
RX3 _Qr QT2`�iBQMb �M/ K�i`Bt KmHiBTHB+�iBQMX

yX �bbmK2/ #�+F;`QmM/X

Ç RXk J�i`Bt KmHiBTHB+�iBQMX
Ç RXd _Qr QT2`�iBQMb QM K�i`B+2bX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç i?2 MQiBQM Q7 `Qr QT2`�iBQMb K�i`B+2b-
Ç i?2 ǵ2[mBp�H2M+2Ƕ Q7 �TTHB+�iBQM Q7 `Qr QT2`�iBQMb �M/ H27i@KmHiBTHB+�iBQM #v `Qr QT2`�iBQM K�i`B+2bX

RX .2}MBiBQMX Uǵai�M/�`/ #�b2Ƕ 7Q` � ǵp2+iQ` bT�+2 Q7 K�i`B+2bǶXV
6Bt �Mv TQbBiBp2 BMi2;2`b p, qX
6Q` 2�+? i = 1, · · · , p- j = 1, · · · , q- r2 /2}M2 i?2 (p× q)@K�i`Bt Ep,q

i,j iQ #2 i?2 (p× q)@K�i`Bt r?Qb2 (i, j)@i? 2Mi`v
Bb 1 �M/ r?Qb2 Qi?2` 2Mi`B2b �`2 �HH 0X
_2K�`FX �++Q`/BM; iQ /2}MBiBQM- i?2`2 �`2 �HiQ;2i?2` pq K�i`B+2b Ep,q

i,j �b i, j p�`vX h?2v �`2 +QHH2+iBp2Hv `272``2/
iQ �b i?2 ǵbi�M/�`/ #�b2Ƕ 7Q` i?2 ǵp2+iQ` bT�+2 Q7 (p× q)@K�i`B+2bǶX

kX 1t�KTH2 URVX Uǵai�M/�`/ #�b2Ƕ 7Q` p�`BQmb ǵp2+iQ` bT�+2b Q7 K�i`B+2bǶXV

U�V E2,3
1,1 =

[
1 0 0
0 0 0

]
- E2,3

1,2 =
[
0 1 0
0 0 0

]
- E2,3

1,3 =
[
0 0 1
0 0 0

]
-

E2,3
2,1 =

[
0 0 0
1 0 0

]
- E2,3

2,2 =
[
0 0 0
0 1 0

]
- E2,3

2,3 =
[
0 0 0
0 0 1

]
X

U#V E3,3
1,1 =

[
1 0 0
0 0 0
0 0 0

]
- E3,3

1,2 =

[
0 1 0
0 0 0
0 0 0

]
- E3,3

1,3 =

[
0 0 1
0 0 0
0 0 0

]
-

E3,3
2,1 =

[
0 0 0
1 0 0
0 0 0

]
- E3,3

2,2 =

[
0 0 0
0 1 0
0 0 0

]
- E2,3

2,3 =

[
0 0 0
0 0 1
0 0 0

]
-

E3,3
3,1 =

[
0 0 0
0 0 0
1 0 0

]
- E3,3

3,2 =

[
0 0 0
0 0 0
0 1 0

]
- E3,3

3,3 =

[
0 0 0
0 0 0
0 0 1

]
X

jX G2KK� URVX
G2i p, q #2 TQbBiBp2 BMi2;2`bX amTTQb2 s, t �`2 BMi2;2`b #2ir22M 1 �M/ pX
G2i A #2 � (p× q)@K�i`Bt- r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v aij X
h?2M Ep,p

s,t A Bb i?2 (p× q)@K�i`Bt r?Qb2 s@i? `Qr Bb [ at1 at2 · · · atq ]- �M/ r?Qb2 2p2`v Qi?2` 2Mi`v Bb 0X

_2K�`FX AM TH�BM rQ`/b- KmHiBTHvBM; Ep,p
s,t iQ A 7`QK i?2 H27i `2bmHib BM � M2r (p× q)@K�i`Bt BM r?B+?,ě

Ç i?2 s@i? `Qr Bb 7Q`K2/ #v i?2 t@i? `Qr Q7 A- �M/
Ç 2p2`v Qi?2` `Qr Bb ǵb2iǶ iQ x2`QX

9X 1t�KTH2 UkVX UAHHmbi`�iBQMb Q7 G2KK� URVXV

U�V amTTQb2 A Bb i?2 (3× 4)@K�i`Bt r?Qb2 (i, j)@i? 2Mi`v Bb ;Bp2M #v aij X h?2M,

BX E3,3
1,2A =

[
0 1 0
0 0 0
0 0 0

][
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

]
=

[
a21 a22 a23 a24
0 0 0 0
0 0 0 0

]
X

BBX E3,3
3,1A =

[
0 0 0
0 0 0
1 0 0

][
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

]
=

[
0 0 0 0
0 0 0 0
a11 a12 a13 a14

]
X

BBBX E3,3
3,1A =

[
0 0 0
0 0 0
0 0 1

][
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

]
=

[
0 0 0 0
0 0 0 0
a31 a32 a33 a34

]

