
RXe GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2X

yX �bbmK2/ #�+F;`QmM/X

Ç RX8 GBM2�` +QK#BM�iBQMbX
Ç kXR avbi2Kb Q7 HBM2�` 2[m�iBQMbX

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç i?2 MQiBQM Q7 HBM2�` /2T2M/2M+2 �M/ i?�i Q7 HBM2�` BM/2T2M/2M+2- �M/ ?Qr i?2v �`2 `2H�i2/ �i i?2 HQ;B+�H H2p2H-
Ç ?Qr i?2 MQiBQM Q7 HBM2�` /2T2M/2M+2 �M/ i?�i Q7 HBM2�` BM/2T2M/2M+2 �`2 `2@7Q`KmH�i2/ BM i2`Kb Q7 ?QKQ;2M2Qmb

bvbi2Kb Q7 HBM2�` 2[m�iBQMb-
Ç ?Qr i?2 MQiBQM Q7 HBM2�` /2T2M/2M+2 �M/ i?�i Q7 HBM2�` BM/2T2M/2M+2 �`2 `2@7Q`KmH�i2/ BM i2`Kb Q7 HBM2�`

+QK#BM�iBQMbX
RX .2}MBiBQMX UGBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2 7Q` +QHmKMf`Qr p2+iQ`b Qp2` `2�H UQ` +QK@

TH2tV MmK#2`bXV
G2i u1,u2, · · · ,uq #2 +QHmKMf`Qr p2+iQ`b rBi? p `2�H UQ` +QKTH2tV 2Mi`B2bX Uh?2b2 q p2+iQ`b �`2 MQi �bbmK2/ iQ #2
T�B`rBb2 /BbiBM+iXV

U�V q2 b�v i?�i u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�H UQ` +QKTH2tV MmK#2`b B7 �M/ QMHv B7
i?2 bi�i2K2Mi (LD) ?QH/b,

(LD) h?2`2 2tBbi bQK2 `2�H UQ` +QKTH2tV MmK#2`b α1,α2, · · · ,αq bm+? i?�i α1u1 + α2u2 + · · ·+ αquq = 0p �M/
α1,α2, · · · ,αq �`2 MQi �HH x2`QX

h?2 2[m�HBiv α1u1 + α2u2 + · · · + αquq = 0p BM r?B+? α1,α2, · · · ,αq �`2 MQi �HH x2`Q Bb +�HH2/ � MQM@i`BpB�H
HBM2�` `2H�iBQM Q7 u1,u2, · · · ,uqX

U#V q2 b�v i?�i u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�H UQ` +QKTH2tV MmK#2`b B7 �M/ QMHv B7
i?2 bi�i2K2Mi (LI) ?QH/b,

(LI) 6Q` �Mv `2�H UQ` +QKTH2tV MmK#2`b α1,α2, · · · ,αq- B7 α1u1 +α2u2 + · · ·+αquq = 0p i?2M α1 = α2 = · · · =
αq = 0X

_2K�`Fb QM i2`KBMQHQ;B2bX
amTTQb2 u1,u2, · · · ,uq �`2 i?2 j1@i?- j2@i?- XXX- jq@i? +QHmKMbf`Qrb BM � K�i`Bt- b�v- A- rBi? `2�H UQ` +QKTH2tV
2Mi`B2bX
h?2M r2 b�v i?2 j1@i?- j2@i?- XXX- jq@i? +QHmKMbf`Qrb Q7 A �`2 HBM2�`Hv /2T2M/2MiffBM/2T2M/2Mi Qp2` i?2 `2�H UQ`
+QKTH2tV MmK#2`b B7 �M/ QMHv B7 u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiffBM/2T2M/2Mi Qp2` i?2 `2�H UQ` +QKTH2tV
MmK#2`bX
6m`i?2`KQ`2- B7 A Bb � (p× q)@K�i`Bt �M/ u1,u2, · · · ,uq �`2 2t�+iHv i?2 q +QHmKMbf`Qrb Q7 A- i?2M r2 rBHH b�v i?�i
i?2 +QHmKMbf`Qrb Q7 A �`2 HBM2�`Hv /2T2M/2MiffBM/2T2M/2Mi Qp2` i?2 `2�H UQ` +QKTH2tV MmK#2`bX

