
RX9 *QKKmiBM; K�i`B+2b p2`bmb MQM@+QKKmiBM; K�i`B+2bX

yX �bbmK2/ #�+F;`QmM/X

Ç RXR J�i`B+2b- K�i`Bt �//BiBQM- �M/ b+�H�` KmHiBTHB+�iBQM 7Q` K�i`B+2bX
Ç RXk J�i`Bt KmHiBTHB+�iBQMX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç i?2 MQiBQM Q7 +QKKmiBM; K�i`B+2b-
Ç i?2 MQM@+QKKmi�iBpBiv Q7 K�i`Bt KmHiBTHB+�iBQM BM ;2M2`�HX

q2 �HbQ MQi2 i?2 B/2�b BM,ě

Ç i?2 K2i?Q/ Q7 T`QQ7 #v K�i?2K�iB+�H BM/m+iBQM-
Ç i?2 MQiBQM Q7 +QmMi2`@2t�KTH2b 7Q` `27miBM; � bi�i2K2MiX

JQ`2 QM i?2 B/2�b rBHH #2 +Qp2`2/ BM i?2 �TT2M/B+2bX

RX .2}MBiBQMX U*QKKmiBM; K�i`B+2bXV
amTTQb2 A,B �`2 K�i`B+2bX
h?2M A,B �`2 b�B/ iQ +QKKmi2 rBi? 2�+? Qi?2` B7 �M/ QMHv B7 i?2 2[m�HBiv AB = BA ?QH/bX
q2 +�M �HbQ b�v i?�i A,B �`2 � T�B` Q7 +QKKmiBM; K�i`B+2bX
_2K�`FX *QKKmi�iBpBiv Bb ;m�`�Mi22/ 7Q` K�i`Bt �//BiBQMX h?2`2 Bb � ǵG�r Q7 *QKKmi�iBpBiv 7Q` K�i`Bt
�//BiBQMǶ- r?B+? `2�/b, ǵamTTQb2 A,B �`2 K�i`B+2b Q7 i?2 b�K2 bBx2X h?2M A+B = B +AǶX
"mi Bi Bb i?2 [m2biBQM Q7 +QKKmi�iBpBiv Bb ?B;?Hv MQMi`BpB�H 7Q` K�i`Bt KmHiBTHB+�iBQMX
:Bp2M �M �`#Bi`�`v T�B` Q7 K�i`B+2b- i?2`2 Bb MQ ;m�`�Mi22 i?�i i?2v +QKKmi2 rBi? 2�+? Qi?2`- �b i?2 2t�KTH2b
#2HQr BHHmbi`�i2X h?Bb Bb 2t�+iHv r?v bm+? � /2}MBiBQM Bb mb27mHX

kX 1t�KTH2 URVX U1t�KTH2b �M/ MQM@2t�KTH2b Q7 +QKKmiBM; K�i`B+2bXV

U�V h?2 (n× n)@x2`Q K�i`Bt +QKKmi2 rBi? 2p2`v (n× n)@b[m�`2 K�i`BtX
U#V h?2 (n× n)@B/2MiBiv K�i`Bt +QKKmi2 rBi? 2p2`v (n× n)@b[m�`2 K�i`BtX

U+V G2i A =
[
2 0
0 3

]
- B =

[
6 0
0 5

]
X

q2 ?�p2
AB = · · · =

[
12 0
0 15

]
, BA = · · · =

[
12 0
0 15

]
.

h?2M AB = BAX h?2`27Q`2 A,B +QKKmi2 rBi? 2�+? Qi?2`X

U/V G2i A =

[
0 0 1
1 0 0
0 1 0

]
- B =

[
0 1 0
0 0 1
1 0 0

]
X

q2 ?�p2

AB = · · · =
[

1 0 0
0 1 0
0 0 1

]
, BA = · · ·

[
1 0 0
0 1 0
0 0 1

]
.

h?2M AB = BAX h?2`27Q`2 A,B +QKKmi2 rBi? 2�+? Qi?2`X

U2V G2i A =
[
0 1 0
2 3 1

]
- B =

[
2 0
1 2
1 1

]
X

AB =
[
0 1 0
2 3 1

][ 2 0
1 2
1 1

]
= · · · =

[
1 2
8 7

]
X

BA =

[
2 0
1 2
1 1

][
0 1 0
2 3 1

]
= · · · =

[
0 2 0
4 7 2
2 4 1

]
X

aQ Bi 7QHHQrb i?�i AB "= BAX
UAB- BA �`2 MQi 2p2M +QKT�`�#H2- �b i?2v �`2 MQi Q7 i?2 b�K2 bBx2XV
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U7V G2i A =
[
0 1
0 0