U#V amTTQb2 A Bb i?2 (4× 6)@K�i`Bt r?Qb2 (i, j)@i? 2Mi`v Bb ;Bp2M #v aij X h?2M,

BX E4,4
2,4A =




0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0








a11 a12 a13 a14 a15 a16
a21 a22 a23 a24 a25 a26
a31 a32 a33 a34 a35 a36
a41 a42 a43 a44 a45 a46



 =




0 0 0 0 0 0
a41 a42 a43 a44 a45 a46
0 0 0 0 0 0
0 0 0 0 0 0



X
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BBX E4,4
3,2A =




0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0








a11 a12 a13 a14 a15 a16
a21 a22 a23 a24 a25 a26
a31 a32 a33 a34 a35 a36
a41 a42 a43 a44 a45 a46



 =




0 0 0 0 0 0
0 0 0 0 0 0
a21 a22 a23 a24 a25 a26
0 0 0 0 0 0



X

BBBX E4,4
4,1A =




0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0








a11 a12 a13 a14 a15 a16
a21 a22 a23 a24 a25 a26
a31 a32 a33 a34 a35 a36
a41 a42 a43 a44 a45 a46



 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
a11 a12 a13 a14 a15 a16



X

8X S`QQ7 Q7 G2KK� URVX
6Q` +QMp2MB2M+2- /2MQi2 i?2 (g, h)@i? 2Mi`v Q7 Ep,p

s,t #v εghX

aQ εgh =

{
1 B7 g = s �M/ h = t
0 B7 g "= s Q` h "= t

"v /2}MBiBQM- i?2 (g, k)@i? 2Mi`v Q7 Ep,p
s,t A Bb ;Bp2M #v

εg1a1k + εg2a2k + · · ·+ εstatk + · · ·+ εgpapk.

Ç (q2 }`bi 7Q+mb QM i?2 s@i? `Qr Q7 Ep,p
s,t AX)

6Q` 2�+? k = 1, 2, · · · , q- i?2 (s, k)@i? 2Mi`v Q7 Ep,p
s,t A Bb i?2 T`Q/m+i Q7 i?2 s@i? `Qr Q7 Ep,p

s,t �M/ i?2 k@i? +QHmKM
Q7 A- �M/ i?2`27Q`2 Bb ;Bp2M #v

εs1a1k + εs2a2k + · · ·+ εstatk + · · ·+ εspapk︸ ︷︷ ︸
�HH i2`Kb #2BM; y 2t+2Ti TQbbB#Hv i?2 i2`K BMpQHpBM; εst

= εstatk = atk.

>2M+2 i?2 s@i? `Qr Q7 Ep,p
s,t A Bb [ at1 at2 · · · atq ]X

Ç (q2 MQr im`M iQ 2p2`v Qi?2` `Qr Q7 Ep,p
s,t AX)

q?2M2p2` g "= s- r2 ?�p2 εgh = 0 7Q` 2�+? hX h?2M- MQ K�ii2` r?B+? k Bb- i?2 (g, k)@i? 2Mi`v Q7 Ep,p
s,t A Bb � bmK

Q7 p +QTB2b Q7 0Ƕb- �M/ ?2M+2 Bb 0X

eX G2KK� UkVX
G2i A #2 � K�i`Bt rBi? p `QrbX G2i i, k #2 BMi2;2`b #2ir22M 1 �M/ pX

U�V 6Q` �Mv MmK#2` α- i?2 �TTHB+�iBQM Q7 i?2 `Qr QT2`�iBQM αRi +Rk QM A `2bmHib BM (Ip + αEp,p
k,i )AX

U#V 6Q` �Mv MQM@x2`Q MmK#2` β- i?2 �TTHB+�iBQM Q7 i?2 `Qr QT2`�iBQM βRk QM A `2bmHib BM (Ip + (β − 1)Ep,p
k,k)AX

U+V h?2 �TTHB+�iBQM Q7 i?2 `Qr QT2`�iBQM Ri ↔ Rk QM A `2bmHib BM (Ip − Ep,p
i,i − Ep,p

k,k + Ep,p
i,k + Ep,p

k,i )AX

S`QQ7 Q7 G2KK� UkVX 1t2`+Bb2X Uai`�B;?i7Q`r�`/ +�H+mH�iBQM rBi? i?2 ?2HT Q7 G2KK� URVXV

dX 1t�KTH2 UjVX UAHHmbi`�iBQMb Q7 G2KK� UkVXV
amTTQb2 A Bb i?2 (3× 4)@K�i`Bt r?Qb2 (i, j)@i? 2Mi`v Bb ;Bp2M #v aij X h?2M,

U�V

A
4R2+R1−−−−−→

[
4a21 + a11 4a22 + a12 4a23 + a13 4a24 + a14

a21 a22 a23 a24
a31 a32 a33 a34

]

