�BM i?2 2[m�HBiv C ′ = HC- BM r?B+? H Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM QM I5 Q7 i?2 b2[m2M+2 Q7
`Qr QT2`�iBQMb #2HQr UrBi? r?B+? r2 Q#i�BM C ′ 7`QK CV,

I5
−2R1+R2−−−−−−→ −3R1+R3−−−−−−→ −2R1+R4−−−−−−→ R2↔R5−−−−−→ 1R2+R3−−−−−→ −2R2+R4−−−−−−→ 3R3+R5−−−−−→ 2R4+R5−−−−−→ −1R2+R1−−−−−−→ 2R3+R1−−−−−→ 1R4+R1−−−−−→ 2R4+R2−−−−−→ H

q2 ?�p2 H =





−7 0 2 1 −1
−4 0 0 2 −3
−3 0 1 0 1
−2 0 0 1 −2
−15 1 3 2 −1



X
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RkX h?2 2t�KTH2b QM :�mbbB�M 2HBKBM�iBQM i?�i r2 ?�p2 b22M �#Qp2 bm;;2bi G2KK� U8V �M/ h?2Q`2K UeVX h?2 7Q`K2`
rBHH im`M Qmi iQ #2 � T`2T�`�iQ`v bi2T 7Q` i?2 T`QQ7 Q7 h?2Q`2K UjV- r?BH2 i?2 H�ii2` rBHH im`M Qmi iQ #2 � #v@T`Q/m+i
Q7 i?2 T`QQ7 Q7 h?2Q`2K UeVX h?2B` T`QQ7b �`2 ;Bp2M �HQM;bB/2 i?�i Q7 h?2Q`2K UjVX
G2KK� U8VX
6Q` �Mv M�im`�H MmK#2` r- B7 A Bb � `Qr@2+?2HQM 7Q`K Q7 `�MF r- i?2`2 2tBbib bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ Q7
`�MF r bm+? i?�i A′ Bb `Qr@2[mBp�H2Mi iQ AX
h?2Q`2K UeVX
amTTQb2 A Bb � `Qr@2+?2HQM 7Q`K Q7 `�MF r- r?Qb2 TBpQi +QHmKMb �`2- b�v- i?2 d1@i?- d2@i?- XXX- dr@i? +QHmKMb Q7 AX
h?2M i?2`2 Bb bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ Q7 `�MF r- r?Qb2 TBpQi +QHmKMb �`2 i?2 d1@i?- d2@i?- XXX- dr@i?
+QHmKMb Q7 A′- bQ i?�i A′ Bb `Qr@2[mBp�H2Mi iQ AX

RjX q2 M2p2` i�HF �#Qmi ǵi?2 `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtǶX h?2 `2�bQM Bb i?�i,ě

Ç ;Bp2M �Mv K�i`Bt- i?2`2 �`2 BM ;2M2`�H K�Mv `Qr@2+?2HQM 7Q`Kb r?B+? �`2 `Qr@2[mBp�H2Mi iQ i?2 K�i`Bt +QM+2`M2/X

AHHmbi`�iBQM QM i?2 MQM@mMB[m2M2bb Q7 `Qr@2+?2HQM 7Q`Kb r?B+? �`2 `Qr@2[mBp�Mi iQ � ;Bp2M K�i`BtX

G2i C1 =

[
1 1 0 0
0 0 1 0
0 0 0 1

]
- C2 =

[
1 1 1 0
0 0 1 0
0 0 0 1

]
- C3 =

[
1 1 1 1
0 0 1 0
0 0 0 1

]
- C4 =

[
1 1 1 1
0 0 1 1
0 0 0 1

]
X

LQi2 i?�i C1, C2, C3, C4 �`2 `Qr@2+?2HQM 7Q`Kb r?B+? �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`X AM 7�+i- i?2`2 �`2 K�Mv KQ`2
`Qr@2+?2HQM 7Q`Kb r?B+? �`2 `Qr@2[mBp�H2Mi iQ i?2KX
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