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Row-echelon forms and reduced row-echelon forms.

Assumed background.
e 2.1 Systems of linear equations.
Preferred to have been prepared with.

e 1.5 Linear combinations.
e 1.6 Linear dependence and linear independence.

Abstract. We introduce:—

e the notion of row-echelon forms, and rank of row-echelon forms,

o the notions of reduced row-echelon forms, leading ones, pivot columns and free columns.

. Definition. (Row-echelon form.)

Let C be a (p x q)-matrix.

We say that C is a row-echelon form if and only if the statements below hold:

(1) All rows consisting of only 0’s are beneath the non-zero rows of C.

(2) In each pair of adjacent non-zero rows, the first (or left-most) non-zero entry in the row above is always strictly
to the left of that in the row below.

The number of non-zero rows in C' is called the rank of the row-echelon form C.

A column of C in which the first (or left-most) non-zero entry of some non-zero row is located is called a pivot
column of C.

A column of C which is not a pivot column is called a free column of C.
Further convention and terminology.

In such a row-echelon form C with, say, r non-zero rows (and hence r pivot columns):—

o the pivot columns are labelled, from left to right, the d;-th, ds-th, ds-th, ... d,-th columns, and
« the free columns are labelled, from left to right, the fi-th, fo-th, f3-th, ..., f;—,-th columns.

Visualization.
In such a row-echelon form C, the zeros to the left of the first non-zero entries of the various non-zero rows form
something like a ‘staircase’ of zeros, and the first non-zero entries form something like step-edges of this ‘staircase’.

As there are r non-zero rows in total, C' reads like:—

0 08 |* * | % | * * | x| * * | x| *
0 0]07]0 08| * * | x| * * | x| % *
0 0070 0070 0[Hs | * * | x| * *
0 0j/o|o 0/o0]o0 0|0 E
0 0070 0070 0070 0 [* *
0 0|00 0070 0070 000 0
The symbol 0 stands for a column of zeros.
The symbols i1, fio, fi3, - - - , - stand for the respective first non-zero entry in the non-zero rows. The columns in which

these entries are located are the pivot columns of C: they are the di-th, ds-th, ds-th, ... d,-th columns respectively.

Remark. This version of definition is one of several (slightly) different (but equally reasonable) versions of
definitions for the phrase row-echelon form.

Example (1). (Matrices which are row-echelon forms, and those which are not.)

(a) These are row-echelon forms:

r1 35 7 9 07 r1 3 5 7 9 01 r0]1 3 5 7 91
. l0 01 2 01 .. oo 12 01 00 01 2 0
1o o001 4 2 W19 00 1 4 2 V-'10l0 0 0 1 2
L0 0 0 0 0 1] 0 0 0 0 0 0| | 0(0 0 0 0 0 |
r2 35 7 9 07 r1 35 7 9 07 r0]2 3 4 5 61
. |00 4 2 01 ) 00 4 2 0 1 .l 0l0 0 0 4 8
L1000 6 4 2 Vol 001 4 2 VI I"070 0 0 0 0
L0 0 0 0 0 8| 0 0 0 0 0 0| L 0|0 0 0 0 0]



(b) These are not row-echelon forms:

1 35790 013579 00 35 79
000000 1 001 20 .. o 0 2 4 6 8
L1000 1 4 2 L1000 0 1 2 W19 00000
000001 00 0000 000 0O0O

3. Definition. (Reduced row-echelon form.)
Let C be a (p X ¢)-matrix.

We say C' is said to be a reduced row-echelon form if and only if C is a row-echelon form and furthermore, the
statements below hold:—

(3) In each non-zero row, the first (or left-most) non-zero entry is 1. Such an entry is called a leading one.

(4) Each leading one is the only non-zero entry in the column where it is located.