= 4

[
a21 a22 a23 a24
0 0 0 0
0 0 0 0

]
+

[
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

]
= 4E3,3

1,2A+A = (I3 + 4E3,3
1,2)A

U#V

A
5R2−−→

[
a11 a12 a13 a14
5a21 5a22 5a23 5a24
a31 a32 a33 a34

]

=

[
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

]
+ 4

[
0 0 0 0
a21 a22 a23 a24
0 0 0 0

]
= A+ 4E3,3

2,2A = (I3 + 4E3,3
2,2)A

k
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U+V

A
R1↔R3−−−−−→

[
a31 a32 a33 a34
a21 a22 a23 a24
a11 a12 a13 a14

]

=

[
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

]
−
[

a11 a12 a13 a14
0 0 0 0
0 0 0 0

]
−
[

0 0 0 0
0 0 0 0
a31 a32 a33 a34

]

+

[
a31 a32 a33 a34
0 0 0 0
0 0 0 0

]
+

[
0 0 0 0
0 0 0 0
a11 a12 a13 a14

]

= A− E3,3
1,1A− E3,3

3,3A+ E3,3
1,1A+ E3,3

3,3A = (I3 − E3,3
1,1 − E3,3

3,3 + E3,3
1,3 + E3,3

3,3)A.

3X avK#QHb �M/ H�#2Hb �bbQ+B�i2/ rBi? G2KK� UkVX
AM bvK#QHB+ i2`Kb- r?�i r2 ?�p2 /2b+`B#2/ BM G2KK� UkV Bb i?2 p�HB/Biv- 7Q` 2p2`v K�i`Bt rBi? p `Qrb- b�v- A- Q7,ě

Ç A
αRi+Rk−−−−−→ (Ip + αEp,p

k,i )AX

Ç A
βRk−−−→ (Ip + (β − 1)Ep,p

k,k)AX

Ç A
Ri↔Rk−−−−−→ (Ip − Ep,p

i,i − Ep,p
k,k + Ep,p

i,k + Ep,p
k,i )AX

"2+�mb2 Q7 i?2B` #2?�pBQm`- Bi K�F2b b2Mb2 iQ ;Bp2 bT2+B�H H�#2Hb 7Q` i?2b2 K�i`B+2bX 6`QK MQr QM,ě

Ç q2 H�#2H Ip + αEp,p
k,i �b M [αRi +Rk]X

Ç q2 H�#2H Ip + (β − 1)Ep,p
k,k �b M [βRk]X

Ç q2 H�#2H Ip − Ep,p
i,i − Ep,p

k,k + Ep,p
i,k + Ep,p

k,i �b M [Ri ↔ Rk]X

.2bTBi2 i?2B` b22KBM;Hv +QKTH2t 7Q`KmH�2- i?2b2 K�i`B+2b �`2 2�bv iQ r`Bi2 /QrM 2tTHB+BiHv- #2+�mb2 i?2v �`2 i?2
`2bmHi�Mib Q7 �TTHB+�iBQMb Q7 i?2 `2bT2+iBp2 `Qr QT2`�iBQMb QM i?2 B/2MiBiv K�i`Bt,ě

Ç Ip
αRi+Rk−−−−−→ Ip + αEp,p

k,i = M [αRi +Rk]X

Ç Ip
βRk−−−→ Ip + (β − 1)Ep,p

k,k = M [βRk]X

Ç Ip
Ri↔Rk−−−−−→ Ip − Ep,p

i,i − Ep,p
k,k + Ep,p

i,k + Ep,p
k,i = M [Ri ↔ Rk]X

NX .2}MBiBQMX U_Qr@QT2`�iBQM K�i`B+2bXV

U�V G2i ρ #2 � `Qr QT2`�iBQM QM K�i`B+2b rBi? p `QrbX h?2 K�i`Bt M [ρ] Bb +�HH2/ i?2 `Qr@QT2`�iBQM K�i`Bt UQ`
2H2K2Mi�`v K�i`BtV �bbQ+B�i2/ rBi? ρX

U#V � `Qr@QT2`�iBQM K�i`Bt UQ` 2H2K2Mi�`v K�i`BtV Q7 bBx2 p Bb � (p × p)@b[m�`2 K�i`Bt r?B+? Bb i?2 `Qr@
QT2`�iBQM K�i`Bt �bbQ+B�i2/ rBi? bQK2 `Qr@QT2`�iBQM ρ QM K�i`B+2b rBi? p `QrbX

RyX 1t�KTH2 U9VX UAHHmbi`�iBQMb QM `Qr QT2`�iBQM K�i`B+2bXV

U�V 6Q` i?2 `Qr QT2`�iBQM 3R4 +R2 QM K�i`B+2b rBi? 5 `Qrb- Bib `Qr QT2`�iBQM K�i`Bt M [3R4 +R2] Bb ;Bp2M #v

I5
3R4+R2−−−−−→ M [3R4 +R2] =





1 0 0 0 0
0 1 0 3 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1



.

