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Preliminary (Week 1)

. Limits and Continuity (Week 2-4)

Differentiation (Week 5-6)

. Applications of Differentiation (Week 7-8)
. Taylor’s Theorem and L’Hépital’s rule (Week 9)

Indefinite and Definite Integration (Week 10-13)
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Assessment:
e Homework 10 sets (10%) (Total score will be multiplied by 1.25)
e WeBWorK 6 sets (10%)
s Midterm Examination (30%)
e Final Examination (50%)
m HW released on Monday, and submitted later next Thursday.

Grading via Gradescope only (don’t send them to me or TAs).
No makeup for homeworks

m Mid-term exam: March 14 (after reading week)
m Tutorial: Jason Choy
m Tutorial: Thurs. 5:30 - 6:15 pm
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Honesty in Academic Work

The Chinese University of Hong Kong places very high importance on
honesty in academic work submitted by students, and adopts a policy
of zero tolerance on cheating and plagiarism. Any related offence will
lead to disciplinary action including termination of studies at the
University. Although cases of cheating or plagiarism are rare at the
University, everyone should make himself / herself familiar with the
content of the following website:
http://www.cuhk.edu.hk/policy/academichonesty/

and thereby help avoid any practice that would not be acceptable.
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Notation

Set: collection of objects, called elements
B C: subset

m <: belongs to

Example

S={1,2,3}, T={1,2,3,4}
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common notations : N, Z, R, 0, [a, b], [a, b), [a, o0)
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Example

the set of all positive even numbers

{2,4,6,...} ={2m:me Z"}

i.e., this set conissts of elements of the form 2m such that m € Z+
Exercise

Describe the set all positive odd numbers.
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Set operations

A A
7
;) /
-/ /
Irttersection : AnB Union : AUB

A A
)

Relative Camrlemaﬂt cf B n A:A\BR Relative camP[emm{; wf A mn

A\
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Example
LetA={1,2},B={2,3},C={3}. FiInd AnB, AUC, A\ B, B\ A

Example

R\ {2}: the set of all real numbers except 2 (cannot write R \ 2!)

Example

Solve x2 > 1
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more useful notation:
m V: for all
m 3 there exists (at least one)
m 3!: there exists a unique
m =: implies
m < if and only if (iff, equivalent to)

m s.t.: such that
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Example

Vy € (0,00), Ix eRst. X2 =y

Example
Vy € (0,00), Alx € (0,00) s.t. X2 =y

Example

Let x > 0.
B y=x=y?=x(true)
m )y’ =x=y=./x (false)
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Trigonometry
a second unit of measurement of angle (radian)

When the length of an arc equals to the radius,
the angle suspended is defined as 1 radian. | vod
In particular, 27rad = 360°. From now on, we

use only radian.

Exercise

m 7rad =77
m 77 =90°

m 7?7 =60°
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area of sector A x 6:

A 0 re
s 7 A=
e  2r = 0

2
arclength ¢ « 0:
14 0
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definitions of trigonometric functions

sing — opposite ’
hypotenuse
ing
tand = S—, cotd =
cos
1
sec) = ——, cscl =
cos
basic facts:

adjacent

~ hypotenuse

cosf

no

sinf

H _ H o S
sin0=0,sing =5,sin7 = —

sin 6 + cos?6 = 1
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sing =1

0 sin(6)

cos(6)
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Theorem

cos(a + B) = cosacos S — sinasin g
in(«

sin(a + B8) = sina.cos 3 + cos asin 8
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compound angle formula:
m cos(a — ) =cosacosf + sinasing
B sin(a — 3) = sinacos 8 — cos asin 8

i it
u tan(a + B) = 13r'zaoré1j;?:nﬁﬁ

_ tana—tang
u tan(a - /6) ~ 1+tanatan g

double angle formula
B sin(2a) = 2sinacosa
m cos(2a) = cos?a —sina =2c0s2a —1=1-2sin«