]
- B =

[
1 0
0 0

]
X

AB =
[
0 1
0 0

][
1 0
0 0

]
= · · · =

[
0 0
0 0

]
= O2×2X

BA =
[
1 0
0 0

][
0 1
0 0

]
= · · · =

[
0 1
0 0

]
= AX

aQ Bi 7QHHQrb i?�i AB "= BAX h?2`27Q`2 A,B /Q MQi +QKKmi2 rBi? 2�+? Qi?2`X

U;V G2i A =
[

0 1
−1 0

]
- B =

[
1 1
0 1

]
X

q2 ?�p2
AB = · · · =

[
0 1
−1 1

]
, BA = · · · =

[ −1 1
−1 0

]
.

h?2M AB "= BAX h?2`27Q`2 A,B /Q MQi +QKKmi2 rBi? 2�+? Qi?2`X

U?V G2i A =
[
1 1
0 0

]
- B =

[
0 0
1 1

]
X

q2 ?�p2
AB = · · · =

[
1 1
0 0

]
, BA = · · · =

[
0 0
1 1

]
.

h?2M AB "= BAX h?2`27Q`2 A,B /Q MQi +QKKmi2 rBi? 2�+? Qi?2`X

_2K�`FX q?�i bQK2 T�`ib Q7 1t�KTH2 URV ?�b iQH/ mb Bb i?�i i?2 bi�i2K2Mib (!), (!!) �`2 7�Hb2,ě

(!) amTTQb2 A Bb �M (m× n)@K�i`Bt �M/ B Bb �M (n×m)@K�i`BtX h?2M AB = BAX
(!!) amTTQb2 A,B �`2 (n× n)@K�i`B+2bX h?2M AB = BAX

h?2 +QMi2Mi Q7 T�`i U2V Q7 1t�KTH2 URV Bb `272``2/ iQ �b � +QmMi2`@2t�KTH2 �;�BMbi i?2 bi�i2K2Mi (!)X
h?2 +QMi2Mi Q7 T�`i U7V Q7 1t�KTH2 URV Bb `272``2/ iQ �b � +QmMi2`@2t�KTH2 �;�BMbi i?2 bi�i2K2Mi (!!)X
6m`i?2` `2K�`FX q2`2 2Bi?2` Q7 (!)- (!!) i`m2- r2 rQmH/ ?�p2 bQK2i?BM; i?�i rQmH/ #2 +�HH2/ ǵG�r Q7 *QK@
Kmi�iBpBiv 7Q` K�i`Bt KmHiBTHB+�iBQMǶX h?2 7�HbBiv Q7 #Qi? (!)- (!!) b�vb i?�i i?2`2 Bb MQ bm+? i?BM; �b ǵG�r Q7
*QKKmi�iBpBiv 7Q` K�i`Bt KmHiBTHB+�iBQMǶX

jX G2KK� URVX
G2i A,B #2 (p × p)@b[m�`2 K�i`BtX amTTQb2 A,B +QKKmi2 rBi? 2�+? Qi?2`X h?2M- 7Q` �Mv TQbBiBp2 BMi2;2` n- i?2
K�i`B+2b A,Bn +QKKmi2 rBi? 2�+? Qi?2`X
S`QQ7 Q7 G2KK� URVX
G2i A,B #2 (p× p)@b[m�`2 K�i`BtX amTTQb2 A,B +QKKmi2 rBi? 2�+? Qi?2`X
(q2 r�Mi iQ /2/m+2

ǵ7Q` �Mv TQbBiBp2 BMi2;2` n- i?2 K�i`B+2b A,Bn +QKKmi2 rBi? 2�+? Qi?2`︸ ︷︷ ︸
P (n)

Ƕ

rBi? �M �TTHB+�iBQM Q7 K�i?2K�iB+�H BM/m+iBQM,ě

Ç q2 /2/m+2 i?2 K�i`B+2b A,B1 +QKKmi2 rBi? 2�+? Qi?2`︸ ︷︷ ︸
P (1)

X

Ç q2 /2/m+2 i?�i
7Q` 2�+? TQbBiBp2 BMi2;2` k- B7 i?2 K�i`B+2b A,Bk +QKKmi2 rBi? 2�+? Qi?2`︸ ︷︷ ︸

P (k)

i?2M i?2 K�i`B+2b A,Bk+1 +QKKmi2 rBi? 2�+? Qi?2`︸ ︷︷ ︸
P (k + 1)

.