U#V 6Q` i?2 `Qr QT2`�iBQM 4R3 QM K�i`B+2b rBi? 5 `Qrb- Bib `Qr QT2`�iBQM K�i`Bt M [4R3] Bb ;Bp2M #v

I5
4R3−−→ M [R4 ↔ R3] =





1 0 0 0 0
0 1 0 0 0
0 0 4 0 0
0 0 0 1 0
0 0 0 0 1



.
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U+V 6Q` i?2 `Qr QT2`�iBQM R2 ↔ R5 QM K�i`B+2b rBi? 5 `Qrb- Bib `Qr QT2`�iBQM K�i`Bt M [R2 ↔ R5] Bb ;Bp2M #v

I5
R2↔R5−−−−−→ M [R2 ↔ R5] =





1 0 0 0 0
0 0 0 0 1
0 0 1 0 0
0 0 0 1 0
0 1 0 0 0



.

RRX h?2Q`2K UjVX Uǵ.B+iBQM�`vǶ #2ir22M `Qr QT2`�iBQMb �M/ K�i`Bt KmHiBTHB+�iBQM 7`QK i?2 H27iXV
G2i p, q #2 TQbBiBp2 BMi2;2`bX
6Q` �Mv `Qr QT2`�iBQM ρ QM K�i`B+2b rBi? p `Qrb- i?2`2 2tBbib bQK2 mMB[m2 (p × p)@b[m�`2 K�i`Bt H- M�K2Hv-
H = M [ρ]- bm+? i?�i 7Q` �Mv K�i`Bt rBi? p `Qrb- b�v- A- i?2 K�i`Bt HA Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM Q7 ρ QM
i?2 K�i`Bt AX
_2K�`FX h?2Q`2K UjV #2HQr /2b+`B#2b � ǵ/B+iBQM�`vǶ #2ir22M i?2 +QHH2+iBQM Q7 �HH `Qr QT2`�iBQMb QM K�i`B+2b
rBi? p `Qrb �M/ i?2 +QHH2+iBQM Q7 �HH `Qr@QT2`�iBQM K�i`B+2b Q7 bBx2 pX
h?Bb ǵ/B+iBQM�`vǶ i2HHb mb i?2 ǵ�TTHB+�iBQM Q7 `Qr QT2`�iBQMbǶ �M/ i?2 ǵKmHiBTHB+�iBQM 7`QK i?2 H27i #v `Qr@QT2`�iBQM
K�i`B+2bǶ �`2 irQ r�vb Q7 i?BMFBM; �#Qmi i?2 b�K2 i?BM;X
hQ r`Bi2

ǵi?2 `Qr QT2`�iBQM A
ρ−→ A′ Bb p�HB/Ƕ

Bb i?2 b�K2 �b r`BiBM;

ǵi?2 2[m�HBiv A′ = M [ρ]A ?QH/bǶX

RkX S`QQ7 Q7 h?2Q`2K UjVX
h?2 ǵ2tBbi2M+2Ƕ T�`i Q7 i?2 �`;mK2Mi 7QHHQrb BKK2/B�i2Hv 7`QK G2KK� UkVX q2 QMHv M22/ iQ ?�M/H2 i?2 ǵmMB[m2M2bbǶ
T�`i Q7 i?2 �`;mK2MiX
amTTQb2 ρ Bb � `Qr QT2`�iBQM QM (p× q) K�i`Bt- �M/ H Bb � (p× p)@b[m�`2 K�i`Bt 7Q` r?B+? i?2 7QHHQrBM; ?QH/b,ě

Ç 6Q` �Mv (p× q)@K�i`Bt A- i?2 �TTHB+�iBQM Q7 ρ QM A `2bmHib BM HAX

LQr- BM T�`iB+mH�`- i?2 �TTHB+�iBQM Q7 ρ QM Ip `2bmHib BM HX
_2+�HH i?�i #v i?2 /2}MBiBQM Q7 M [ρ]- i?2 �TTHB+�iBQM Q7 ρ QM Ip `2bmHib BM M [ρ]X
Ai 7QHHQrb i?�i H = M [ρ]X

RjX h?2 ǵ/B+iBQM�`vǶ BM7Q`Kb mb i?�i iQ �TTHv � b2[m2M+2 Q7 `Qr QT2`�iBQMb QM � K�i`Bt Bb i?2 b�K2 �b iQ KmHiBTHv i?2
T`Q/m+i Q7 i?2 +Q``2bTQM/BM; `Qr@QT2`�iBQM K�i`B+2b UTmi BM �M �TT`QT`B�i2 Q`/2`V iQ i?2 b�K2 K�i`Bt 7`QK i?2 H27iX
h?2Q`2K U9VX U*Q`QHH�`v iQ h?2Q`2K UjVXV
G2i A1, A2, · · · , AN #2 (p× q)@K�i`B+2bX
amTTQb2 A1, A2, · · · , AN �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`- �M/ A1 Bb DQBMi iQ AN #v bQK2 b2[m2M+2 Q7 `Qr QT2`�iBQMb
ρ1, ρ2, · · · , ρN−1,