Visualization.
Such a reduced row-echelon form C reads like:—

0O -« 01|~ x| 0| * x| 0| * x| 0% - %
0 -~ 0]07]0 O0]TI]x * | 0] * * [0 ]* - *%
0 --- 0]07]0 0[0]0O 0T« * 0% -+ %
o --- 0(0]O 0|00 0|0 0| :

0 -~ 0070 0[0T]0 Ofo0]0 -~ O[T T]%x -+ «x
0 --- 0|0]oO 0[0]0 of0oj0 --- o[O0O|O --- O

The zeros to the left of the leading ones of the various non-zero rows form something like a ‘staircase’ of zeros, and
the leading ones form something like step-edges of this ‘staircase’.

Remark. The rank of the reduced row-echelon form C' is simultaneously
¢ the number of non-zero rows in C,

¢ the number of leading ones in C, and

e the number of pivot columns in C.

The pivot columns of C' are those columns of C' which contain leading ones of C.
The free columns of C are those columns of C which do not contain leading ones of C.

Further remark. Looking carefully at the ‘visualization’ of the reduced row-echelon form C (and also the
concrete examples of reduced row-echelon forms), we may suspect immediately that in any reduced row-echelon
form:—

(a) the pivot columns are linearly independent,
(b) each free column is a linear combination of the pivot columns strictly to its left, and

(c) the non-zero rows are linearly independent.

In fact, this is also the case in row-echelon forms. However, as we do not need this result at the moment, we will
omit it for now.

4. Example (2). (Row-echelon forms which are reduced row-echelon forms, and those which are not).

(a) These are reduced row-echelon forms:

13 00 90 1300 90 0Tt 3 0 0 9
. 0 01 00O " 0 01 0 01 0/0 01 0 O
1000140 10001 4 2 - 0j0 0 01 2
000 001 000000 00 0 0 0 O
(b) These are not reduced row-echelon forms, despite being row-echelon forms:
13 00 90 1300 90 01T 3 0 0 9
. 0 01 0 01 " 0 01 2 01 0/j0 0 2 0 4
10001 4 2 10 0 0 1 4 2 -1 0]0 0 0 3 6
0 00 001 0 000 0O 070 0 0 0 0O

Remark. Every reduced row-echelon form is a row-echelon form in the first place. If a matrix is not a row-echelon
form, then it is definitely not a reduced row-echelon form.



5. How to check whether a given matrix is a row-echelon form, or a reduced row-echelon form?
Suppose C' is a matrix.

Proceeding as described below, we check whether C' is a row-echelon form, and whether C' is a reduced row-echelon
form.

Step (1). Inspect C and ask:—
Is it of the form [%} for some matrix C' whose (1, 1)-th entry is non-zero and whose last row is non-zero?

(Here the O’s stand for zero matrices of various sizes.)

e If no, conclude that C is not a row-echelon form.

o If yes, go to Step (2).

Step (2). Inspect C row by row, and ask, for each pair of consecutive rows: —

Is the first non-zero entry in the row above strictly to the left of that in the row below it?

o If no (for some pair of consecutive rows), conclude that C' is not a row-echelon form.

o If yes (for every pair of consecutive rows), conclude that C' is a row echelon form (and C' is a row-echelon form),
and go to Step (3).

Step (3). Inspect the respective first non-zero entries in each row, and ask:—

Are these entries all 1’s?

« If no, conclude that C'is not a reduced row-echelon form (and C is a not a reduced row-echelon form).

o If yes, go to Step (4).

Step (4). Inspect the columns which contain these entries, and ask:—

Is each of these 1’s the only non-zero entry in the respective column in Cc?

« If no (for some such column), conclude that C is not a reduced row-echelon form (and C' is a not a reduced
row-echelon form).

o If yes (for every such column), conclude that C'is a reduced row-echelon form (and C is a reduced row-echelon
form).
6. Question. Why are we interested in reduced row-echelon forms?

Answer. We are interested in reduced row-echelon forms because it is easy to read off information about solutions
of a system of linear equations when its augmented matrix representation is a reduced row-echelon form. To be
more detailed:—

o It is easy to read off from the matrix whether the system is consistent.
o If it is consistent, it is easy to read off from the matrix all solutions of the system.
e The matrix itself suggests how to present all solutions in a systematic and economic way, as linear combinations

of a few linearly independent column vectors whose entries can be read off from the matrix.