kX *QKK2Mib QM i?2 /2}MBiBQMbX
h?2 +QKK2Mib QM i?2 /2}MBiBQMb +QM+2`M2/ rBi? HBM2�` +QK#BM�iBQMb Q7 +QHmKMf`Qr p2+iQ`b �HbQ �TTHv ?2`2,ě

URV 6Q` bBKTHB+Biv Q7 T`2b2Mi�iBQM- r2 rBHH 7Q+mb QM HBM2�` /2T2M/2M+2fBM/2T2M/2M+2 7Q` +QHmKMf`Qr p2+iQ`b rBi?
`2�H 2Mi`B2b Qp2` `2�H MmK#2`bX
�M�HQ;Qmb /2}MBiBQMb- `2bmHib- �M/ �`;mK2Mib 7Q` i?Qb2 `2bmHib 7Q` HBM2�` /2T2M/2M+2fBM/2T2M/2M+2 7Q` +QH@
mKMf`Qr p2+iQ`b rBi? +QKTH2t 2Mi`B2b Qp2` +QKTH2t MmK#2`b +�M #2 Q#i�BM2/ BKK2/B�i2Hv #v +QMbBbi2MiHv
i?BMFBM; BM i2`Kb Q7 +QKTH2t MmK#2`b BMbi2�/ Q7 `2�H MmK#2`bX

UkV 6Q` 7m`i?2` bBKTHB+Biv Q7 T`2b2Mi�iBQM- r2 rBHH bi�i2 U�M/ T`Qp2V `2bmHib +QM+2`M2/ rBi? +QHmKM p2+iQ`b QMHv- �b
KQbi Q7 i?2 iBK2 BM i?Bb +Qm`b2 r2 M22/ +QHmKM p2+iQ`b `�i?2` i?�M `Qr p2+iQ`b
h?2 +Q``2bTQM/BM; `2bmHib +QM+2`M2/ rBi? `Qr p2+iQ`b +�M #2 Q#i�BM2/ #v ǵi�FBM; i`�MbTQb2Ƕ +QMbBbi2MiHvX

UjV 1p2`v `2bmHi +QM+2`M2/ rBi? HBM2�` /2T2M/2M+2fBM/2T2M/2M+2 Q7 +QHmKM p2+iQ`b +�M #2 `2@7Q`KmH�i2/ BM i2`Kb
Q7 K�i`Bt@p2+iQ` T`Q/m+ibX

jX 1t�KTH2 URVX UGBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2XV

U�V G2i u1 =





1
0
0
0
1



 ,u2 =





1
1
0
0
2



 ,u3 =





1
1
1
0
3



 ,u4 =





1
1
1
1
4



X

q2 p2`B7v i?�i u1,u2,u3,u4 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�H MmK#2`bX
�++Q`/BM; iQ /2}MBiBQM- i?Bb �KQmMib iQ p2`B7vBM; i?2 bi�i2K2Mi #2HQr,ě
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ǵ6Q` `2�H MmK#2`b α1,α2,α3,α4- B7 α1u1 + α2u2 + α3u3 + α4u4 = 05- i?2M α1 = α2 = α3 = α4 = 0XǶ
SB+F �Mv `2�H MmK#2`b α1,α2,α3,α4X amTTQb2 α1u1 + α2u2 + α3u3 + α4u4 = 05X
h?2M





α1 + α2 + α3 + α4
α2 + α3 + α4

α3 + α4
α4

α1 + 2α2 + 3α3 + 4α4



 = α1





1
0
0
0
1



+ α2





1
1
0
0
2



+ α3





1
1
1
0
3



+ α4





1
1
1
1
4



 = α1u1 + α2u2 + α3u3 + α4u4 = 05.