A1
ρ1−→ A2

ρ2−→ A3
ρ3−→ · · ·

ρ
N−2−−−→ AN−1

ρ
N−1−−−→ AN

h?2M i?2 2[m�HBiB2b

A2 = M [ρ1]A1, A3 = M [ρ2]A2, · · · · · · , AN−1 = M [ρN−2 ]AN−2, AN = M [ρN−1 ]AN−1,

AN = M [ρN−1 ]M [ρN−2 ] · ... ·M [ρ3]M [ρ2]M [ρ1]A1

?QH/X
S`QQ7 Q7 h?2Q`2K U9VX h?Bb Bb �M BKK2/B�i2 +QMb2[m2M+2 Q7 h?2Q`2K UjVX

R9X *QKK2Mi QM i?2 +QMi2Mi Q7 h?2Q`2K U9VX
AKTHB+Bi BM i?Bb `2bmHi Bb i?2 BM7Q`K�iBQM QM,ě

Ç ?Qr r2 +�M Q#i�BM i?2 T`Q/m+i
M [ρN−1 ]M [ρN−2 ] · · ·M [ρ3]M [ρ2]M [ρ1]

rBi?Qmi ?�pBM; iQ T2`7Q`K K�i`Bt KmHiBTHB+�iBQMX
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h?Bb T`Q/m+i Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM Q7 i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb ρ1, ρ2, ρ3, · · · , ρN−2, ρN−1 QM i?2
B/2MiBiv K�i`Bt Ip,

Ip
ρ1−→ M [ρ1]

ρ2−→ M [ρ2]M [ρ1]
ρ3−→ M [ρ3]M [ρ2]M [ρ1]

ρ4−→ · · · · · · · · ·
ρ
N−2−−−→ M [ρN−2 ] · · ·M [ρ3]M [ρ2]M [ρ1]

ρ
N−1−−−→ M [ρN−1 ]M [ρN−2 ] · · ·M [ρ3]M [ρ2]M [ρ1]

R8X 1t�KTH2 U8VX UAHHmbi`�iBQMb QM h?2Q`2K U9VXV

U�V h?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr DQBMb A �M/ A′′,

A =

[
1 0 1 1
0 2 1 1
1 0 0 2

]
1R1+R2−−−−−→ A′ =

[
1 0 1 1
1 2 2 2
1 0 0 2

]
2R2+R1−−−−−→ A′′ =

[
3 4 5 5
1 2 2 2
1 0 0 2

]
.

h?2M A′′ = H2H1A- BM r?B+?

H1 = M [1R1 +R2] =

[
1 0 0
1 1 0
0 0 1

]
, H2 = M [2R2 +R1] =

[
1 2 0
0 1 0
0 0 1

]
.

aQ A′′ = HA- BM r?B+? H = H2H1 =

[
3 2 0
1 1 0
0 0 1

]
X

U#V h?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr DQBMb B �M/ B′′,

B =

[
1 2 2 −1
2 −2 1 0
1 0 0 2

]
4R2−−→ B′ =

[
1 2 2 −1
8 −8 4 0
1 0 0 2

]
−2R1−−−→ B′′ =

[
−2 −4 −4 2
8 −8 4 0
1 0 0 2

]
.

h?2M B′′ = H2H1B- BM r?B+?

H1 = M [4R2] =

[
1 0 0
0 4 0
0 0 1

]
, H2 = M [−2R1] =

[
−2 0 0
0 1 0
0 0 1

]
.

aQ B′′ = HB- BM r?B+? H = H2H1 =

[
−2 0 0
0 4 0
0 0 1

]
X

U+V h?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr DQBMb C �M/ C ′′,

C =

[
1 2 2 0
3 0 3 1
2 1 0 1

]
R1↔R2−−−−−→ C ′ =

[
3 0 3 1
1 2 2 0
2 1 0 1

]
R2↔R3−−−−−→ C ′′ =

[
3 0 3 1
2 1 0 1
1 2 2 0

]
.

h?2M C ′′ = H2H1C- BM r?B+? H1 = M [R1 ↔ R2] =

[
0 1 0
1 0 0
0 0 1

]
- H2 = M [R2 ↔ R3] =

[
1 0 0
0 0 1
0 1 0

]
X

aQ C ′′ = HC- BM r?B+? H = H2H1 =

[
0 1 0
0 0 1
1 0 0

]
X

U/V h?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr DQBMb A1 �M/ A4,

A1=

[
1 0 1 1
0 2 1 1
1 0 0 2

]
1R1+R2−−−−−→A2=

[
1 0 1 1
1 2 2 2
1 0 0 2

]
2R3−−→A3=

[
1 0 1 1
1 2 2 2
2 0 0 4

]
R1↔R3−−−−−→A4=

[
2 0 0 4
1 2 2 2
1 0 1 1

]
.

h?2M A4 = H3H2H1A1- BM r?B+?