7. Example (3). (Motivation and illustration for the content of Theorem (1) and Theorem (2).)
1 0 0 0]1
SEEERE R
0 0 0 1|4
Note that C' is a reduced row-echelon form, with:—
e 1-st, 2-nd, 3-rd, 4-th columns as pivot columns, and
o 5-th column as its (only) free column.

C' is the augmented matrix representation of the system £S(A, b), in which

100 0 1
010 0 2
A=109 01 0 | b=13
000 1 4



When it is written out explicitly as simultaneous equations (for numbers) whose respective unknowns are
T1, T3, X3, T4, it reads:i—

T =1

i) = 2

X3 = 3

Trg = 4
T 1
It follows that the system LS(A, b) has one and only solution, namely ;g = %
Xq 4

Hence LS(A, b) is consistent.

1300 90
00100|0
Let =10 00 1 4]0

000 0O0]1
Note that C is a reduced row-echelon form, with:—

e 1-st, 3-rd, 4-th, 6-th columns as pivot columns, and
e 2-nd, 5-th columns as free columns.

C' is the augmented matrix representation of the system £LS(A4, b), in which

13009 0
00100 0
A=10 00 1 4 | b=,
00000 1

When it is written out explicitly as simultaneous equations (for numbers) whose respective unknowns are
r1, T, X3, X4, Ts, the fourth equation reads:—

0'$1+0'£B2+0'£L’3+0'$4+0'£L’5:1,

from which no equality will be yielded no matter what numbers are substituted into the unknowns.
It follows that the system L£S(A, b) is inconsistent.
13 0 0 9]0
o= |28 10 0]
0 0 0 0 O0]0
Note that C is a reduced row-echelon form, with:—
e 1-st, 3-rd, 4-th columns as pivot columns, and

e 2-nd, 5-th, 6-th columns as free columns.

C' is the augmented matrix representation of the system £S(A4, b), in which

1 3009 0
00100 1
A=10 00 1 4 | b= 5
00000 0

i. We write out the system explicitly as simultaneous equations (for numbers) whose respective unknowns
are x1, X2, T3, T4, T5. It reads:—

r1 + 3x0 + 95 =
T3 =

T4 —+ 4$5 =

0 =

oN = O

ii. From these equations, we see that a substitution of ‘zs = 0, z5 = 0’ and ‘z; =0, z3 = 1, 4 = 2’ yield
equalities everywhere.

0
0
It follows that % is a solution of LS(A, b).

0
Hence LS(A, b) is consistent.
iii. We now prepare to read off all solutions of LS(A4, b):—

o we first ignore the equation ‘0 = 0’ (which provides no information), and



e we then rewrite the remaining equations as a collection of three simultaneous ‘relations’, which ‘relate’
each unknown with x5, x5 alone:—

xr1 = —3.232 —9.275
(S) r3 = 1
Ty = 2 741‘5

Now, recalling the definitions for vector equality, vector addition and scalar multiplication, we re-write (.S)

asi—
1 0 -3 -9
T2 0 1 0
(S/) T3 = 1 —+ X9 0 —+ Ts 0
Ty 2 0 —4
I5 0 0 1

Remember (S) is LS(A, b) in disguise.

iv. We are now ready to read off all solutions of LS(A4, b).
Note that (S) informs us of two things:—
A. If t is a solution of LS(A, b) then

[0 [ =37 [ —9 7
0 1 0
t=| 1| +u| O +v| O for some numbers u, v.
2 0 —4
| 0 ] | 0 | | 1 |
B. If
[0 [ —3 17 [ —9 7
0 1 0
t=|1]|+u| O +v| O for some numbers u, v,
2 0 —4
L 0 ] | 0 | | 1 ]

then t is a solution of LS(A4, b).
So it follows that a full description of all solutions of LS(A, b) is given by:—
o t is a solution of LS(A, b) if and only if

0 -3 -9
0 1 0
there are some numbers u,v such thatt=| 1 | +u| O + v 04
2 0 —
0 0 1
v. We further observe that the column vectors constructed with the entries of the non-last free columns of C'
-3 -9
1 0
in this process, namely, 0 [,] O |, arelinearly independent. Justification:—
0 —4
0 1
-3 -9
1 0
e Let aq, as be real numbers. Suppose oy 0 +as| O =05
0 —4
0 1
730[1 — 90[2 -3 -9
(6751 1 0
Then 0 = 1 0 —+ o 0 = 05.
—40(2 0 —4
(65) 0 1

By the definition of matrix equality, we have a; = 0 and ay = 0.