"v i?2 /2}MBiBQM Q7 K�i`Bt 2[m�HBiv- r2 Q#i�BM





α1 + α2 + α3 + α4 = 0
α2 + α3 + α4 = 0

α3 + α4 = 0
α4 = 0

α1 + 2α2 + 3α3 + 4α4 = 0

q2 ?�p2 α4 = 0X
aBM+2 α3 + α4 = 0- r2 ?�p2 α3 = 0X
aBM+2 α2 + α3 + α4 = 0- r2 ?�p2 α2 = 0X
aBM+2 α1 + α2 + α3 + α4 = 0- r2 ?�p2 α1 = 0X

U#V G2i u1 =





1
−1
0
0
0



 ,u2 =





0
1
−1
0
0



 ,u3 =





0
0
1
−1
0



 ,u4 =





0
0
0
1
−1



 ,u5 =





−1
0
0
0
1



X

q2 p2`B7v i?�i u1,u2,u3,u4,u5 �`2 HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�H MmK#2`bX
�++Q`/BM; iQ /2}MBiBQM- i?Bb �KQmMib iQ p2`B7vBM; i?2 bi�i2K2Mi #2HQr,ě

ǵh?2`2 2tBbi bQK2 `2�H MmK#2`b α1,α2,α3,α4,α5 bm+? i?�i α1u1 + α2u2 + α3u3 + α4u4 + α5u5 = 05 �M/
α1,α2,α3,α4,α5 �`2 MQi �HH x2`QXǶ

q2 MQi2 UrBi? � +H2p2` Q#b2`p�iBQMV i?�i

1 · u1 + 1 · u2 + 1 · u3 + 1 · u4 + 1 · u5 =





1
−1
0
0
0



+





0
1
−1
0
0



+





0
0
1
−1
0



+





0
0
0
1
−1



+





−1
0
0
0
1



 = 05.

h?2 MmK#2`b 1, 1, 1, 1, 1 �`2 +2`i�BMHv MQi �HH x2`QX

9X G2KK� URVX U_2@7Q`KmH�iBQM Q7 i?2 MQiBQM Q7 HBM2�` /2T2M/2M+2 BM i2`Kb Q7 ?QKQ;2M2Qmb bvbi2K Q7
HBM2�` 2[m�iBQMbXV
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ U Bb i?2 (p×q)@K�i`Bt ;Bp2M #v U = [ u1 u2 · · · uq ]X
h?2M i?2 bi�i2K2Mib (LD)- (LD0) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(LD) u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX
UP` 2[mBp�H2MiHv, h?2`2 2tBbi bQK2 MmK#2`b α1,α2, · · · ,αq bm+? i?�i α1u1 + α2u2 + · · · + αquq = 0p �M/
α1,α2, · · · ,αq �`2 MQi �HH x2`QXV

(LD0) h?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX

8X G2KK� UkVX U_2@7Q`KmH�iBQM Q7 i?2 MQiBQM Q7 HBM2�` BM/2T2M/2M+2 BM i2`Kb Q7 ?QKQ;2M2Qmb bvbi2K
Q7 HBM2�` 2[m�iBQMbXV
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ U Bb i?2 (p×q)@K�i`Bt ;Bp2M #v U = [ u1 u2 · · · uq ]X
h?2M i?2 bi�i2K2Mib (LI)- (LI0) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(LI) u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX
UP` 2[mBp�H2MiHv, 6Q` �Mv MmK#2`b α1,α2, · · · ,αq- B7 α1u1 + α2u2 + · · · + αquq = 0p i?2M α1 = α2 = · · · =
αq = 0XV