H1 = M [1R1 +R2] =

[
1 0 0
1 1 0
0 0 1

]
, H2 = M [2R3] =

[
1 0 0
0 1 0
0 0 2

]
, H3 = M [R1 ↔ R3] =

[
0 0 1
0 1 0
1 0 0

]
.

aQ A4 = HA1- BM r?B+? H = H3H2H1 =

[
0 0 2
1 1 0
1 0 0

]
X
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ReX h?2Q`2K U8VX UJ�i`Bt Q7 ǵ`2p2`b2 `Qr@QT2`�iBQMǶXV
amTTQb2 ρ Bb � `Qr QT2`�iBQM QM K�i`B+2b rBi? p `Qrb- �M/ ρ̃ Bb Bib +Q``2bTQM/BM; ǵ`2p2`b2 `Qr QT2`�iBQMǶ QM K�i`B+2b
rBi? p `QrbX
h?2M M [ρ̃]M [ρ] = Ip �M/ M [ρ]M [ρ̃] = IpX
S`QQ7 Q7 h?2Q`2K U8VX
amTTQb2 ρ Bb � `Qr QT2`�iBQM QM K�i`B+2b rBi? p `Qrb- �M/ ρ̃ Bb Bib +Q``2bTQM/BM; ǵ`2p2`b2 `Qr QT2`�iBQMǶ QM K�i`B+2b
rBi? p `QrbX
"v i?2 /2}MBiBQM Q7 `Qr@QT2`�iBQM K�i`B+2b- r2 ?�p2 i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb,

Ip
ρ−→ M [ρ]

ρ̃−→ M [ρ̃]M [ρ].

�b ρ̃ Bb i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶ 7Q` ρ- M [ρ̃]M [ρ] = IpX
LQi2 i?�i ρ Bb i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶ 7Q` ρ̃X _2T2�iBM; i?2 �`;mK2Mi- rBi? i?2 `QH2b Q7 ρ, ρ̃ BMi2`+?�M;2/- r2
/2/m+2 i?�i M [ρ]M [ρ̃] = IpX
_2K�`FX h?2 ǵ7Q`KmH�2Ƕ 7Q` i?2 `Qr@QT2`�iBQM K�i`B+2b Q7 ǵ`2p2`b2 `Qr QT2`�iBQMbǶ 7Q` `Qr QT2`�iBQMb Q7 p�`BQmb
ivT2b �`2 2tTHB+BiHv /2b+`B#2/ #2HQr,ě

_Qr QT2`�iBQM
ρ QM K�i`B+2b
rBi? p `QrbX

_Qr@QT2`�iBQM
K�i`Bt M [ρ]X

ǵ_2p2`b2
`Qr QT2`�iBQMǶ
ρ̃ 7Q` ρX

_Qr@QT2`�iBQM
K�i`Bt M [ρ̃]X

αRi +RkX Ip + αEp,p
k,i X −αRi +RkX Ip − αEp,p

k,i X
βRkX Ip + (β − 1)Ep,p

k,kX (1/β)RkX Ip + (1/β − 1)Ep,p
k,kX

Ri ↔ RkX Ip − Ep,p
i,i − Ep,p

k,k + Ep,p
i,k + Ep,p

k,i X Ri ↔ RkX Ip − Ep,p
i,i − Ep,p

k,k + Ep,p
i,k + Ep,p

k,i X

RdX 1t�KTH2 UeVX U_Qr QT2`�iBQM K�i`B+2b �M/ K�i`B+2b Q7 +Q``2bTQM/BM; ǵ`2p2`b2 `Qr QT2`�iBQMbǶXV

U�V 6Q` i?2 `Qr QT2`�iBQM 3R4 +R2 QM K�i`B+2b rBi? 5 `Qrb- Bib `Qr QT2`�iBQM K�i`Bt M [3R4 +R2] Bb ;Bp2M #v

I5
3R4+R2−−−−−→ M [3R4 +R2] =





1 0 0 0 0
0 1 0 3 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1



.

h?2 +Q``2bTQM/BM; ǵ`2p2`b2 `Qr QT2`�iBQMǶ QM K�i`B+2b rBi? 5 `Qrb Bb −3R4+R2- �M/ Bib `Qr QT2`�iBQM K�i`Bt
M [−3R4 +R2] Bb ;Bp2M #v

I5
−3R4+R2−−−−−−→ M [−3R4 +R2] =





1 0 0 0 0
0 1 0 −3 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1



.

