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review
m limits of functions at infinity
m special limits, algebraic properties, sandwich theorem
m continuity

m relative / absolute extremum (maximum / minimum)
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Derivative

2

Idea of derivative:

(average) speed = distance

time
distance.
)

Sb’&\!ﬁb\'h line

S=vt V=§%

»S|o|>3=\l=$">ea:l.

+time &)

Using displacement and velocity if you know.
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How about this case?

s s:feo
distance traveled distonce traveled
fvnm t=0 to t=I ‘f\mm t=3 to t=4
- ] (sSw-s®) (S@-s®)
XW-5O 4 : . L)hla? The qxenl s Ckanjina.
I 2 3 4

Speed is different at different moments.

Hold on! What is the meaning of speed at a particular moment
(instantaneous speed)?
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idea: let At become smaller and smaller, and instantaneous speed at
t = ty is defined to be
im f(lo + At) — ()
At—0 At
(provided that it exists, if so, it is denoted by f'(fy)).

® 3=f&) L s:—f&)

, as tangert fine
1 % l - v
: = slope - fito

i i '

' : :

+. ++at t t t

When At — 0, ¢ tends to the tangent line at f = £, so the slope of the
tangent line at t = &, = f'(&).
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Example

If (t) = t2, find f(2) (instantaneous speed at t = 2).
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Let y = f(x), fix xo. Then f’(xo) is the rate of change of y with respect
to x at x = xp.

Definition
f(x) is differentiable at x = xo if

i f(xo + Ax) — f(x0)
m
Ax—0 AXx

exists. It is called the derivative of f at x = xp, and denoted by f'(xp).

Note: by definition, if f(xo) is NOT well-defined, then f'(xp) is NOT
well-defined.
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Let Ax = x — Xo, i.e. X = Xo + Ax. When
Ax tends to 0, x tends to xp.
= f(x) differentiable at x = X if

. f(x) —

i {00 = f(x0)
X—Xo X — Xo

A function, roughly speaking, given an input x, return a value. Now,

we construct a new function,

Fix) = Jim, R

/‘tav\gext line at (x,fm)
G feo)
1

—x —

exists

(if exists)

(Given an input x, return the slope of the tangent line at (x, f(x)))
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Example 5.1.2
If f(x) = x2, find f'(x).

4 4
f(x) - 'f’(vo =%

(%o .-fﬁ.))
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Notations
y=f(x)=x2
af ady ..
X dx f(x) =2x
ﬂ = Q = f'(3) =2(3) = 6.
ax|,_s ax|,_3
Definition

If f: D — R is differentiable at every point in D, then f is said to be a
differentiable function.

Exercise
Find f'(x) for f(x) = x and f(x) = x3.
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Theorem

If f(x) = k, where k is a constant, then f'(x) = 0.

Note : ‘(:ansevd: line at (‘L,‘f(‘k)) is horizortal
‘f/(x) =0
%=f<x)=(<

x

Hi---4
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Definition
Letf:[a, b] — R.

f(a+Ax)—f(a) or

m fis said to be differentiable at x = aif lim =

Ax—0*t

lim =12 exists.
X—a

m fis said to be differentiable at x = bif lim (FEI=10) o

Ax—0—
Iirg M exists.
X—0—
(b )
% |6='fbc) | f(
i
I
(a ,—f(m): :
! I
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Example
Let  : [0, 00) — R defined by f(x) = x2.

3
im (=10 ) X2 o
x—0+t x—0 x—0t X x—0+t

Hence f is differentiable at x = 0.

4
f
02 / '
/ ¥
—
015 /// s B
/ 2 /-//
o1 r)=a2: _—
// 1 .
=
005 ~
/
(0, D),// ] 1 2 3 4 5 L] 7
—
006 0] 005 01 015 0z 025 03 03 (0.0)
-005

13/34

DEPARTMENT OF

ATHEMATICS

THE CHINESE UNIVERSITY OF HONG KONG

«EF > <«

it
v


http://www.cuhk.edu.hk/
http://www.math.cuhk.edu.hk

FHEFIKRE

The Chinese University of Hong Kong

Example

Let f: [0,00) — R defined by f(x) = v/x

f is not differentiable at x = 0
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Theorem

If f(x) = x", with r € R, then f'(x) = rx"~", whenever it is defined

only prove the case f(x) = x", where n is the positive integer
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Exercise
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Let f: R — R defined by f(x) = x

m Show that f is not differentiable at x = 0

m Show that f'(x)