(LI0) h?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX
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eX GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2 #2BM; ǵQTTQbBi2 +QM+2TiǶ Q7 2�+? Qi?2`X
�M BKK2/B�i2 HQ;B+�H +QMb2[m2M+2 Q7 G2KK� URV- G2KK� UkV +QK#BM2/ Bb i?2 `2bmHi #2HQr- r?B+? BM7Q`Kb mb i?�i
i?2 MQiBQMb Q7 HBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2 �`2 ǵQTTQbBi2Ƕ iQ 2�+? Qi?2`- BM i?2 b2Mb2 i?�i #2BM; HBM2�`
/2T2M/2Mi Bb i?2 b�K2 �b #2BM; MQi HBM2�`Hv BM/2T2M/2Mi- r?BH2 #2BM; HBM2�` BM/2T2M/2Mi Bb i?2 b�K2 �b #2BM; MQi
HBM2�`Hv /2T2M/2MiX h?Bb Bb +QMbBbi2Mi rBi? i?2 /�BHv H�M;m�;2 mb2 Q7 i?2 rQ`/b ǵ/2T2M/2MiǶ- ǵBM/2T2M/2MiǶX
h?2Q`2K UjVX
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
h?2M u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2Mi B7 �M/ QMHv B7 u1,u2, · · · ,uq �`2 MQi HBM2�`Hv BM/2T2M/2MiX
U�M/ 2[mBp�H2MiHv, u1,u2, · · · ,uq �`2 MQi HBM2�`Hv /2T2M/2Mi B7 �M/ QMHv B7 u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiXV

dX h?2 �`;mK2Mi 7Q` G2KK� URV- G2KK� UkV `2HB2b QM i?2 `2bmHi #2HQr- H�#2HH2/ G2KK� (")- r?B+? /2b+`B#2b � ǵ/B+iBQ@
M�`vǶ #2ir22M HBM2�` +QK#BM�iBQMb Q7 +QHmKM p2+iQ`b �M/ K�i`Bt@p2+iQ` T`Q/m+ib,ě
G2KK� (")X
G2i A #2 �M (p× q)@K�i`Bt �M/ t #2 � +QHmKM p2+iQ` rBi? q 2Mi`B2bX
amTTQb2 i?�i 7Q` 2�+? j = 1, 2, · · · , q- i?2 j@i? +QHmKM Q7 A Bb aj �M/ i?2 j@i? 2Mi`v Q7 t Bb tj X

UaQ A = [ a1 a2 · · · aq ] �M/ t =





t1
t2
XXX
tq



XV

h?2M At = t1a1 + t2a2 + · · ·+ tqaqX

3X S`QQ7 Q7 G2KK� URVX
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ U Bb i?2 (p×q)@K�i`Bt ;Bp2M #v U = [ u1 u2 · · · uq ]X

U�V amTTQb2 i?2 bi�i2K2Mi (LD) ?QH/b, u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX
(_Qm;?rQ`FX
q2 r�Mi iQ p2`B7v i?2 bi�i2K2Mi (LD0), ǵh?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b bQK2 MQM@i`BpB�H bQHm@
iBQMXǶ
"v /2}MBiBQM- Bi bm{+2b iQ M�K2 U�7i2` K�FBM; �M 2/m+�i2/ ;m2bbV bQK2 MQM@i`BpB�H bQHmiBQM 7Q` LS(U, 0p)-
�M/ iQ DmbiB7v i?2 +H�BKb BMpQHp2/X
G2KK� (") ?BMib �i r?�i r2 K�v i`vX)

h?2M- #v �bbmKTiBQM- i?2`2 2tBbi bQK2 MmK#2`b α1,α2, · · · ,αq bm+? i?�i α1u1 + α2u2 + · · ·+ αquq = 0p �M/
α1,α2, · · · ,αq �`2 MQi �HH x2`QX