B tan(20) = ;2N
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product to sum formula
B 2cosacos 3 = cos(a + 3) + cos(a — )
B —2sinasin g = cos(a + B) — cos(a — 53)
B 2sinacos = sin(a + B) + sin(a — 3)
B 2cosasin g = sin(a + B) — sin(a — 3)

sum to product formula (put a = 258, g = 458)

m sin A + sin B = 2sin 458 cos 458
B sin A — sin B = 2cos 238 sin 458
m cos A+ cos B = 2cos A8 cos“g—B

B cosA — cos B = —2sin 4B gin A8
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A function is a rule that assigns to each element in a set A exactly
one element in a set B.
A

§

set A : domain

(iv\Fw‘:)
set B : codomain

(thud:)
v—av\ae(‘f) B I’anﬂe u.)e f

\fanae(f) - f(/\) = {-fhoe'B : xeBD3
defired by
A function f from Ato Bis denotedby f: A— B
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Example

m /: R — R defined by f(x) = x2, range(f) = [0, o0)
m f:[-1,2) defined by f(x) = x2, range(f) = [0, 4)
m f: R — Rdefined by f(x) = x2+4, i.e., y = x>+ 4, range: [4, )

Example

2x

Find the maximum domain of f(x) = 7.
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Exercise

If f(x) = VX2 — 4x + 3, find the (maximum) domain of f.
Note that f(x) is a well defined function if x> — 4x +3 > 0

Exercise
Find the (maximum) domain of f(x) = 1

/x2—4x+3"
Note that f(x) is well defined if x> — 4x + 3 > 0.
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piecewise defined functions

Example
Let f: R — R be defined by
1, ifx>0 .
fx)=1 0, ifx=0andfx)=4 <"1 Tx=2
(=4 0 ifx=0andf(x)= 1, ifx<2
—1 ifx<0

Sketch the functions, and find their ranges?

L% %ﬁm \%/// %F%ﬂ
3l

2.2

—o
.

AJ ’1
b 2
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Exercise
Sketch the graph of f : R — R defined by
2x + 1, if x > 1
f(x) = 0, fo<x<1
—x2 ifx<0

What is the range of ?
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absolute value function f(x) = |x| = vx2 4
e.g. |3/ =3,/0/=0,| 3] =3

|x| as a piecewise defined function

Feo=txl
X, if x>0 x
x| = .
—x, ifx<0
Example
What is the graph of f(x) = 2x + [x — 1]?
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exponential and logarithmic functions

my=2awtha>0
Think: if a= -1, when x = }, y = /1!
a">0foranya>Oandxe

my=log,xwitha>1or0<a<1
Note: y = log, x is well defined whena > 1o0r0 < a < 1!
By definition, if y = &, then log, y =
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facts about exponential and logarithmic functions

m log, M +log, N = log,(MN)

m log, M —log, N = log, ¥

m log,M" = nlog, M

m log, x = :ggz; (change of base)

m e=2.71828... (explain later)
we write log, x as Inx (natural log function)

m 2" and log, x are inverse to each other, i.e., 8°%* = x and
log, a* = x
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injective and surjective functions

m injective: every y € range(f) comes from exactly one x € A

m surjective: every y € B comes from at least one x € A
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Definition
Let f : A — B be a function.

(i) fis said to be injective if f(x1) = f(x2) = x1 = X2
(once the outputs are the same, the inputs must be the same!)

(ii) fis said to be surjective if Vy € B,3x € As.t. f(x) =y i.e.
f(A) =

(iii) If f is both injective and surjective, then it is said to be bijective.
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Example

Show that f : R — R defined by f(x) = 2x + 3 is a bijective function.
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inverse of a function: intuitive idea

Fi

>
A
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Definition
Let f: A— Bbe a function. If g : B — Ais a function such that

9(f(x)) =x, Vx e Aand f(g(y)) =y Vy € B.

Then g is said to be an inverse of f.

m Once an inverse of f exists, it is unique, so we denote it by 7~1.

m f has an inverse if and only if f is bijective.
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Example
f injective  surjective
f:R—R sin x ?? ??
f:R—[-1,1] sin x ?7? ?7?
f:[-%,5] = [-1,1 sinx ?? ??
W) ATHEMATICS
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Example
f:[-%,%] — [-1,1] defined by f(x) = sin x is bijective, so we can
define arcsin sin™ ' : [-1,1] — [T, ] s.t.