2x—3 forall x # 0.
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Differentiability and continuity

Theorem
If f(x) is differentiable at x = xo, then f(x) is continuous at x = xo.
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Example
Let
2_ 1 if x > 1
fx)=12% U
1—x if x <1
is f differentiable at x = 1?
Nl)l.lb\l{li\n Nleg
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(
RS,
Notation:
Lf'(xp) = lim w (left derivative of f at x = xo)
X_>XO

Rf'(xp) = lim “)3_7“"0 (right derivative of f at x = xp)
x—x5
Then, f is differentiable at x = xg if and only if Lf'(xp) = Rf'(xo).
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Exercise

m Show that f(x) is continuous at x = 1, i.e., limy_ f(x) = f(1).
(Therefore, the converse statement of the theorem is NOT true.)

m Write down f/(x) for x # 1.
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Differentiation rules
Theorem
If f(x) and g(x) are differentiable functions, then
m (f+9)(x) =F(x)+d(x)

m (f—g)(x) =F(x)-g'(x)

m (f- g)’(X)Zf’( )9(x) + f(x)g'(x) [product rule]

m (£)/(x) = FRIEIIEITE if g(x) # 0. [quotient rule]
Corollary

If k is a constant and f(x) is diff., then (k - f)'(x) = kf'(x).
Using the product rule:
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Example

Find Z(3x2 +7x — 2)

Example
Find Z[(3x% — 5x + 1)(2x + 7)].
Example
Find £ 725, dx(f +vX).
Nl)l.lb\l{li\n Nleg
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Higher derivatives

m s(t) : distance functions (depends on time )
m (instantaneous) speed = rate of change of distance

traveled With respect to t.
v(t) = dt 2 (still a function of t. )
m Question: What is 47

acceleration = rate of change of speed with respect to ¢

2
alt)y=% =25

de -
. . _ﬁ
St =t \IED~dt xt
S . V2
S=t V=2t
/kal
mcv-eczsw%
t +
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In general, let y = f(x).

_ dy df
(1st derivative) K d f'(x)
2
(2nd  derivative) d—y sxg = f"(x)
n n
(nth derivative) Zx}’: ZX: = £ (x).
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— COS X = —Ssinx.
ax
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Exercise
Prove & sinx = cos x, and & tan x = sec?x.
Exercise

Prove & secx = sec xtan x
d

, L cscx = —cscxcotx,
— 2
ox Cotx = —csce x
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Derivative of &¥

x> X3
Cheating:eX:1+x+§+§+--~
de d(1+X+i2+j+~~'
ax ax 3!

x2 x3

=0+ 14X+ 50+ 57+

Y
=e~

The derivative of e is itself.
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Example

Find 2 [eX(sx2 F7x - 2)].
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Chain rule
Question: How do we differentiate composite functions ?

Theorem

If f: B— Randg:A— R are differentiable such that g(A) C B, then
the composition (f o g) : A — R is differentiable and

(fog)'(x) = f(g(x)g'(x).

Interpretation: Let u = g(x), y = f(u) = f(g(x)), then the chain rule
dy dy adu

dx  du dx
C L A A
Think : —:}; = TZ'*A:)L:

29/34

PEPARTMENT OF

y DE.
ATHEMATICS

«EFr «E)>»


http://www.cuhk.edu.hk/
http://www.math.cuhk.edu.hk

FHEFIKRE

f2_ The Chinese University of Hong Kong
‘=2

Example
Find the derivative of v/x2 + 3x.
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Example

Find the derivative of (3x2 — 2x)1°.

31/34

DEPARTMENT OF

ATHEMATICS

THE CHINESE UNIVERSITY OF HONG KONG

«EFr «E)>»


http://www.cuhk.edu.hk/
http://www.math.cuhk.edu.hk

FHEFIKRE

The Chinese University of Hong Kong

Exercise
Show that Ze® = ae®, and Za* = (Ina)a*, for a > 0.

(Hint: & = e(n@) = glina)x)

Exercise

Find the derivative of (:45)?.
m by using the chain rule

m by writing (%~ (X+1 ces)d and using the quotient rule.

X+1 )

Example
Find the derivative of eV **+1.
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Example

Revisit of quotient rule
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summary
m definition of derivatives
m differentiability = continuity, high-order derivative
m product rule / quotient rule
m derivative of trigonometric / exp functions

m chain rule
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