.2}M2 t =





α1
α2
XXX
αq



X "v /2}MBiBQM- t #= 0qX

q2 ?�p2 Ut = α1u1 + α2u2 + · · ·+ αquq = 0pX
h?2M t Bb � MQM@i`BpB�H bQHmiBQM Q7 i?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p)X
Ai 7QHHQrb i?�i i?2 bi�i2K2Mi (LD0) ?QH/bX

U#V amTTQb2 i?2 bi�i2K2Mi (LD0) ?QH/b, h?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX
(_Qm;?rQ`FX
q2 r�Mi iQ p2`B7v i?2 bi�i2K2Mi (LD), ǵu1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiXǶ
"v /2}MBiBQM- Bi bm{+2b iQ M�K2 U�7i2` K�FBM; �M 2/m+�i2/ ;m2bbV bQK2 �TT`QT`B�i2 MmK#2`b α1,α2, · · · ,αq

7Q` r?B+? i?2 2[m�HBiv α1u1 + α2u2 + · · ·+ αquq = 0p- �M/ iQ DmbiB7v i?2 +H�BKb BMpQHp2/X
G2KK� (") ?BMib �i r?�i r2 K�v i`vX)

"v �bbmKTiBQM- r2 K�v i�F2 bQK2 MQM@i`BpB�H bQHmiBQM bQHmiBQM t 7Q` LS(U, 0p)X "v /2}MBiBQM- Ut = 0p �M/
t #= 0qX
.2MQi2 #v αj i?2 j@i? 2Mi`v Q7 t 7Q` 2�+? j = 1, 2, · · · , qX aBM+2 t #= 0q- i?2 MmK#2`b α1,α2, · · · ,αq �`2 MQi �HH
x2`QX
�HbQ- α1u1 + α2u2 + · · ·+ αquq = Ut = 0pX
Ai 7QHHQrb i?�i i?2 bi�i2K2Mi (LD) ?QH/bX

NX S`QQ7 Q7 G2KK� UkVX
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ U Bb i?2 (p×q)@K�i`Bt ;Bp2M #v U = [ u1 u2 · · · uq ]X

j

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



U�V amTTQb2 i?2 bi�i2K2Mi (LI) ?QH/b, u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX
(_Qm;?rQ`FX
q2 r�Mi iQ /2/m+2 i?2 bi�i2K2Mi (LI0), ǵh?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMXǶ
"2+�mb2 i?2 ?QKQ;2M2Qmb bvbi2K /2}MBi2Hv ?�b i?2 i`BpB�H bQHmiBQM 0q- Bi bm{+2b iQ b?Qr i?�i 2p2`v bQHmiBQM
Q7 i?2 bvbi2K Bb i?2 i`BpB�H bQHmiBQMX)

amTTQb2 t Bb � bQHmiBQM Q7 i?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p)X h?2M Ut = 0pX
(6m`i?2` `Qm;?rQ`FX
q2 �bF r?2i?2` t Bb ǵ7Q`+2/Ƕ BMiQ #2BM; i?2 i`BpB�H bQHmiBQM Q7 LS(U, 0p)X)

6Q` 2�+? j- /2MQi2 i?2 j@i? 2Mi`v Q7 t #v αj X
q2 ?�p2 α1u1 + α2u2 + · · ·+ αquq = Ut = 0pX
h?2M- #v �bbmKTiBQM- α1 = α2 = · · · = αp = 0X
h?2`27Q`2 t = 0q- �M/ t Bb i?2 i`BpB�H bQHmiBQM Q7 i?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p)X
Ai 7QHHQrb i?�i i?2 bi�i2K2Mi (LI0) ?QH/bX

