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Indefinite integration

antiderivatives

A function F(x) is said to be an antiderivative of f(x) if F'(x) = f(x).
The process of finding antiderivative is called indefinite integration.

Example
let f(x) = 2x and F(x) = x?

Since F'(x) = f(x), F(x) is an anti derivative of f(x). However,
consider F(x) = x2 + C, where C is a constant. We still have
F’(x) = f(x). Therefore, antiderivative of f(x) is NOT unique.

2/33

DEPARTMENT OF

ATHEMATICS

«EFr «E)>»


http://www.cuhk.edu.hk/
http://www.math.cuhk.edu.hk

FHEFIKRE

o - The Chinese University of Hong Kong

Theorem
If F(x) and G(x) are both antiderivatives of f(x). Then F(x) and G(x)
differ by a constant.

Suppose F'(x) = G'(x) = f(x). Let H(x) = F(x) — G(x). Then
H'(x) = F'(x) — G'(x) = 0. Hence H(x) is a constant function:
F(x) = G(x) + C. Therefore, antiderivative of f is unique up to a
constant.

Example

f(x) = 2x and F(x) = x?

Then F’(x) = f(x), so F(x) = x? is an antiderivative of f(x) = 2x.
and all antiderivative of f(x) must be of the form x2 + c.
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If F(x) is an antiderivative of f(x), we write

/f(x)dx =F(x)+c

m | is the integral function.
m f(x) is the integrand.

m dx is the variable of integration.

Example
[2xdx =x2+C
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Rules of Indefinite Integration

Theorem
m [ kdx = kx + c, for a constant k.
B [ x"dx = 5x" 4 ¢, forall n# —1
m [ldx=In|x|+c
m[edx=¢€"+cC
m [cosxdx =sinx+c
m [sinxdx = —cosx+c

n fﬁdx:tanqxjhc

proof: Derivative of RHS = Integrated on LHS.
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Theorem

m [ Kkf(x)dx =k [ f(x)dx
m [ f(x)£g(x)dx = [ f(x)dx = [ g(x)dx

%(/ kf(x)dx) = d%(k/f(x)dx) = kf(X)

100+ g0 = 2 [ 1e0ax = [ gdk) = 10+ g(x).

Example
(1) f2x5 —3x% + 7x +5dx, [ *X5dx

X

(2) Find a function F(x) such that F(0) = 3 and F'(x) = 2x.
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Integration by Substitution

Motivating question:
/(2x +1)"%ax =7

Inconvenient to integrate by expanding the polynomial. Instead, apply
integration by substitution!

Theorem
/f(u(x))u’(x)dx:/f(u)du or / x))—dx—/f u)du
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d o
o [ G0 God utx)u ()
C%/f(u)du :%/f(u)du- % (chain rule)
~f(u(x)) -
Example

| 2
f(@x+1)%d, [e™dx, [6x(4x2+3)7dx, [ gy, x>0.
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Question: How to make a guess of u(x)? Integration by Substitution:

/f(u(x))u’(x)dX:/f(u)du

Example: [ ('”X dx = [(Inx)? - Ldx by letting u = Inx
Realize the mtegrand as a product of parts and make a guess of u(x).
s.t. one part can be realized as a function f(u), another part is u'(x).

Exercise
1) Show that [
2) Evaluate

a) [ x3eX dx (Hint: u = x*)

b) [ 6xv/x2 + 3dx (Hint: u = x? + 3)

50X = TInjax + b| + ¢. (Hint: u = ax + b.)
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Integration of exponential functions

1
kx _ ' akx
/e dx = €
In general: [ a*dx =7

? fora>0
Since a* = @n@ = glina)x
aX

/axd)(:/e(lna)xdx:ﬁe(lna)x_i_C < e

Ina
Integration of logarithmic functions: [Inxdx =? x >0
since Z(xInx — x)

+C

=Inx!