8. Theorem (1).
Let A be an (m x n)-matrix, and b be a column vector with m entries.
Denote by C' the augmented matrix representation of LS(A, b). (SoC =[] A|b ].)
Suppose C' is a reduced row-echelon form with rank r.
Then the entries of A, b beneath the respective r-th rows are all 0.
Moreover, the statements below are logically equivalent:—
(a) LS(A, b) is consistent.

(b) The last column of C is a free column.



(¢) NorowofCreads[ 0 O --- 0 0 1].

9. Theorem (2). (Full description of solutions for a consistent system with augmented matrix represen-

tation being a reduced row-echelon form.)

Let A be an (m x n)-matrix, and b be a column vector with m entries.

Denote by C' the augmented matrix representation of LS(A, b). (SoC=[ A|b ].)

Suppose C' is a reduced row-echelon form with r leading ones,

e whose free columns, from left to right, are the fi-th, fo-th, ..., fn—r-th, fni1-_,-th columns.

whose pivot columns, from left to right, are the di-th, ds-th, ..., d.-th columns, and

Also suppose di = 1.

Suppose LS(A, b) is consistent.

Then the statements below hold:—

(a) r <mn.

(b)
(c)

Remark.

The f(y41-r)-th column of C' is the last column of C, namely, b.
Denote the top r entries of b by by, ba, - -+ , b, from the top downwards.

Denote by p the column vector with n entries in which:—
e the dy-th, da-th, ..., d.-th entries are by, bs, - - - , b, respectively, and
 all other entries are 0.

Then p is a (particular) solution of LS(A, b).

Suppose r = n.

(So there is no free column in C other than the last column of C.)

Then p is the one and only one solution of LS(A, b).

Suppose r < n (instead of supposing ‘r =n’).

(So some other column in C other than the last column of C is a free column.)

For each ¢ = 1,2,--- ,n — r, denote the top r entries of the f,-th column by a1¢, agp, - -

downwards.
Further denote by qg the column vector with n entries, in which:—
e the di-th, do-th, ..., d.-th entries are —aqg, —Qigg, - -+ , —Qiyp,
e the fo-th entry is 1, and
e all other entries are 0.
Then the statements below hold:—
i. The column vectors q1,qs2, - ,qn—r are linearly independent.

ii. Suppose t is a column vector with n entries.
Then t is a solution of LS(A, b) if and only if

, g, from the top

there are some numbers uy,us, - -+ ,Up_, Such that t = p + u1q1 + u2qa + - + Up—r+Qr—r--

iii. The system LS(A, b) has distinct solutions.

keeping.

We omit the argument for Theorem (1) and Theorem (2), as this is only a tedious exercise in book-

In terms of the symbols in the statement of Theorem (2), the conclusion of Theorem (2) informs us on how to read

off all solutions of LS(A, b) in concrete situations:—

With the respective unknowns z1, zs, - - - , z, displayed explicitly, we may re-write the system as the collection
of r simultaneous ‘relations’, relating each unknown with s ,zy,,--- ,Zn—, alone:—
o, = bio— anrp - T, - Ty - = Quaelf,
Tq, = by — axxy - Ty — QT — = Qo T,
(S) : Tdy = b3 - a31Tf  — @32, — (33T f; — - Q3n—rTf,_,.
Tq, = by — Ty — QuaZp  — Qpap — 0~ Qg

In fact age = 0 whenever k > ¢ (because C' is a reduced row-echelon form). So even here there are a lot of 0’s.