U#V amTTQb2 i?2 bi�i2K2Mi (LI0) ?QH/b, h?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX
(_Qm;?rQ`FX
q2 r�Mi iQ /2/m+2 i?2 bi�i2K2Mi (LI), ǵ6Q` �Mv MmK#2`b α1,α2, · · · ,αq- B7 α1u1+α2u2+ · · ·+αquq = 0p

i?2M α1 = α2 = · · · = αq = 0XǶ)
SB+F �Mv MmK#2`b α1,α2, · · · ,αqX amTTQb2 α1u1 + α2u2 + · · ·+ αquq = 0pX

(6m`i?2` `Qm;?rQ`FX
q2 �bF r?2i?2` α1,α2, · · · ,αq �`2 �HH x2`QX
G2KK� (") bm;;2bib r2 K�v i`�MbH�i2 i?Bb [m2biBQM BMiQ bQK2i?BM; BM r?B+? i?2 �bbmKTiBQM +�M #2 �TTHB2/X)

.2}M2 t =





α1
α2
XXX
αq



X

q2 ?�p2 Ut = α1u1 + α2u2 + · · ·+ αquq = 0pX
h?2M #v /2}MBiBQM- t Bb � bQHmiBQM Q7 i?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p)X
aBM+2 LS(U, 0p) ?�b MQ MQMi`BpB�H bQHmiBQM- t Bb i?2 i`BpB�H bQHmiBQM Q7 LS(U, 0p)X h?2M t = 0qX
h?2`27Q`2 α1 = α2 = · · · = αq = 0X
Ai 7QHHQrb i?�i i?2 bi�i2K2Mi (LI) ?QH/bX

RyX h?2 MQiBQMb Q7 HBM2�` /2T2M/2M+2 �M/ HBM2�` +QK#BM�iBQMb �`2 HBMF2/ iQ;2i?2` BM i?2 `2bmHi #2HQr,
h?2Q`2K U9VX UGBM2�` /2T2M/2M+2 `2@7Q`KmH�i2/ BM i2`Kb Q7 HBM2�` +QK#BM�iBQMbXV
amTTQb2 u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(†1) u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX
(†2) �i H2�bi QM2 +QHmKM p2+iQ` �KQM;bi u1,u2, · · · ,uq Bb � HBM2�` +QK#BM�iBQM Q7 i?2 Qi?2`bX

_2K�`FX h?2Q`2K U9V bm;;2bib r?v Bi K�F2b T2`72+i b2Mb2 7Q` mb iQ mb2 i?2 rQ`/ ǵ/2T2M/2M+2Ƕ BM i?2 T?`�b2
ǵHBM2�` /2T2M/2M+2ǶX AM TH�BM rQ`/b- i?Bb `2bmHi b�vb i?�i � HBbi Q7 }MBi2Hv K�Mv U+QHmKMV p2+iQ`b �`2 HBM2�`Hv /2T2M/2Mi
2t�+iHv r?2M �i H2�bi QM2 Q7 i?2b2 p2+iQ`b +�M #2 `2;�`/2/ iQ #2 ǵ/2T2M/2MiǶ Q7 i?2 Qi?2`b i?`Qm;? #2BM; `2@2tT`2bb2/
�b � HBM2�` +QK#BM�iBQM Q7 i?2 Qi?2`bX

RRX 1t�KTH2 UkVX UAHHmbi`�iBQM Q7 i?2 B/2� BM h?2Q`2K U9VXV

q`Bi2 u1 =





1
2
3
4
5



- u2 =





1
3
5
7
9



- u3 =





0
1
2
3
4



- u4 =





0
0
1
3
5



- u5 =





0
0
0
1
2



X

q2 ?�p2 i?2 2[m�HBiv
(#) : 1 · u1 + (−1)u2 + 2u3 + (−2)u4 + 3u5 = 05.
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*QBM+B/2Mi�HHv- i?2 2[m�HBiB2b #2HQr �HbQ ?QH/,