1

sin"'(sinx)=x, Vxe[-Z,Z] and sin(sin"'y)=y, Vye[-1,1]

Furthermore,
m cos: [0,7] — [-1,1] is bijective, and cos~' : [-1,1] — [0, 7]

m tan:[-Z, 2] — Ris bijective, and tan™" : R — (— %, T)
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Example

Let f: R — (0, 00) defined by f(x) = e*. Note that f is bijective, so
f~1:(0,00) — R can be defined and it is denoted by f~'(x) = In x.

mf(f(x))=Ine*=x, VxeR
m f(f~(y)) =" =y, Vy€(0,00)
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The graph of f~ is the reflection of the graph
of falong y = x. 8y of0
Reason: (p, q) lies on the graph of f, i.e., ' /

flp)=q

s (g =p
e. (g, p) lies on the graph of 1.
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Odd and periodic functions

Definition
Let D C R.
mf:D— Risevenif f(—x) = f(x) for all x € D.
property: the graph is symmetric along y-axis

m odd if f(—x) = —f(x) forall x € D
property: the graph is symmetric about (0, 0)

Exercise
If f: D— Ris an odd function and 0 € D. Show f(0) = 0

periodic if there exists T > 0 such that f(x) = f(x + T) forall x € D
if T is the least positive real number with the above property, T is

y DEPARTMENT OF
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composite function: If f : B— R, and g : A — R are functions such
that g(A) C B, we can construct a new function fo g : A — R which is
defined by f o g(x) = f(g(x)) for all x € A, which is said to be a
composite function ”f composite with g”

Fgeod
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Example

Let f: [0, 00) — R defined by f(x) = v/x, and let g : R — R defined by
g(x)=1+sinx. Findfogandgo f

Example
Let f(x) = (x2 + 1)*. Then f can be realized as a composite function:
h(x) = x2 + 1 and g(x) = x*. Then

(goh) =g(x®*+1)= (2 +1)*=1£(x)
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Mathematical induction

Example
Let P(n) be the statement

’
1+2+...+n:7+, nez*

m P(1): 1 = 105D which is true
m P(2): 1+ 2= 2012 which is true

m P(3): 1+2+3 =3 whichis true

How about P(4), P(5), ... ? We cannot check all one by one!
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Theorem (Principle of Mathematical induction)

Let P(n) be a statement where n is a positive integer. Suppose that
(i) P(1) is true. (i) P(k) is true implies that P(k + 1) is true. Then
P(n) is true for all positive integers n.

idea: The second condition says that if the previous statement is true,
then the next one would also be true. From (i), P(1) is true. From (ii),
the next statement P(2) is also true. Again, the next statement P(3)
is also true, and so on.
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Let P(n) be the statement that

1434...4@n-1)=nr? nezt
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Let P(n) be the statement

cos (n+1)9
Z cosrf =

r=1

sin 2

7 , nezZt
sin
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sequence of real numbers

Definition
A sequence of real numbers {a,} is a function f : Z* — R: a, = f(n)

Example
Leta; =2, a = 7, a3 = V/3, ... or write as {2, 7,/3, ...} (No pattern)

Example
sequences with patterns
ma=1,a=2a=4,..Iingenerala,=2""" necZ*

ma=1a=3a=3, ..ingenerala, =1, nez*

=

ma=-1,a=1a=-1,..ingeneral a, = (—1)", ne Z*

43/45



http://www.cuhk.edu.hk/
http://www.math.cuhk.edu.hk

ARPLKRE

2 ¢ The Chinese University of Hong Kong

Example
recursive sequence: let {a,} be a sequence of real numbers, defined

by ay =1,and a,.1 = @& +2forn> 1. Then
{a)} = {1,3,11,123,.. }
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Summary (key concepts)

set / set operations: union, intersection, relative complement
radian, trigonometric functions

trigonometric identities for sin / cos

function / piecewise defined function (domain / range)
injective / surjective / bijective / inverse

composition

odd, even, periodic

principle of mathematical induction

sequence
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