0.1 Matrix multiplication.

0. Assumed background.
e 1.1 Matrices, matrix addition, and scalar multiplication for matrices.

Abstract.  We introduce:—

e matrix multiplication (first for row vectors to column vectors from the left, then in the general situation through
presentation in blocks),

e properties of matrix multiplication,
e notions of square matrix and identity matrix,
e notion of positive powers of square matrices,

e presentation of matrix multiplication in terms of blocks.

1. Definition. (Multiplication of row vector to column vector from the left.)

Let A be a row vector with|n entries)and B be a column vector w1th[n entries. z

> @ _a(?_rggf,',v"/
Suppose A =[ a a @,&B: - | fe & LDKL(‘)
>

phovgh V% X\ ot
Then we define the product AB to be the\(l X 1)-matrix \ = NS j\,\s’t &

[ lllbl +a2b2 + - +anbn ]

W
For future convenience we abuse notations to confuse as the number a;b; + a;b, + -+ + a,b,. T 1)

2. Definition. (Multiplication of matrix to column vector from the left.) !

Let A be an (m X n)-matrix, and B be a column vector with n entries. B =
Ay
A | . L
Suppose A = |~ .|, in which Ay stands for the k-th row of A for each k. n
N -
A ™Y,

We define the product AB to be the column vector with m entries, given by A\Q ( S g low Veskor

A num bt >

A1B
AxB
AB = N
A,B 4 - Onany ~wetic
5=/
(For each k, the k-th entry of AB is the number A;B.) U)[M NI 2% 1'% ‘W
~ T
Remark. Denote the (i, j)-th entry of A by a;;. l; . LY\»L ‘ )
Denote the j-th entry of B by b;. o L | ) ek
Then the k-th entry of AB is given by the number ax1b1 + axbs + - - - + g by. A@ :
Writing out the entries in the matrices explicitly, we have UV‘I 8 | Calwines Me_
€l11b1 + a12b2 + -+ alnbn
I ” Wb+ apby—F -+ b
/-l—m — aml A ﬂm1b1 + ﬂmzbz + -+ am,,bn
3. Definition. (Matrix multi hcatlon ) T\\
’ (sl ) = A

Let A be an (m X n)-matrix, and B be an (n X p)-matrix.
Suppose B=[ B1 | B2 | -+ | B, |, in which By is the ¢-th column of B for each (.
We define the product AB to be the (m X p)-matrix given by

S4B @By (4B, | = (LR ebiX
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th

e®eX v
\fa n\re S»\t)j
(For each ¢, the £-th column of AB is the column vector AB, with m entries.)

\
Remark. Denote the (i, j)-th entry of A by a;;, Denote the (k, £)-th entry of B by by,. dredk 'U\"S Caw & l

=

Denote the i-th row of A by A;. .
Then the (i, {)-th entry of AB is given by the numbe‘[ AiBr = apbie + apbye + -+ - + a@ and

Zﬂub]‘p
j=1
ABy | A1By | -+ | AB, n AiB
AB AsBy | A2By | -+- | A2By Z a2bjp A,B
A, B : N = LT
”AI AwBi | AuBa | -+ | AuB, ) : ) : ) : A.B
P T mjbjp amjbjp -+ amjbjp
Am Rc [fg,ll?zl ]]J ]=Zl ]:Zl ; ]
[

4. Example (1). (Matrix multiplication.)

123 45 o2
@ Leac|2 380 g},B: 7
456 7 8 R
Write A;=[1 2 3 4 5], A=[2 3 4 5 6,As=[3 4 5 6 7], A,=[4 5 6 7 8]
0 5
1 6
Write B, = %,Bzz g B
4 9 A 5
A “+ S«
We h A—‘A%B—BB = xOt x| 32T EER
ehave A = | 77|, =[ B1| B2 ]. 9 e 12 To
;[4 — (_PO
Then
Aq A1B1 AiBs - 115
AB = | 22 |1 /; ‘@]_ ABr AyBy | _ | 50 150
- H3 1 2= AszBy A3B, | 7| 60 185 |
;L} A4Bl A4Bz 70 220
1 -11 6 1 70 ?
b LetA=|S 5 5 4 ‘32‘,32 a1 2
1 2 3 2 0 4 2 -3
6 3 4
We have
1116 193 %7 28 20 -18
apo|6 4 1 4 23 0 |17 -13 -4
23 2-1 3|5 53 Z|77|20 3 1
123 2 ol ¢ 3 73 10 -1 -3

5. Theorem (1). (Distributive Laws for addition and multiplication of matrices.)

(1) Suppose A is an (m X n)-matrix and B, C are (n X p)-matrices. Then A(B + C) = (AB) + (AC).