/Inxdx:xlnx—x+c
How do we know

ZXInx — x =Inx in advance?
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Integration of rational functions:
Rational Functions: R(x) = 24X with polynomials p(x), q(x)

q(x)
Simplest case: degg(x) =1, g(x) = ax + b, a # 0: f ) dx then

x+b

ax

p(x)=(ax+ b)u(x)+ R = / af)((j-)bdx = /u(x) -+ b

Example

X +3x+5
f ToxH1 dX
Exercise

Evaluate [ 8X=5¢1 gy
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case: deg q(x) = 2, i.e., q(x) = ax® + bx + ¢, a # 0. If deg q(x) > 2,

p(x) _/ rx+s
/ax2+bx+cdx_ u(X)+ax2+bx+cdx

with u(x) a polynomial, and only need

/ _XtSs
ax>+bx+c
A = b? — 4ac, and consider 3 subcases:
(i) A>0
(ii) A=0
(iii) A<O
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(i)A >0
Then g(x) = avx2 + bx o= (myx + ny)(mex + n2), and express
= + Then
1X+n1 mgx+n2
/ rx+s B
o o LaX = + ax
ax?+bx+c mix+n  MoX+no
Example
5x—7
f x2 X2x SdX
Exercise
Evaluate | 5zp0—5dX
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(i) A =0

Then q(x) = ax2 + bx + ¢ = (mx + n)?, and express
xS = + Then

ax?+bx+c (mx+n)2 mx+n

X +s A B
/7dX:/ + ax
ax>+bx+c (mx+n)2 mx+n

Example
f 2x—1 adx

(x—2)2
Exercise

Evaluate [ ;5 dx
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(i) A <0

q(x) = ax? + bx + ¢ cannot be factorized:
1 .
/mdx (with x = au)
1
= / madu (dx = adu)

1 1 1 1
:f/zidu: “tanutco=-tan' X +c

a/ us+1 a a a
Example

f 4x+7 dX

X24+2x+5
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General case: deg g(x) > 2
Partial fraction: resolve 264

) into a sum of simper fractions. Then, it
reduces to the above cases.
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Integration of trigonometric functions:
Jtanxdx and | cot xdx

/tan xdx = / SINX gy (u = cosx)
co

S X
1 au
= [ ——=du (5= =-—sinx
/ u (dx )
=—Injul+c=—In|cosx|+c=In|secx|+ ¢

cos x . .
/cotxdx:/SI dx (u=sinx)=In|sinx|+c
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[ sec xdx and | csc xdx, t-formula

let t = tan 3, and then express all trigonometric functions in terms of ¢

an x — 2tany 2t cotx — 1
71—tan2g71—2‘2’ o2t
. 2sin 5 cos 3 2tan 3 2t
smx: 2 - 2x 27
n%t+cos2% 1+tan®y 1+t
coszf—sm 3_1-tan’j 1-#
COS X = o = =,
sin® §+cos2g 1+tan®y 1+t
cscx—Lt2 secx—1+t2
o2t 1t
a 1 ,x » 2
— =—8ec" - =—(1+t ax =
ax ~2%%¢ 3 =1+ 1) e
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t-formula
let t = tan %, and then express all trigonometric functions in terms of ¢

. 2t 1—-t2. 2
/f(3|nx7cosx)dx:/f(1_”271+t2)1+t2 at

rational function of t

reduction to an integral of rational functions

Example

Jescxdx, [ secxdx, dx

f 1+Cosx
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| sinpx cos gxdx, [ sin px sin gxdx, | cos px cos gxdx
sin px cos gx = [sin (p + g)x + sin (p — g)x]
COS px €os gx = 3[cos (p + g)x + cos (p — q)x]
sin px sin gx = —[cos (p + q)x — cos (p — q)x].
Note that cos? px = (1 + cos 2px) and sin px = 3(1 — cos 2px)
Example

[ sinbxcos3xdx, [ cosxcos?3xadx
Exercise

Find [ sin x sin 3x sin 6xdx.
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['sin™ x cos" xdx

Case 1: mis odd, apply sin xdx = —d cos x and sin” x = 1 — cos?