($1) : u1 = 1 · u2 − 2u3 + 2u4 − 3u5

($2) : u2 = 1 · u1 + 2u3 + (−2)u4 + 3u5

($3) : u3 = −1

2
u1 +

1

2
u2 + 1 · u4 −

3

2
u5

($4) : u4 =
1

2
u1 −

1

2
u2 + 1 · u3 +

3

2
u5

($5) : u5 = −1

3
u1 +

1

3
u2 −

2

3
u3 +

2

3
u4

h?Bb Bb BM 7�+i MQi Dmbi � +QBM+B/2M+2X
h?2Q`2K U9V BM7Q`Kb mb �#Qmi i?2 HQ;B+�H `2H�iBQMb Q7 i?2 2[m�HBiB2b (#), ($1), ($2), ($3), ($4), ($5),ě

Ç "2+�mb2 i?2 2[m�HBiv (#) ?QH/b- r2 2tT2+i �i H2�bi QM2 Q7 i?2 2[m�HBiB2b Q7 i?2 7Q`K Q7 ($1), ($2), ($3), ($4), ($5)
rBHH ?QH/X

Ç "2+�mb2 �i H2�bi QM2 Q7 i?2 2[m�HBiB2b ($1), ($2), ($3), ($4), ($5) ?QH/b- r2 2tT2+i �M 2[m�HBiv Q7 i?2 7Q`K Q7 (#) rBHH
?QH/X

RkX S`QQ7 Q7 h?2Q`2K U9VX
amTTQb2 u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX

U�V amTTQb2 i?2 bi�i2K2Mi (†1) ?QH/b, u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX
h?2M i?2`2 2tBbi bQK2 MmK#2`b α1,α2, · · · ,αq bm+? i?�i α1u1 +α2u2 + · · ·+αquq = 0p �M/ α1,α2, · · · ,αq �`2
MQi �HH x2`QX
"v �bbmKTiBQM- �i H2�bi QM2 Q7 α1,α2, · · · ,αq Bb MQM@x2`QX
h?2M r2 K�v �bbmK2- rBi?Qmi HQbb Q7 ;2M2`�HBiv- i?�i α1 #= 0X
LQr #v �bbmKTiBQM- u1 = (−α2

α1
)u2 + (−α3

α1
)u3 + · · ·+ (−αq

α1
)uqX

>2M+2 u1 Bb � HBM2�` +QK#BM�iBQM Q7 u2,u3, · · · ,uqX
Ai 7QHHQrb i?�i i?2 bi�i2K2Mi (†2) ?QH/bX

U#V amTTQb2 i?2 bi�i2K2Mi (†2) ?QH/b, �i H2�bi QM2 p2+iQ` �KQM;bi u1,u2, · · · ,uq Bb � HBM2�` +QK#BM�iBQM Q7 i?2
Qi?2`bX
h?2M r2 K�v �bbmK2- rBi?Qmi HQbb Q7 ;2M2`�HBiv- i?�i u1 Bb � HBM2�` +QK#BM�iBQM Q7 u2,u3, · · · ,uqX
h?2M i?2`2 2tBbi bQK2 MmK#2`b β2,β3, · · · ,βq bm+? i?�i u1 = β2u2 + β3u3 + · · ·+ βquqX
h?2`27Q`2 1 · u1 + (−β2)u2 + (−β3)u3 + · · ·+ (−βq)uq = 0pX
h?Bb Bb � MQM@i`BpB�H HBM2�` `2H�iBQM Q7 u1,u2, · · · ,uqX
>2M+2 u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX
Ai 7QHHQrb i?�i i?2 bi�i2K2Mi (†1) ?QH/bX

RjX qBi? � Tm`2Hv HQ;B+�H +QMbB/2`�iBQM UFMQrM �b +QMi`�@TQbBiBpBivV- r2 Q#i�BM i?2 `2@7Q`KmH�iBQM Q7 h?2Q`2K U9V #2HQrX
h?2Q`2K U8VX U*Q`QHH�`v URV iQ h?2Q`2K U9VXV
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(∼†1) u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX
(∼†2) LQM2 Q7 i?2 +QHmKM p2+iQ` �KQM;bi u1,u2, · · · ,uq Bb � HBM2�` +QK#BM�iBQM Q7 i?2 Qi?2`bX

