MMAT5010 2223 Assignment 8

Q1.(a) To show M~ is closed, we need to show that for any sequence
{r,}32, C M* such that z,, — 2 for some € X, we have z € M+. In
fact, for any y € M,

(z,y) = (lim z,,y) = lim (2,,y) = 0.

Hence x € M+. Therefore, M is closed.

(b) Firstly we show (M)* c M=*. For any z € (M)*, any y € M C M,
we have (z,y) = 0. Hence x € M*. Therefore (M)t C M*.

Now we show M+ C (M)*+. We need to show for any x € M*, any y € M,
we have (x,y) = 0. In fact, since y € M, there exists a sequence {y,}52, C M
such that y,, — y. Then

(1’,y) = (x’nhj};o yn) = nhj};o(x’y”) =0.
Hence = € (M)~+. Therefore, M+ C (M)*. In conclusion, (M)t = M*.

Q2. For any z,y € Hi, we have z = Y07 (z,en)en, ¥ = Yooy (Y, €n)en.

Then - -
Z €z, en €n, Z Y, en)en) = (a?,en)(y, en)'
n=1 n=1
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Similarly, Uy = >~ (y, e5) fn. Therefore,

n

(vaUy) = (Z(xven)f’mz Y,€En fn Z z, en yaen (x,y)
n=1 n=1 n=1