DEPARTMENT OF
CS
i

21/33


http://www.cuhk.edu.hk/
http://www.math.cuhk.edu.hk

ARPLKRE

Ly ¢ The Chinese University of Hong Kong

Case 2: nis odd, similar to Case 1, apply: cos xdx = dsin x and
cos?x =1 —sin®x

Example

[ sin* x cos® xdx

. . . . ind
= ['sin* x cos? x cos xdx = [ sin® x(1—sin® x)d'sin x = X _ x| ¢
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Case 3: m and n are even, apply:
sin® x = 1=0982% cog? x = 14€982X gin x cos x = } sin2x

Example

[ sin® x cos* xdx

23/33
DEPARTMENT OF
ATHEMATICS

THE CHINESE UNIVERSITY OF HONG KONG


http://www.cuhk.edu.hk/
http://www.math.cuhk.edu.hk

FHEFIKRE

¢ The Chinese University of Hong Kong

J tan™ x sec” xdx

Case 1: mis odd, apply: tan x sec xdx = d sec x and
tan® x = sec? x — 1

Example

[ tan® x sec* xdx
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Case 2: nis even, similar to Case 1, apply sec® xdx = dtan x and
sec?x =1 +tan®x
Example

[ tan* x sec* xdx
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Case 3: mis even and n is odd, use integration by parts! (later)
J esc™ x cot” xdx

Similarly, apply

csc® x = —dcot x,

cscxcotx = —dcscx,

1 + cot® x = csc? x
Exercise

Find [ csc® x cot* xdx and | csc® x cot® xax
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Integration of Irrational Functions

Integrand with v/a2 — x2, /a2

TR NE R
For a2 — x2, we let x = asiné

(a>0)
— i 7%§9§1
For v a2 + x2, we let x = atand =1 = fil= 4
For vx2 — a2, we let x = asecf 00T, 0+£7Z
Example

[ x3V4 — x2dx, fi”if“d
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v is well-defined only when & — x2 > 0, i.e.,, —a< x < a.
Also —1 <ssinf < 1for -3 < 607. So, —a < asinf < a. Thus we set
let x = asiné.

How about v a2 + x2 and — a27
Nl)l.lh\l{l:\“l\lléé
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Integration by parts

Let u(x) and v(x) be differentiable functions, then the product rule

—(uv) = uﬂ + Vv o uﬂ = i(uv) - v%
dx dx av’ dx  dx dx

integrate both sides with respect to x:

au
/ —d —/ (uv)dx — /vadx
/ugdx:uv—/v%dxor /udv:uv—/vdu
ax ax

Integration by parts :

JuZadx =uv— [v%adx
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Example
[ x2Inxdx, [x®eXdx

Question: How to make a guess of u(x) and v(x)?

Realize the integrand as a product of parts and make a guess of u(x)
and v(x) such that one part can be realized as a function u(x),
another part is v/(x).

Example
J x sin 3xdx
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/u—dx_ uv—/v%dx
ax

Question: Which one is 27
m)u=x,%=sin3x  [xsin3xdx = [ xd(—3 cos3x)?

, & =x  [(sin3x)xdx = [ sin3xd(}x?)?

) dx
m 2) u=sin3x, ¢

”DETAIL” rule (not always true!)

D: av

E: Exponential functions

T: Trigonometric functions

A: Algebraic functions (roots of polynomials e.g. x2,v/x + 1)
I: Inverse trigonometric functions

L: Logarithmic functions

"DETAIL’ order of choosing %
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Integration of log functions
J In xdx

Integration of inverse trigonometric functions

[tan" xdx = xtan™" x — [ xdtan~" x

Exercise
By integration by parts, show [ sin™' xdx = v1 —x2 + xsin" ' x + ¢
and [cos™"xdx =v1—x2+xcos™'x+c¢
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transformed into the original integral
Example

m [ e cosxdx = [e*dsinx

m [sin(Inx)dx = xsin(Inx

) — [ xdsin(Inx),
m [ sec® xdx
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