(2) Suppose A, B are (m X n)-matrices and C is an (n X p)-matrix. Then (A + B)C = (AC) + (BC).
Remark on notations.  We will dispense with the brackets in ‘(AB) + (AC)’, “(AC) + (BC)’, and simply write
‘AB + AC’,’AC + BC’ respectively.
Proof of Statement (1) of Theorem (1).

Suppose A is an (m X n)-matrix and B, C are (n X p)-matrices.

(a) Suppose m =1 and p = 1 for the moment. (So A is a row vector and B, C are column vectors.)
. ) —_— e —
{ For each j, denote the (1, j)-th entry of A by 4;;. we. Witk A 6§

For each k, denote the (k, 1)-th entries of B, C respectively by(m G N/ | ]
/\ . Eal 1, L, /
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The (k, 1)-th entry of B, C is given by by + cx1.

By definition, A=
AB = [ anbn +anba + - +a1,bn |
AC = [ apcnn +anc + -+ a1,0n1 |
:LX(B +C) = [ an(bir +cn) + a2l +c21) + - +a1,(b + ) ]
Then

AB+C) [ a11(b11 +c11) +aa(bor +c21) + -+ + a1 (b1 +cp1) |

[ (@1bi1 +aby + -+ + a1bur) + (@161 + a12c21 + - -+ + a14Cn1) |

[ @b +anbo + -+ a1nby |+ [ anci +acn + - + 41,6 |

= AB+AC -
(b) We now still suppose p = 1, but leave the value of m un-restricted. by
T T~
For each i, denote the i-th row of A by A;. V. ¢ ave kb Colwnn Ve ctYS
By the calculation above, we have A;(B + C) = A;B + A;C.
Then Ths IS due tv (&)
Aq Al(B + C) f A1B+ A,C A1B AC
17[2 AQ(B + C) ArB+ A,C A>B A,C
AB+C) = : (B+C)= : = : = : + : =AB + AC.
A Am(B +C) AmB + AnC AnB AnC
(c) We now leave the values of m, p un-restricted. T o te
For each j, denote the j-th columns of B, C by Bj, C; respectively. )@ u CA 8) L ( A AN

By the calculation above, we have A(B; + C;) = AB; + AC;.
Then n

AB+C) = A[Bl+C1‘Bz+C2""‘BP+CP] = Za-‘\\j‘ b]r’(
[ AB1+C1) |AB2+Co) | -+ | ABy +Cp) ] )=

= [ ABy | ABy |-+ | AB, |+[ AC | AC, | --- | AC, | = AB + AC

0 The 0 Yeme
Proof of Statement (2) of Theorem (1). This is left as an exercise. (Imitate what is done above.)

. Theorem (2).

Suppose A is an (m X n)-matrix and B is an (n X p)-matrix. Suppose A is a real number.

Then A(AB) = (AA)B = A(AB).

Remark on notations. We will dispense with the brackets in “A(AB)’, “(AA)B’, and simply write ‘AAB’.
Proof of Theorem (2).  Exercise. whew 3’” @y oM peA D ﬂu Ehon, be W"‘ﬁ"f wth G

. Definition. (Square matrix.) mxn ., nxp o py 2, ixl« S

; Df memces

A matrix with the same number of rows and columns is called a square matrix.

. Theorem (3). (’Wof ‘multiplicative identity” for matrix multiplication.)

There is a unique (n X n)-square matrix M such that for any (n X n)-square matrix A, the equalities ‘MA = A’,

"AM = A’ hold.
Nuvmbg, ' o

Proof of Theorem (3). "ﬂ\e , 'S 1%44 ,hy oddi Ron We WGt to

S B] e b 7 v teb v/

DefineM = | . . id&/b’"k? ’Eﬂ} /_\
8 8 8 hetiph €XT0A D]C 7t A = A
o Veod —twrher$S
Define 6;; = { (1) g z ; ; . (‘64" is called the Kronecker symbol.)