Now further using the definitions for vector equality, vector addition and scalar multiplication, we re-write (.5)
asi—

x

T2

(9): x3 =P+trpd1 + T2t TpA3 o+ Tp, Aoy
Tn
It is the re-expression of LS(A4, b) as (S’) which tells us how to present all solutions of LS(A4, b) in a systematic

and economic way, as linear combinations of several linearly independent column vectors whose entries are read
off from C.

10. Theorem (1) and Theorem (2) cover all systems of linear equations, whether homogeneous or non-homogeneous.
However, for a homogeneous system, we only need to focus on its coefficient matrix.

Theorem (3).
Let A be an (m x n)-matrix, and C' be the augmented matrix representation of the homogeneous system LS(A, 0.,).
Suppose A is a reduced row-echelon form whose first column is a pivot column and which has r leading ones.
Then C is a reduced row-echelon form whose first column is a pivot column and which has r leading ones.
Moreover:—

(a) LS(A, 0,,) is consistent, with 0,, being a solution of the system.

(b) The inequality r < n holds.

(¢) i If r =n then 0, is the one and only one solution of LS(A, 0,,).

ii. If r < n then £LS(A, b) has distinct solutions, and in particular, some non-trivial solution.

Proof of Theorem (3). Exercise. (How A and C relate with each other is a game of words on definitions. The
rest of the result follows from Theorem (2).)

11. Example (4). (Illustration on the content of Theorem (3).)

1200030 —2
0010050 -3
(a) Let A=[0 0 0 1 0 7 0 8
0000190 6
0000O0O0T1 4

Note that A is a reduced row-echelon form, with:—
e 1-st, 3-rd, 4-th, 5-th, 7-th columns as pivot columns, and
e 2-nd, 6-th, 8-th columns as free columns.
A is the coefficient matrix of the homogeneous system L£LS(A4, 05).

We write out the system explicitly as simultaneous equations (for numbers) whose respective unknowns are

Z1,%2, - ,Tg. It reads:—
r1 + 2z +  3zg — 2z = 0
T3 + bzg — 3xs 0
Ty + 7£U6 + 81’8 0
s + 9z + 6zg = 0
r7 + 4dxs = 0

To see how to read off all solutions of LS(A, 05), we rewrite the equations as a collection of three simultaneous
‘relations’, which ‘relate’ each unknown with xs, x¢, zg alone:—

TG = —2x9 —3xg +2x3%
xr3 = —5x¢ +3xs
Ty = —7.236 —81‘8
Ty = —9566 —6938
T7 = —4xg

Now, using the definitions for vector equality, vector addition and scalar multiplication, we re-write these
relations as:—

T1 -2 -3 2
X2 1 0 0
T3 0 -5 3
0 -7 -8
ii =T2| o | TT6| g | TT8| _g
Te 0 1 0
Ty 0 0 1
T 0 0 —4



It follows that a full description of all solutions of LS(A, 05) is given by:—
o t is a solution of LS(A, 0s) if and only if

-2 -3 2

1 0 0

0 -5 3

there are some numbers u, v, w such that t = u 8 +o :g +w :2
0 1 0
0 0 1
0 0 —4
We note that the column vectors constructed with the entries of the free columns of A in this process, namely,
-2 -3 2
1 0 0
0 -5 3
0 -7 — . .
0 sl —9 || —g | are linearly independent.
0 1 0
0 0 1
0 0 —4

1 0 0 O
01 00
(b) Let A= 0 0 1 0
0 0 0 1
0 0 0 O

Note that A is a reduced row-echelon form, with every column being a pivot column.
A is the coefficient matrix of the homogeneous system £S(A, 04).

We write out the system explicitly as simultaneous equations (for numbers) whose respective unknowns are
T1,Ta,x3,x4. It reads:—

T =

To =

I3 =

Ty =

0 =

OO O OO

This tells us that the zero vector 04 is the one and only one solution of the system LS(A, 0s).

The homogeneous system LS(A, 05) has no non-trivial solution.