U#V 6Q` i?2 `Qr QT2`�iBQM 4R3 QM K�i`B+2b rBi? 5 `Qrb- Bib `Qr QT2`�iBQM K�i`Bt M [4R3] Bb ;Bp2M #v

I5
4R3−−→ M [R4 ↔ R3] =





1 0 0 0 0
0 1 0 0 0
0 0 4 0 0
0 0 0 1 0
0 0 0 0 1



.

h?2 +Q``2bTQM/BM; ǵ`2p2`b2 `Qr QT2`�iBQMǶ QM K�i`B+2b rBi? 5 `Qrb Bb 1
4R3- �M/ Bib `Qr QT2`�iBQM K�i`Bt M [ 14R3]

Bb ;Bp2M #v

I5
1
4R3−−−→ M [

1

4
R3] =





1 0 0 0 0
0 1 0 0 0
0 0 1/4 0 0
0 0 0 1 0
0 0 0 0 1



.

U+V 6Q` i?2 `Qr QT2`�iBQM R2 ↔ R5 QM K�i`B+2b rBi? 5 `Qrb- Bib `Qr QT2`�iBQM K�i`Bt M [R2 ↔ R5] Bb ;Bp2M #v

I5
R2↔R5−−−−−→ M [R2 ↔ R5] =





1 0 0 0 0
0 0 0 0 1
0 0 1 0 0
0 0 0 1 0
0 1 0 0 0



.

h?2 +Q``2bTQM/BM; ǵ`2p2`b2 `Qr QT2`�iBQMǶ QM K�i`B+2b rBi? 5 `Qrb Bb R2 ↔ R5 Bib2H7- �M/ Bib `Qr QT2`�iBQM
K�i`Bt Bb M [R2 ↔ R5] Bib2H7X
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R3X "2+�mb2 Q7 i?2 ǵ/B+iBQM�`vǶ #2ir22M `Qr QT2`�iBQMb �M/ `Qr@QT2`�iBQM K�i`B+2b Uh?2Q`2K UjVV,ě

Ç r?�i2p2` +�M #2 /QM2 i?`Qm;? i?2 �TTHB+�iBQM Q7 `Qr QT2`�iBQMb +�M �HbQ #2 /QM2 i?`Qm;? i?2 KmHiBTHB+�iBQM
7`QK i?2 H27i #v i?2B` +Q``2bTQM/BM; `Qr@QT2`�iBQM K�i`B+2b- �M/

Ç r?�i2p2` +�M #2 /QM2 i?`Qm;? i?2 KmHiBTHB+�iBQM 7`QK i?2 H27i #v `Qr@QT2`�iBQM K�i`B+2b +�M �HbQ #2 /QM2
i?`Qm;? i?2 �TTHB+�iBQM Q7 i?2 +Q``2bTQM/BM; `Qr QT2`�iBQMb r?B+? /2i2`KBM2 i?2b2 `Qr@QT2`�iBQM K�i`B+2bX

6Q` i?Bb `2�bQM- vQm K�v rQM/2` r?v r2 M22/ iQ H2�`M #Qi?X
Ai rBHH i`�MbTB`2 i?�i /2T2M/2Mi QM i?2 bBim�iBQM- iQ i?BMF U�M/ rQ`FV rBi? QM2 Q7 i?2K K�v #2 KQ`2 �/p�Mi�;2QmbX
"2HQr Bb �M BHHmbi`�iBQM Q7 � T`Q#H2K r?B+? Bb 2�bv iQ ?�M/H2 BM i2`Kb Q7 `Qr QT2`�iBQM K�i`B+2b U�M/ 2[m�HBiB2b
�KQM;bi K�i`B+2bV- #mi MQi bQ 2�bv BM i2`Kb Q7 `Qr QT2`�iBQMbX
AHHmbi`�iBQMX

G2i C =

[
1 2 3
1 2 1
1 2 2

]
- D =

[
1 3 3
2 4 0
1 3 2

]
X

q2 p2`B7v i?�i C Bb MQi `Qr@2[mBp�H2Mi iQ D,
amTTQb2 Bi r2`2 i`m2 i?�i C r�b `Qr@2[mBp�H2Mi iQ DX
h?2M i?2`2 rQmH/ #2 bQK2 b2[m2M+2 Q7 `Qr QT2`�iBQMb DQBMBM; C iQ D,

C
ρ1−−−−−→ ρ2−−−−−→ · · · ρk−1−−−−−−−→ ρk−−−−−→ D.

.2MQi2 i?2 `Qr@QT2`�iBQM K�i`Bt Q7 ρj #v M [ρj ] 7Q` 2�+? jX
h?2M i?2 2[m�HBiv

D = M [ρk]M [ρk−1] · ... ·M [ρ2]M [ρ1]C

rQmH/ ?QH/X
q`Bi2 H = M [ρk]M [ρk−1] · ... ·M [ρ2]M [ρ1]X
6Q` 2�+? %- /2MQi2 i?2 %@i? +QHmKM Q7 C,D #v c$,d$ `2bT2+iBp2HvX h?2M i?2 2[m�HBiB2b