_2K�`FX h?2 MQiBQM Q7 HBM2�` BM/2T2M/2M+2 +�M #2 mM/2`biQQ/ i?`Qm;? i?Bb `2@7Q`KmH�iBQM Q7 h?2Q`2K U8V, Bi
+Q``2bTQM/b iQ Qm` ?2m`BbiB+ mM/2`bi�M/BM; Q7 i?2 rQ`/ BM/2T2M/2M+2 BM /�BHv H�M;m�;2X

R9X �MQi?2` +QMb2[m2M+2 Q7 h?2Q`2K U9V Bb i?2 `2bmHi #2HQrX
h?2Q`2K UeVX U*Q`QHH�`v UkV iQ h?2Q`2K U9VXV
G2i u1,u2, · · · ,uq,v #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX
h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(††1) u1,u2, · · · ,uq,v �`2 HBM2�`Hv /2T2M/2MiX
(††2) v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
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R8X S`QQ7 Q7 h?2Q`2K UeVX
G2i u1,u2, · · · ,uq,v #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX

U�V amTTQb2 i?2 bi�i2K2Mi (††1) ?QH/b, u1,u2, · · · ,uq,v �`2 HBM2�`Hv /2T2M/2MiX
h?2M i?2`2 2tBbi bQK2 MmK#2`b α1,α2, · · · ,αq,β bm+? i?�i α1u1+α2u2+· · ·+αquq+βv = 0p �M/ α1,α2, · · · ,αq,β
�`2 MQi �HH x2`QX
q2 p2`B7v i?�i β #= 0- rBi? i?2 ?2HT Q7 i?2 K2i?Q/ Q7 T`QQ7@#v@+QMi`�/B+iBQM,

Ç amTTQb2 Bi r2`2 i`m2 i?�i β = 0X
h?2M α1u1 + α2u2 + · · ·+ αquq = 0 �M/ α1,α2, · · · ,αq r2`2 MQi �HH x2`QX
h?2`27Q`2 u1,u2, · · · ,uq rQmH/ #2 HBM2�`Hv /2T2M/2MiX
*QMi`�/B+iBQM �`Bb2bX

�b β #= 0- r2 ?�p2 v = (−α1

β
)u1 + (−α2

β
)u2 + · · ·+ (−αq

β
)uqX

h?2`27Q`2 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
Ai 7QHHQrb i?�i i?2 bi�i2K2Mi (††2) ?QH/bX

U#V amTTQb2 i?2 bi�i2K2Mi (††2) ?QH/b, v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
h?2M i?2`2 2tBbi bQK2 MmK#2`b γ1, γ2, · · · , γq bm+? i?�i v = γ1u1 + γ2u2 + · · ·+ γquqX
h?2`27Q`2 γ1u1 + γ2u2 + · · ·+ γquq − 1 · v = 0pX
>2M+2 u1,u2, · · · ,uq,v �`2 HBM2�`Hv /2T2M/2MiX
Ai 7QHHQrb i?�i i?2 bi�i2K2Mi (††1) ?QH/bX

ReX qBi? � Tm`2Hv HQ;B+�H +QMbB/2`�iBQM UFMQrM �b +QMi`�@TQbBiBpBivV- r2 Q#i�BM i?2 `2@7Q`KmH�iBQM Q7 h?2Q`2K UeV #2HQrX
h?2Q`2K UdVX U*Q`QHH�`v UjV iQ h?2Q`2K U9VXV
G2i u1,u2, · · · ,uq,v #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX
h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(∼††1) u1,u2, · · · ,uq,v �`2 HBM2�`Hv BM/2T2M/2MiX
(∼††2) v Bb MQi � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
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