At o) o
Then the (i, j)-th entry of M is 6;; for each i, j. \ = 0
[We intend to verify two things: ,E\w O"U Koo hueber’ Q@
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L WS s et Mg FAM A el
(1) The equalities 'MA = A’, ’AM = A’ hold fot anyknxn)-matrij. q[sv (,H\.J A . P C?‘ﬁjll ,

(2) Ifsome (nxn)-matrix P possesses the property that both equalities 'PA = A’, ’AP = A’ hold for any (nXn)-matrix
A’, then P = M.

) t O
We proceed with (1), (2) separately.] l\{/ A - (‘O O >

(1) Let A be an (n X n)-matrix with its (i, j)-th entry given by a;;.

e @ thed &
(52 )

+ By the definition of matrix multiplication, the (7, j)-th entry of MA is given by

Oindnj + Oipfizj + Oiafizj + - -+ + Oinflnj = Ojidlij = aj.

- O ¢
Hence MA = A. -
+ By the definition of matrix multiplication, the (7, j)-th entry of MA is given by {V\ /)\ - A= A M
aﬂélj + 611'2(52]' + Ll,'363]‘ +--+ amén]- = Lli]'(s]']' = ajj. lﬁ_
wherg & (& -]
Hence AM = A. P
. . . Vel alrher, hence
(2) Let P be an (n X n)-matrix. Suppose AP = A = PA for any (n X n)-matrix A.
Then in particular, (because M is an (1 X n)-matrix), we have MP = M = PM. Y ro-t NS T"Q’ .

Since P is an (n X n)-matrix, we h@\}/\e PM = P from the calculations above.
|
Hence M = PM = P.
e FRde ) W Voporked oy Thm (2) in
9. Definition. (Identity matrix.) e ons  hele

For each positive integer n, the (n X n)-square matrix whose (k, k)-th entry is 1 for each k and whose every other
entry is 0, given explicitly by

is called the (n x n)-identity matrix.

It is denoted by I,,. . 0.{;

tis denoted by In e T e A
10. Theorem (4). [\K)

Suppose A is az{m Then the equa]jtjes"ImA = A:\l’AIn = A'hold. , the 2 duct
= | ——

Proof of Theorem (4). Exercise. (Imitate (the relevant portion of) the argument for Theorem (4).)

11. Theorem (5). (Associativity of matrix multiplication.)
Suppose A is an (m X @-matrix, Bisan (g X p)-matrix, and C is a ((p x q)-matrix. Then A(BC) = (AB)C.
(ane

Remark. We will give a proof for Theorem (5) later. (The argument is not hard. It is in the same spirit as the
argument for Theorem (1), but the work in keeping track of symbols is more ‘involved’.)

Because of this result, we may write ‘(AB)C’, “A(BC)’ simply as ABC, unless we want to emphasize that associativity
of matrix multiplication is used.

In the light of this result, the definition below, for the notion of positive integral powers of square matrices, makes
perfect sense. A D’E Soe (AN )

12. Definition. (Positive integral powers of s atrices)/
Let n be a positive integer. Suppose A is a square matriy.

The n-th power of A is defined to be the square matrix AAA --- AAA.
———

n copies of A

It is denoted by A".

13. Example (2). (Positive integral powers of square matrices.)
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Yo con cdcllcete ﬂl A, AY b&{ka bl ues

0 011 0 é
(a) LetA = *8-—%)‘ (1) . (Note that A itself is neither I; nor —I3.)
1 0/0 0
0100 0001 100 0 . o YW
. , 1000, |l0o010]|, 0100/ O}WZSJV‘DV\‘-&IO
{ho{’l We have A“ = LAY = , A% = =1y ,
Sthatt 000 1 1000 0010 ] loy  hetTi N
bricws 0010 0100 000 1 %Mom‘f
HicwGwbh 5
n - ~ At
. 0100 017k . NN -
PF'OV hﬁh\)(\\/ 01900 \‘W }’zp.,(f\"m‘hb(f, A } | & ﬁ‘ LCE 1«, ZLP) Sncl
(b) LetB=| 0 0 0 3 0 |. (Note that B itself is not the zero matrix.) ¢ 1 (t
090998 AR woT b
W % s o hemberl 00 0 00 o
F T 00200 0006 0 0000 24
X o 7 v, 0006 0 000 0 24 0000 0
WehaveB?=|0 0 0 0 12 ||B*={0 0 0 0 0 |B*=|0 0 0 0 0 | B =0s0s
. 0000 O 0000 O 0000 O
R\/L\Q/V*‘"mwé, 0000 O 0000 O 0000 O