q2 +QKTH2i2 i?2 T`Q+2/m`2 #v +BiBM; i?2 ǵS`BM+BTH2 Q7 J�i?2K�iB+�H AM/m+iBQMǶX)
q2 /2MQi2 #v P (n) i?2 T`QTQbBiBQM ǵA,Bn +QKKmi2 rBi? 2�+? Qi?2`ǶX

Ç LQi2 i?�i B1 = BX
"v �bbmKTiBQM- A,B +QKKmi2 rBi? 2�+? Qi?2`X
>2M+2 P (1) Bb i`m2X
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Ç G2i k #2 � TQbBiBp2 BMi2;2`X amTTQb2 P (k) Bb i`m2X Uh?2M ABk = BkAXV
(q2 r�Mi iQ p2`B7v i?2 2[m�HBiv ABk+1 = Bk+1AX)
q2 ?�p2

ABk+1 = (AB)Bk U#v �bbQ+B�iBpBiv Q7 K�i`Bt KmHiBTHB+�iBQMV
= (BA)Bk U#v P (1)V
= B(ABk) U#v �bbQ+B�iBpBiv Q7 K�i`Bt KmHiBTHB+�iBQMV
= B(BkA) U#v P (k)V
= Bk+1A U#v �bbQ+B�iBpBiv Q7 K�i`Bt KmHiBTHB+�iBQMV

>2M+2 P (k + 1) Bb i`m2X

"v i?2 S`BM+BTH2 Q7 J�i?2K�iB+�H AM/m+iBQM- P (n) Bb i`m2 7Q` �Mv TQbBiBp2 BMi2;2` nX

9X G2KK� UkVX
G2i A,B #2 (p × p)@b[m�`2 K�i`BtX amTTQb2 A,B +QKKmi2 rBi? 2�+? Qi?2`X h?2M- 7Q` �Mv TQbBiBp2 BMi2;2`b m,n-
i?2 K�i`B+2b Am, Bn +QKKmi2 rBi? 2�+? Qi?2`X
S`QQ7 Q7 G2KK� UkVX 1t2`+Bb2X U�TTHv G2KK� URVXV

8X h?2Q`2K UjVX U"BMQKB�H h?2Q`2K 7Q` +QKKmiBM; K�i`B+2bXV
G2i A,B #2 (p × p)@b[m�`2 K�i`BtX amTTQb2 A,B +QKKmi2 rBi? 2�+? Qi?2`X h?2M- 7Q` �Mv TQbBiBp2 BMi2;2` n- i?2
2[m�HBiv

(A+B)n = An +
(

n
1

)
An−1B +

(
n
2

)
An−2B2 + · · ·+

(
n
k

)
An−kBk + · · ·+

(
n

n− 1

)
ABn−1 +Bn

?QH/b X
S`QQ7 Q7 h?2Q`2K UjVX 1t2`+Bb2X U�TTHv K�i?2K�iB+�H BM/m+iBQMXV

eX *QKK2Mi QM h?2Q`2K UjVX q?2M r2 /2H2i2 i?2 rQ`/b

ǵamTTQb2 A,B +QKKmi2 rBi? 2�+? Qi?2`XǶ

7`QK i?2 bi�i2K2Mi Q7 h?2Q`2K UjV- r2 rBHH 2M/ mT rBi? i?2 7�Hb2 bi�i2K2Mi (!!!),ě

(!!!) amTTQb2 A,B �`2 (p× p)@b[m�`2 K�i`BtX h?2M- 7Q` �Mv TQbBiBp2 BMi2;2` n- i?2 2[m�HBiv

(A+B)n = An +
(

n
1

)
An−1B +

(
n
2

)
An−2B2 + · · ·+

(
n
k

)
An−kBk + · · ·+

(
n

n− 1

)
ABn−1 +Bn

?QH/b X

hQ +QMpBM+2 Qm`b2Hp2b i?�i (!!!) Bb BM/22/ 7�Hb2- r2 T`2b2Mi � +QmMi2`@2t�KTH2 �;�BMbi Bi UQ#i�BM2/ #v `2@mbBM; i?2
rQ`F BM T�`i U7V Q7 1t�KTH2 URVV,

Ç h�F2 A =
[
0 1
0 0

]
- B =

[
1 0
0 0

]
X Uh�F2 n = 2VX

q2 ?�p2 (A+B)2 =
[
1 1
0 0

]2
=

[
1 1
0 0

]
X

q2 �HbQ ?�p2 A2 = AB = O2×2- �M/ B2 = BX

h?2M A2 +
(

2
1

)
AB +B2 = A2 + 2AB +B2 = B =

[
1 0
0 0

]
X

h?2`27Q`2 (A+B)2 "= A2 +
(

2
1

)
AB +B2X
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