d1 = Hc1, d2 = Hc2

rQmH/ ?QH/X
LQi2 i?�i c2 = 2c1X h?2M

[
3
4
3

]
= d2 = Hc2 = H(2c1) = 2Hc1 = 2d1 = 2

[
1
2
1

]
=

[
2
4
2

]
,

r?B+? Bb BKTQbbB#H2X
>2M+2- BM i?2 }`bi TH�+2- C Bb MQi `Qr@2[mBp�H2Mi iQ DX

RNX h?2Q`2K UeVX U_2@7Q`KmH�iBQM Q7 `Qr@2[mBp�H2M+2 #2ir22M K�i`B+2b BM i2`Kb Q7 2[m�HBiB2b 7Q` K�i`B@
+2bXV
amTTQb2 A,B �`2 K�i`B+2b rBi? p `QrbX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV A,B �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`X
UkV h?2`2 �`2 U}MBi2Hv K�MvV `Qr@QT2`�iBQM K�i`B+2b G1, G2, · · · , Gk−1, Gk bm+? i?�i B = GkGk−1 · ... ·G2G1AX

LQr bmTTQb2 �Mv QM2 Q7 i?2 �#Qp2 ?QH/b UbQ i?�i #Qi? ?QH/VX h?2M i?2`2 �`2 bQK2 `Qr@QT2`�iBQM K�i`B+2b
H1, H2, · · · , Hk−1, Hk bm+? i?�i,ě

Ç A = H1H2 · ... ·Hk−1HkB- �M/
Ç 7Q` 2�+? j = 1, 2, · · · , k- i?2 2[m�HBiB2b HjGj = Ip �M/ GjHj = IpX

S`QQ7 Q7 h?2Q`2K UeVX 1t2`+Bb2X U�TTHv h?2Q`2K UjV �M/ h?2Q`2K U8VXV
_2K�`FX h?Bb `2bmHi Bb � mb27mH /2pB+2 7Q` i?2Q`2iB+�H /Bb+mbbBQMb BM i?2 7mim`2- #2+�mb2 r2 +�M K�F2 mb2 Q7 Bi iQ
BMi`Q/m+2 2[m�HBiB2b UBMbi2�/ Q7 Dmbi `Qr QT2`�iBQMbV BM bm+? /Bb+mbbBQMbX

kyX � b22KBM;Hv i`BpB�H +QMb2[m2M+2 Q7 h?2Q`2K UeV Bb i?�i,ě

Ç B7 � b[m�`2 K�i`Bt Bb `Qr@2[mBp�H2Mi iQ i?2 B/2MiBiv K�i`Bt i?2M i?2 b[m�`2 K�i`Bt +QM+2`M2/ Bb � T`Q/m+i Q7
`Qr@QT2`�iBQM K�i`B+2bX
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AM 7�+i- Km+? KQ`2 +�M #2 b�B/ r?2M r2 +QK#BM2 r?�i Bb UBKTHB+BiHvV bi�i2/ BM h?2Q`2K U9V �#Qmi T`Q/m+ib Q7
`Qr@QT2`�iBQM K�i`B+2bX h?Bb rBHH #2+QK2 `2H2p�Mi r?2M r2 BMi`Q/m+2 i?2 MQiBQM Q7 BMp2`iB#BHBiv Q7 b[m�`2 K�i`B+2bX
h?2Q`2K UdVX
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV A Bb `Qr@2[mBp�H2Mi iQ IpX
UkV A Bb � T`Q/m+i Q7 `Qr@QT2`�iBQM K�i`B+2bX

S`QQ7 Q7 h?2Q`2K UdVX
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX

U�V "v h?2Q`2K UeV- B7 A Bb `Qr@2[mBp�H2Mi iQ Ip i?2M A Bb � T`Q/m+i Q7 `Qr@QT2`�iBQM K�i`B+2bX
U#V amTTQb2 i?�i A Bb � T`Q/m+i Q7 `Qr@QT2`�iBQM K�i`B+2b- b�v- H1, H2, · · · , Hk−1, Hk- �M/ i?�i i?2 2[m�HBiv

A = H1H2 · · ·Hk−1Hk ?QH/bX
.2MQi2 #v γ1, γ2, · · · , γk−1, γk i?2 `2bT2+iBp2 `Qr QT2`�iBQMb QM (p × p)@K�i`B+2b iQ r?B+? i?2 `Qr@QT2`�iBQM
K�i`B+2b H1, H2, · · · , Hk−1, Hk �`2 �bbQ+B�i2/X
q2 ?�p2 A = H1H2 · · ·Hk−1Hk = H1H2 · · ·Hk−1HkIpX
h?2M r2 ?�p2 i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb

Ip
γk−→Hk

γ
k−1−−−→Hk−1Hk

γ
k−2−−−→ · · · · · · · · · γ3−→H3 · · ·Hk−1Hk

γ2−→H2H3 · · ·Hk−1Hk
γ1−→H1H2H3 · · ·Hk−1Hk=A

h?2`27Q`2 Ip Bb `Qr@2[mBp�H2Mi iQ AX >2M+2 A Bb `Qr@2[mBp�H2Mi iQ IpX
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