thie doesnt b

Remark. The various parts of Example (2) have told us that the statements (1), () are false:—
(t) Suppose that A is a (n X n)-square matrix with real entries. Further that suppose there is some positive p such
that A» =1,,. ThenA =1, 0orA = —I,.
() Suppose that B is a square matrix. Further suppose that B is not the zero matrix. Then, for each positive
integer p, BY is not the zero matrix. >(
The content of part (a) of Example (2) is referred to as a counter-example against the statement (1).
The content of part (b) of Example (2) is referred to as a counter-example against the statement ().

14. Proof of Theorem (5).

Suppose A is an (m X n)-matrix, B is an (1 X p)-matrix, and C is a (p X g)-matrix.

(a) Supposem =1 and\;{: 1 for the moment. (So A is a row vector and C is a column vector.)

S A= -+ a4y l,andC=| . |. - — ¢
uppose A =[m2 o Jan ; (1XP)  tpw)) 1| = men K,
P

Denote the (j, k)-th entry by bjx. Denote the j-th row of B by Bygy-j. Denote the k-th column of B by B.«-

211 212 T glp Brow-l
21 U -0 D Brow-2
(So B =[ Beol1 ‘ Beol2 ‘ ‘ Bcol-p ] = . . :P = 1‘0:W
b b o by | Bown
We claim that each of (AB)C, A(BC) is the sum of all the a;bjxci’s, each copy exactly once.
e We have
AB = A[ Beol-1 ‘ Beola ‘ ‘ Bcol—p ]Z[ ABcol1 ‘ ABol2 ‘ ‘ ABcol-p ] b\)
’ n n 5 1
= Yoapp) Y abp - Y ab, AB et [G—. G, O’“J
‘_':_14»_/__'51_ =1
L ben
Then : Maz{,’m > how Vetdvy )
l X p ~ 0{4(%* &.\-Lzl"l - q-oﬂ_/m;
n n n
(AB)C = {Z Lljbﬂ](il + [Z Ll]'b]'z] Cp+ -+ [Z Lljb]'p] Cp
j:l j=1 j=1

So (AB)C is the sum of all the a;bjc;’s, each copy exactly once.
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e We have

B row-1 B row-1 C

row-2 row-2

p
B B C Z bokck
BC = . C= . =\ =

BI‘OW-I’IC

B row-n

Then

n

P 4 P
A(BC) =m [Z blkck] + ap [Z bZka] +---4+ay (Z bnkck] = Z aj
- =L k=1 =1

—j=1  \k=1

So A(BC) is also the sum of all the a;bjcx’s, each copy exactly once.

(b) We now leave the values of m, p un-restricted.

Ay
2
For each i, denote the i-th row of A by A;. (So A = : J)
;X.m
For each ¢, denote the ¢-th column of Cby Cr. (SoC=[ C1 | Co |-+ [ C4 ])
A AB AR . (Ixp) “metlK
Ay AsB
e We have AB = : B= : .
g vl B . o
AB (A1B)C,
AyB (A2B)Cy @
Then(AB)C=|" . [ G| C |- |G |= : :
A,B ke @B
The (i, {)-th entry of (AB)C is (A;B)C¢ for each i, {. -
e Wehave BC=B[ C1 | Co |-+ |Cy ]=[ BCy | BCo | -+ | By ]
Ay A1(BC1)  A1(BC)
A, Ay(BC1)  Ax(BCy)
Then A(BC) = |~ |l BC1 | BC: | -+ [ BC, =] . :
A An(BC1)  An(BC2)

The (i, {)-th entry of A(BC) is A;(BCy) for each i, .

By the calculations above, the equality (A;B)C; = A;(BC¢) holds for each i and for each ¢. [

Then (AB)C = A(BC) by the definition of matrix equality.
Swggestion i Uy the fvmac (48l <

k=1

P n. P
Z bjk = a]-bjkck.
j=1 k=1

n
3 Cog by
l(i‘l

= Uw(l) “Imethx

o collmn

\ector

€,

Bk Di is o o Vet

b ecdh (&M,

(A1B)C,
(A:B)C,

(Am}B)Cq

40

Am(iacq)
A Wen ey}
Ry Ty P WX

o e the ascoc}crirhﬁy lew . A (B = (RB) C

|


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


